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96 Electromagnetics in a Complex World
Editors: I.M. Pinto, V. Galdi,
and L.B. Felsen

97 Fields, Networks,
Computational Methods and Systems
in Modern Electrodynamics
A Tribute to Leopold B. Felsen
Editors: P. Russer and M. Mongiardo

98 Particle Physics and the Universe
Proceedings of the 9th Adriatic Meeting,
Sept. 2003, Dubrovnik
Editors: J. Trampetić and J. Wess
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Preface

Over fifteen years ago, because of the tremendous increase in the power and
utility of computer simulations, The University of Georgia formed the first
institutional unit devoted to the use of simulations in research and teaching:
The Center for Simulational Physics. As the international simulations com-
munity expanded further, we sensed a need for a meeting place for both expe-
rienced simulators and neophytes to discuss new techniques and recent results
in an environment which promoted lively discussion. As a consequence, the
Center for Simulational Physics established an annual workshop on Recent
Developments in Computer Simulation Studies in Condensed Matter Physics.
This year’s workshop was the seventeenth in this series, and the continued
interest shown by the scientific community demonstrates quite clearly the
useful purpose that these meetings have served. The latest workshop was
held at The University of Georgia, February 16–20, 2004, and these proceed-
ings provide a “status report” on a number of important topics. This volume
is published with the goal of timely dissemination of the material to a wider
audience.

We wish to offer a special thanks to IBM and to SGI for partial support
of this year’s workshop.

This volume contains both invited papers and contributed presentations
on problems in both classical and quantum condensed matter physics. We
hope that each reader will benefit from specialized results as well as profit
from exposure to new algorithms, methods of analysis, and conceptual devel-
opments.

Athens, GA, USA D.P. Landau
October 2004 S.P. Lewis

H.-B. Schüttler
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Part I

Systems out of Equilibrium



1 Computer Simulation Studies
in Condensed Matter Physics:
An Introduction

D.P. Landau, S.P. Lewis, and H.-B. Schüttler

Center for Simulational Physics, The University of Georgia,
Athens, GA 30602-2451, USA

Computer simulation studies in condensed matter physics now play a fun-
damental role in many areas of investigation. The “status report” which is
contained in this volume is the result of presentations and discussion that
occurred during the 17th Annual Workshop at the Center for Simulational
Physics. The texts of both longer, invited presentations as well as a number
of contributed papers are included. The reader will find that the scope of
simulational/computational studies is broad and that substantial potential
for cross-fertilization of methods between different sub-fields exists.

The volume opens with three papers on systems that are not in equi-
librium. The first, invited, presentation by Rapaport describes a molecu-
lar dynamics approach to the simulation of granular media. The simulation
includes normal forces (always) and tangential forces (sometimes), and re-
sults are given for particle segregation in flowing, rotating, and vibrating
media. Both quantitative measurements and visual images provide informa-
tion about the behavior. Next, Yukawa introduces a new method to deter-
mine equilibrium properties by measuring non-equilibrium work. In tests on
a Lennard-Jones system the method yields good results for the pressure but
not for the free energy. The chapter ends with another invited paper in which
Zheng describes extensive simulations of critical dynamics in the “far from
equilibrium” regime. Monte Carlo generated data for the “short time” region
are used to determine both equilibrium and dynamic critical exponents for
simple models, including frustrated systems, of statistical physics.

Part II is centered on soft and disordered materials and begins with two
invited presentations. Vink first describes a grand canonical Monte Carlo
approach to colloid-polymer mixtures. Polymers are treated as large, rigid
objects with fixed effective radius surrounded by a depletion zone. The mix-
ture has zero energy but phase separation is driven by entropic effects. The
phase diagram is determined using this new method. Yamamoto then exam-
ines the microscopic dynamics of supercooled liquids under shear. Molecular
dynamics methods are used to examine a two-dimension liquid with soft- core
interactions. The effect of the shear is to reduce the structural relaxation
time and shear viscosity, but the microscopic dynamics remain isotropic. In
the first of two contributed presentations Boettcher and Percus introduce
a method, “extremal optimization”, as a local search heuristic. The power
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2 D.P. Landau, S.P. Lewis, and H.-B. Schüttler

of the method is demonstrated via application to spin glass ground states.
This Part closes with a stochastic collision molecular dynamics study of ion
transfer across liquid-liquid interfaces by Frank and Schmickler. The poten-
tial energy surface is calculated and the results are compared with those from
transition-state theory and experiment.

Simulations of biological systems are contained in Part III which begins
with an invited paper by Hansmann. He reviews the generalized ensemble
method for protein simulations in which the standard Boltzmann sampling
weight probability is modified so as to enable efficient escapes from local
energy minima. He then shows that this approach allows for efficient all-
atom simulations for small proteins with up to 35 amino acids. Next, Sevim
and Rikvold present simulations of a biological coevolution model in which
species are represented by genomes of bit strings and the procreation prob-
ability of each species is coupled to the populations of other species via a
certain interaction matrix. They show that these interspecies correlations do
not significantly affect the statistical behavior of this model eco-system. Then,
Shimada, Kato and Ito describe a Monte Carlo algorithm for the counting
of cells in high-resolution microscopy images of Drosophila brains. The al-
gorithm is based on a random deposition of volume-excluded objects which
approximate the imaged cell nuclei, using an appropriately constructed de-
position probability function. Cell counts are given for samples containing
on the order of 105 cells, with percent level counting accuracy. To complete
this part, Endres, Schulthess and Wingreen show how energy minimization
of phenomenological atomistic interaction potentials can be applied as an ef-
ficient tool to identify DNA binding sites of gene-regulatory proteins. Using
a deterministic dead-end elimination algorithm they conduct a global search
through DNA sequence and conformational space to predict likely binding
site characteristics.

Algorithmic developments are featured in Part IV, beginning with an in-
vited presentation by Luitjen and Liu who introduce a novel cluster Monte
Carlo algorithm for the simulation of complex fluids. The algorithm employs
rejection-free non-local geometric moves to achieve large reductions in the
Monte Carlo correlation times. A substantial increase in efficiency, compared
to standard local updating methods, is demonstrated for binary and sim-
ple Lennard-Jones fluid models. The next paper, also invited, by Prellberg,
Krawczyk and Rechnitzer, describes how the computational efficiency of lat-
tice polymer simulation algorithms can be substantially enhanced by incorpo-
rating the flat histogram approach into the pruned and enriched Rosenbluth
(PERM) method. The method is illustrated by applications to self-avoiding
random walk models and HP protein models. Several contributed papers fol-
low. Zhou and Bhatt present a mathematical analysis of the convergence
properties and statistical errors of the Wang-Landau (WL) algorithm. For
an artificial ensemble, they prove rigorously that convergence for the density
of states is achieved and show explicitly how the statistical error depends
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on the WL modification factor. Körner and Troyer then describe a new al-
gorithm combining cluster updates with Wang-Landau sampling, based on a
series expansion of the partition function. The substantial reduction in Monte
Carlo correlation times achieved with this algorithm is illustrated by appli-
cations to the one-dimensional XY model. In the contribution by Okumura
and Okamoto, a new Monte Carlo approach for simulating continuum sys-
tems, referred to as the mulitbaric-multithermal algorithm, is discussed. It
permits calculations of averages at all temperatures and pressures in a sin-
gle run, and the effectiveness of the method is demonstrated in applications
to the Lennard–Jones liquid. Lastly, Virnau and Müller have developed a
novel implementation of the umbrella sampling method which allows effec-
tive sampling to overcome free energy barriers. They apply this method to
the phase transition and the interfacial tension in a bead-spring model for
hexadecane.

Part V contains three articles on several exciting new “computer tools”
that will clearly be of future importance. First, in an invited presentation
Brown et al. introduce the concept of “Generic programming” and provide
an assessment of the potential benefits of such an approach. They describe the
newly developed C++ Ψ -Mag toolset and use it to calculate energies in a wide
variety if spin models. The toolset is also used to perform Metropolis Monte
Carlo simulations of an anisotropic Heisenberg spin model. Hihinashvilli et
al. then describe the visualization of three-dimensional classical vector spins
using the AViz atomistic visualization package developed at The Technion.
Both the computer interface and typical results are shown. This Part ends
with another invited paper as Chen presents a description of a massively
parallel, 360 Teraflop design point parallel supercomputer currently under
development. With a “system on a chip” design, the potential advantages
are greater computing power, lower power consumption, and reduced cost
per flop. The promise of Petaflop computing appears to be not very far off
in the future.

Part VI treats molecules, clusters, and nanoparticles. An invited paper by
Shumway detailed the development of a path-integral Monte Carlo method
for doing ab initio all-electron simulations of atoms and molecules at finite
temperature. He emphasizes the significant technical challenges, focusing es-
pecially on the sensitivity of the calculations to the nodal structure used in the
fixed-node approximations. Preliminary results are shown for the light atoms
up to Ne and for two small molecules: LiH and CH4. Thompson, Brown, and
Rikvold use projective dynamics to simulate the magnetization reversal for
a three-dimensional model of an iron nano-pillar. This system permits richer
dynamics than previous one-dimensional models, thus yielding more realistic
simulations. Novotny then presents results for the fourth-order cumulant of a
ferromagnetic Ising model on a one-dimensional lattice folded according to a
finite number of random small-world bond connections. El-bayyari conducts
constant-temperature molecular dynamics simulations for the geometry and
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energetics of nickel and palladium nanoclusters. Empirical many-body classi-
cal potentials were used, and comparison was made to ab initio calculations.

The volume concludes with Part VII, containing a number of articles
about surfaces and alloys. This part begins with two invited articles. First,
Ghosh, Kara, and Rahman employ a novel pattern-recognition scheme within
kinetic Monte Carlo simulations to study adatom cluster diffusion. Their
studies of small copper clusters on Cu (111) find that certain “magic clus-
ters” exhibit non-random, patterned diffusion pathways at room temperature,
but at higher temperatures even these magic clusters revert to random diffu-
sion. Microscopic details of the various diffusion processes are discussed. Next,
Mason, Rudd, and Sutton study diffusional phase transformations in both Al-
Cu and Al Cu-Mg alloys using an off-lattice atomistic kinetic Monte Carlo
technique. They emphasize the importance of incorporating strain relaxation
around vacancies and other defect structures, and describe an efficient way to
include these effects by doing only partial relaxations during trial-move as-
sessment and full relaxations after move selection. Their results are compared
in detail to comparable rigid-lattice simulations. Mitchell and Koper perform
a series of density functional theory calculations to parameterize a potential
for use in off-lattice classical Monte Carlo simulations of bromine adsorbate
phases on the Au (100) surface. Kim, Yun, and Lee apply density functional
theory to study the electronic structure and optical absorption spectrum
of a CdSe substrate coated with either ZnS or ZnSe under various coating
conditions. Nurminen et al. implement a new hybrid MC-MD approach to
investigate the formation and stability of islands and dimmer-vacancy struc-
tures of clean and Ge-covered Si (001). The simulations–done off-lattice and
employing collective moves–yield results in good qualitative agreement with
experiments. In the final article Daghofer et al. present Monte Carlo simula-
tions of hole doping in the ferromagnetic Kondo model. They find that the
doped holes do not phase separate, but rather form independent ferromag-
netic spin-polarons.



2 Shake, Rattle or Roll:
Things to do with a Granular Mixture
on a Computer

D.C. Rapaport

Physics Department, Bar-Ilan University, Ramat-Gan, Israel
rapaport@mail.biu.ac.il

Abstract. Studies of granular media continue to produce surprising results that
are unique to this class of matter. A particularly prominent feature of granular mix-
tures is the tendency to segregate into their individual components when externally
driven in various ways, an effect that has consequences for industrial processing.
This article describes the computer simulation of several different modes of segre-
gation in flowing, rotating and vibrating granular media, in some cases reproducing
known behavior, in others predicting effects that have yet to be observed experi-
mentally.

2.1 Introduction

Granular media exhibit very different behavior from systems governed by
thermodynamics and statistical mechanics. These differences can be so pro-
nounced that the intuition gained from these theories proves to be of little
help in trying to understand the mechanisms responsible for granular behav-
ior. The tendency of noncohesive granular mixtures to segregate into indi-
vidual species is one of the more conspicuous of these properties, and the
fact that segregation occurs even when there are no apparent energetic or
entropic advantages is what makes such behavior so fascinating. Since mix-
ing and segregation are important processes, both in industry (ranging from
pharmaceuticals and food processing to mining) and in nature, considerable
effort has been invested in exploring the underlying causes of these phenom-
ena. In some instances segregation is the desired effect, while in others it is
something to be avoided. Given the absence of a general theory of granular
matter that can serve as the basis for understanding segregation, much of
the work in this field in recent years has been based on computer simulation,
and it seems reasonable to assume that this situation will persist.

In this paper we begin with a brief overview of the simulation methodol-
ogy and then survey a selection of recent results from simulations of various
kinds. Some of this material has appeared in print over the past few years
(more extensive bibliographies will be found in the papers cited), whereas
other results have been extracted from unpublished simulations of systems
presently under investigation. Certain aspects of the observed behavior cor-
respond to well-known phenomena associated with real granular media, and
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8 D.C. Rapaport

some of the systems are clearly of relevance from an industrial point of view.
Other results are not so familiar, and some have yet to be observed in real
materials. As originally presented, the lecture included interactive demonstra-
tions of most of the examples, either in real time or as prerecorded animations
from simulations requiring more extensive computation; the printed page is
limited to static images.

A variety of different systems containing two distinct granular species
have been treated by means of simulation in two or three dimensions. The
examples described here include the following: vertical segregation in both
sheared flow and vertical vibrated layers; horizontal segregation in vertically
vibrated layers using a base with a sawtooth profile; axial and radial seg-
regation in horizontal rotating cylinders; and, finally, horizontal segregation
in horizontally vibrated layers. In some instances the segregating system un-
dergoes spontaneous subdivision into two regions each having a much higher
concentration (or even exclusively) one of the species, in other instances more
complex segregation patterns emerge and evolve as the simulation progresses.
Brief mention is also made of systems containing three granular species.

2.2 Simulation Methodology

The simulation methodology is based on the approach used for molecular dy-
namics (MD), with the particles now representing discrete grains rather than
atoms. A variety of models have been employed in granular simulations over
the years, based on both soft and (occasionally) hard particles; though re-
ferred to as “soft”, this characterization refers more to the continuous nature
of the potential function used to prevent particle overlap during collision than
to the amount of overlap itself, which is minimal (think in terms of golf balls).
Soft particles are more widely used (including here) because of the simpler
nature of the computations involved. In addition to this excluded-volume re-
pulsive interaction, the particles are also subject to dissipative forces. The
interactions fall into two classes, those between pairs of particles, and those
between the particles and the container walls, which can be treated as spe-
cial cases of the interparticle interactions; a schematic diagram showing the
different contributions appears in Fig. 2.1. The simulations are carried out in
two or three dimensions, depending on the nature of the problem.

Consider a pair of spherical granular particles i and j with diameters di

and dj , respectively. The repulsive force that acts between particles closer
than a specified range [1] is

fv =
48
rij

[(
dij

rij

)12

− 1
2

(
dij

rij

)6
]

r̂ij , (2.1)

where rij = ri − rj is the particle separation, rij = |rij |, and the effective
diameter appearing in the interaction computations is dij = (di +dj)/2. This
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Fig. 2.1. Schematic form of the forces between grains; the normal forces are always
present, but either or both of the tangential forces are optional, depending on the
system

particular interaction is derived from the functional form of the Lennard–
Jones potential; it acts whenever rij < 21/6

ij and is continuous at the cutoff
point (although its derivative is not). Alternatives to this form of overlap
interaction that are also in routine use include functions that depend on
the overlap either linearly or to the 3/2-power, but the choice of function
is of little consequence insofar as the bulk behavior is concerned. Note that
because of the slight degree of softness, the particle diameter is not a precisely
defined quantity.

What distinguishes the interactions used for granular media from those
in atomistic MD is the presence of dissipative forces that act throughout the
duration of each collision. The first of these is a normal (viscous) damping
force

fd = −γn(r̂ij · vij)r̂ij , (2.2)

that depends on the component of the relative velocity of the particles vij =
vi − vj in the direction between the particle centers. The factor γn is the
normal damping coefficient, assumed to be the same for all particles. The
total force parallel to rij is fn = fv + fd.

Frictional damping can also act in the transverse direction at the point
of contact of the particles. The relative transverse velocity of the particle
surfaces at this point, allowing for particle rotation, is

vs
ij = vij − (r̂ij · vij) r̂ij −

(
diωi + djωj

di + dj

)
× rij , (2.3)

where ωi is the angular velocity of particle i. The sliding friction is then

fs = −min
(
γcicj

s |vs
ij |, µcicj |fn|

)
v̂s

ij . (2.4)

Here, γ
cicj
s is the sliding friction coefficient, whose value depends on the

species ci and cj of the particles involved (the values may be the same). The
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static friction coefficient µcicj sets an upper bound to the sliding friction
proportional to |fn|; in models of this kind there is no true static friction –
at best it can be represented by a tangential restoring force that depends on
the relative displacement occurring in the course of a contact,

uij =
∫

(coll)

vs
ij(τ) dτ (2.5)

although it should be emphasized that this is not a strictly correct means for
incorporating the effects of static friction. The particles are also subject to
gravity.

Similar considerations apply to the interactions between the particles and
the rough (nonslip) container walls. Walls play essential role in granular dy-
namics and a suitably simplified description is needed for the simulations.
There are several methods for representing walls, for example, by constructing
explicit rough, energy-absorbing walls out of (a large number of) constrained
particles with similar properties to the mobile particles, or by representing
the walls as geometrically smooth surfaces with similar frictional properties
to the particles themselves. Depending on the problem, the actual wall shape
may be flat, curved, or sawtooth-shaped; in addition, the wall may be vi-
brating, translating, or rotating. Periodic boundaries can be used where the
presence of an explicit wall is inappropriate.

Other details of the simulation follow standard molecular dynamics pro-
cedures [2]. Neighbor lists are used to organize the force computations effi-
ciently. The translational and rotational equations of motion are integrated
using the leapfrog method. Because of the heavy computations involved in
certain of the studies, parallel computing methods based on a spatial decom-
position of the system can be used to distribute the workload across several
coupled processors.

2.3 Chute Flow

The first example involves the flow of a binary granular mixture down an
inclined chute – the work is described in detail in [3]. The base of the chute
is rough, resulting in sheared flow. In the initial state the larger grains (all
grains are made from the same material) are located close to the base, but as
the simulation progresses they all gradually rise to the top of the layer. The
example appearing here is based on a two-dimensional simulation in which
the side boundaries of the system are periodic; Fig. 2.2 shows intermediate
and late states of the run.

In order to explain the underlying mechanism it is necessary to consider
the issue of particle packing: as the larger grains ascend, the space they once
occupied is filled by smaller grains; for a larger grain to descend a vacancy
of sufficient size must form, an unlikely event given that the cooperation of
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Fig. 2.2. Intermediate and late states of simulated chute flow; although the system
is drawn horizontally, the actual slope is downward to the right

Fig. 2.3. Time dependence of the height of the large grains as a function of their
relative size (D)

several of the smaller grains is required. The actual rate at which the large
grains ascend depends on the size ratio and the slope angle; the dependence
on the relative size is shown in Fig. 2.3. An “inverse grading” effect of this
type may or may not be desirable in an industrial processing context.

2.4 Brazil-Nut Effect

An entirely different means of achieving size segregation is through vertical
vibration. An initially mixed granular layer containing grains of two sizes
will gradually segregate, with the larger grains moving to the upper region
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Fig. 2.4. Simulation of a vertically vibrated layer

of the layer. Even though the larger particles are heavier than the equivalent
volume of smaller particles (assuming the same material) they still are driven
upwards; such behavior is the exact opposite of what would occur with a solid
body immersed in a fluid. This phenomenon is readily observed in the kitchen
– in granulated coffee for example. The underlying mechanism is as before,
with the smaller grains readily filling the space vacated by the ascending
larger grains. Convective flows may also enhance the process under certain
conditions, but these are not essential for obtaining segregation. The original
simulations of this phenomenon [4] used Monte Carlo techniques; the present
work, an example of which appears in Fig. 2.4, employs a dynamical approach.

2.5 Granular Ratchet

The previous two examples dealt with well-known segregation effects, so that
the role of simulation was to confirm the ability of simplified granular models
to reproduce the observed behavior. The next example is different, in that
the phenomenon has yet to be observed experimentally.

It is known that a vertically oscillated granular layer (containing grains
of just a single size), in which the base of the container has an asymmetric
sawtooth profile, undergoes horizontal motion in addition to the vertical vi-
bration. The direction and magnitude of the horizontal flow depend on the
parameters of the system, such as the vibration frequency and the sawtooth
size and shape. Simulations reveal [5] the presence of vertically stratified flow,
and it is even possible to generate horizontal flows in opposite directions at
different heights within the layer, as shown in Fig. 2.5.

The actual form of the flow profile varies considerably as the parameters
are altered. Examples of how the flow changes with height within a layer for
different frequencies and numbers of sawteeth appear in Fig. 2.6.
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Fig. 2.5. Stratified horizontal flow in a vertically vibrated layer with a sawtooth
base; arrows show the mean flow at each level

Fig. 2.6. Stratified flow profiles (velocity as a function of height z) for different
frequencies (f) and numbers of sawteeth (s)

If this entirely unexpected behavior is now combined with the more fa-
miliar vertical segregation – the Brazil nut effect – observed with two grain
sizes, then horizontal segregation of the two species is the predicted outcome.
This is indeed what is observed in the simulations [6], with the detailed be-
havior depending once again on the parameters of the system. Figure 2.7
shows the simulation of a hypothetical separator after it has essentially com-
pleted its task; for computational convenience, grains exiting over the end
walls, or through the slit at the bottom of the right-hand wall, are recycled
as shown. Although the simulations have been carried out in two dimensions,
a similar effect is observed in three dimensions – in a cylindrical container
with sawteeth arranged in concentric rings so that the larger grains migrate
outwards.
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Fig. 2.7. Vertically vibrated system that produces horizontal size segregation

Fig. 2.8. Axial segregation in a rotating cylinder

2.6 Rotating Cylinder – Axial Segregation

There are some segregation phenomena that are inherently three-dimensional
in nature. An example is the segregation into axial bands that occurs in a
rotating horizontal cylinder partially filled with grains of two different kinds.
A number of experimental studies of systems of this kind have been carried
out, including some aided by the use of magnetic-resonance imaging (MRI)
techniques that facilitate the examination of what actually occurs beneath
the surface. The first simulations that systematically investigated this form
of segregation were described in [1]. The two species of grains must differ
in either size or frictional properties (or both), and over an extensive series
of runs it became clear that there are certain requirements regarding the
relative values of the friction coefficients appearing in the grain–grain and
grain–boundary interactions in order to ensure segregation. Figure 2.8 shows
the outcome of one such run.

In simulations of this type it is especially important to be able to visualize
the detailed behavior. Figure 2.9 shows a set of images of a particular grain
configuration, with views from above and below, as well as views showing
just one species at a time. These help establish the nature of the segregation
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Fig. 2.9. Different views of a segregated state (see text)

Fig. 2.10. Space–time plots showing band evolution for two of the rotating cylinder
runs

that is taking place – here, for example, the separation of the smaller grains
into distinct bands is complete.

Various kinds of behavior can be observed, including band merging (and
consequent coarsening) and traveling bands. The entire history of a run,
showing how and when bands merge, can be condensed into a single “space–
time” plot, in which the horizontal scale represents time and the vertical
scale the relative species concentration in slices along the cylinder axis; two
examples are shown in Fig. 2.10. The underlying mechanism is not entirely
understood, but the existence of different stability angles for the two grain
species leads to a possible means for ensuring segregation. In the case of three
kinds of grains, unpublished simulations reveal more complex band patterns,
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Fig. 2.11. Radial segregation in a rotating cylinder

with the intermediate-sized grains concentrated at the interfaces between
small and large grains.

2.7 Rotating Cylinder – Radial Segregation

Another form of segregation known to occur in a horizontal cylinder involves
the smaller grains congregating near the rotation axis and the larger grains
on the outside – an essentially two-dimensional effect. Simulations (in two di-
mensions) display this behavior, but, unlike the other simulations discussed
here, the model grains require the inclusion of the elastic restoring force
mentioned earlier; the two consequences of this particular interaction are an
increase in the surface slope and a reduction in the “fluidity” of the material,
so that it becomes more solid-like with (sometimes intermittent) flows con-
fined to the layers closest to the surface; while this characteristic of a true
granular material is not fully reproduced, the effect is enhanced relative to
models in which only the viscous forces are present. Figure 2.11 shows an
example of the resulting behavior.

2.8 Horizontally vibrated layer

Yet another segregation effect is encountered in a very thin layer (essentially
a monolayer) containing a granular mixture that is subjected to horizontal
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Fig. 2.12. Band formation in a horizontally vibrated layer

Fig. 2.13. Segregation patterns in a layer subjected to circular horizontal motion

side-to-side vibration. Beginning with an initially mixed state, the eventual
outcome of the experiment is the formation of linear stripes perpendicular
to the vibration direction [7]. Simulations of the corresponding model system
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reveal analogous behavior; an example is shown in Fig. 2.12. The segregation
patterns exhibit coarsening as the simulation progresses.

Two obvious extensions of this phenomenon, neither of them as yet stud-
ied experimentally, are the use of three granular species with the appearance
of additional bands (similar to the rotating cylinder with three species) and
the replacement of the side-to-side motion by circular motion (the container
is not rotated however). The outcome in the latter case is shown in Fig. 2.13;
here again the patterns exhibit coarsening over time, starting with small-scale
structures that evolve into the forms such as those shown here.

2.9 Conclusion

Discrete-particle simulations of segregating granular mixtures in a variety
of contexts have been described. It is apparent that systems of this kind
exhibit a strong tendency to segregate spontaneously under suitable driving
conditions; such behavior is very different from atomistic (energy-conserving)
systems governed by thermodynamics. Where the corresponding experiments
are available, the simulations are in broad agreement, at least qualitatively
(quantitative comparison with experiment can be used to validate the models
and tune the interaction parameters). While simulation is normally used to
model experiment, in at least two of the examples presented here the situation
is reversed, with the simulations predicting behavior yet to be observed in
the laboratory; confirmation (hopefully) is eagerly awaited.
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3 A New Method
of Investigating Equilibrium Properties
from Nonequilibrium Work

S. Yukawa
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Abstract. A new method of investigating thermal equilibrium natures from non-
equilibrium work is proposed. This method is enable us to calculate thermal equi-
librium values of physical quantities, even the free energy, with help of the in-
formation of nonequilibrium work. Applications for Lennard-Jones particle system
are reported. For physical quantities such as pressure the new method shows good
results. But the free energy is not good. The idea of improvement is also proposed.

3.1 Introduction

To study equilibrium properties by a computer, we often make a long time
simulation for getting equilibrium states and calculate some physical quan-
tities. A computation time for the equilibration process is usually wasted.
In addition, we sometimes want to do a parameter study, then we have to
repeat again the above procedures. In such case, wasted computational time
increases. To avoid these waste computational time, some techniques have
been proposed and used [8].

In this article another method for avoiding equilibration is proposed; this
is based on the idea of nonequilibrium thermodynamics, that is, Jarzynski
equality. The Jarzynski equality connects with nonequilibrium work and a
difference of thermal equilibrium free energy in theoretically. But, in an ap-
plication of the Jarzynski equality to an statistical object, unknown features
still exist, even experimentally the equality was checked [3]. Thus we will
check usability of the equality and clarify some problems through an appli-
cation for Lennard–Jones (spline) particle system.

3.2 Method

To explain the present method, we consider a simple example; there is a
cylinder containing gas, for simplicity, N mono-atomic molecules. The cylin-
der itself is subjected to a thermal bath which temperature is written as
T = 1/β.

First a piston of cylinder is fixed, in which a volume is written as V0, and
the gas is in thermal equilibrium state according to the temperature and its
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density. Then we consider a process of changing a volume of gas by pushing
the piston from V0 to V1. When the process is sufficiently slowly, it can be
regarded as quasi-static process. In this case a work W [V0 → V1] done during
the process gives a difference of Helmholtz free energy F :

〈W [V0 → V1]〉 = F (N,β, V1) − F (N,β, V0) ,

where 〈. . .〉 is an average over trials. It can be said that we can obtain the
equilibrium information from the quasi-static work.

If the process is not sufficiently slow, what happens? We know an answer
that the total work is larger than the difference of free energy:

〈W [V0 → V1]〉 > F (N,β, V1) − F (N,β, V0) .

That is nothing but the second law of thermodynamics. Additional work is
regarded as an entropy production. This is an inequality. If we could write
this inequality to be an equality, we get the information of equilibrium from
nonequilibrium work. This is enabled by the Jarzynski equality.

In 1997, Jarzynski showed an equality relating the nonequilibrium work to
the equilibrium free energy difference [1,2]. The Jarzynski equality is written
as follows:

〈exp (−βW [λ0 → λ1])〉 = exp (−β (F (λ1) − F (λ0))) , (3.1)

where β is an inverse temperature of environment and W [λ0 → λ1] is a
work done during the process changing a parameter λ from λ0 to λ1. The
average is taken over initial thermal equilibrium states. It is remarkable that
the equality is always valid independently of whether a intermediate state is
equilibrium or nonequilibrium.

This equality is easily proved (see [1, 2]); requirements are that dynam-
ics of system can describe a thermal relaxation to a thermal equilibrium
state corresponding Hamiltonian with λ and that work can be defined with
a parameter λ. It is also regarded as a kind of symmetry of distribution
function of entropy production [5]. It is note that the weight before tak-
ing the trial ensemble average, exp(−βW ) is proportional to the equilib-
rium Boltzmann weight. Thus we can obtain thermal expectation values
of observable, in addition to the free energy difference from the Jarzynski
equality.

In an actual computer simulation, we generate nonequilibrium processes of
changing a parameter, sample the nonequilibrium work and calculate physical
quantities. After computation, we obtain a free energy difference and ther-
mal expectation values of physical quantities with the help of the Jarzynski
equality.
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3.3 Application for Lennard–Jones System

3.3.1 Model

Here we apply the present method to Lennard-Jones particle system; for
computational advantages, we use not the original 12−6 model but a Lennard–
Jones spline model. Two-body interacting potential is as follows:

φ(r) =

⎧⎪⎨
⎪⎩

4ε
{(

σ
r

)12 − (σ
r

)6} for 0 < r ≤ rc,

−a ε
σ2 (r − rm)2 for rc < r ≤ rm,

0 otherwise,

(3.2)

where ε, σ are dimensional parameters represent energy and length scales,
respectively. These two and a mass of particle m determine all physical di-
mensions. In an actual computer simulation, all of them are taken to be 1. rc

is a inflection point of Lennard–Jones potential, rc = 6
√

26/7σ. The first part
of the above potential is an original one of Lennard–Jones 12−6 potential.
The second part is a polynomial interpolation from the inflection point rc to
a vanishing point of potential rm. Assuming a smooth continuation of inter-
acting force, we can determine two parameters a = (4536 22/3 3

√
7/13)/3211

and rm = (55 6
√

13/7)(18 25/6)σ. The above modification changes quantita-
tive properties of the system. But qualitative feature is not changed.

Geometry of the system is a cubic box with fixed length, which volume
is denoted as V . Periodic boundary conditions are imposed on all directions.
Dynamics is Hamiltonian dynamics with Nosé–Hoover thermostat with tem-
perature T [6]. A number of particles N is fixed, so we treat NV T ensembles.
The thermodynamic operation for the Jarzynski process is chosen as incre-
ment of density which operation is achieved by introducing a new parameter
α as a factor of σ; if we set α taken to be 0, the system is identified as an
ideal gas. For α = 1, the original scale is revealed.

The actual simulation is done by the following way: Initially we prepare
N = V/σ3 particles with α = 0, in which there is no interaction between
them. Their velocities are taken from Maxwellian distribution with definite
temperature T . Then we can easily set up an initial thermal equilibrium state.
Thermodynamic operation for a Jarzynski calculation is done by changing α
from 0 to 1 linearly in a period of top. Then a fractional density ρ, which is
defined as a ratio of total cubic core volume Nα3σ3 to total volume V , is
varying from 0 to 1 as α3. During such process, we measure work needed to
change the parameter α.

Repeating these procedure, we average an exponentiated work and get a
ratio of final partition function to initial one for every densities. In addition
the exponentiated work itself is a Boltzmann weight, thus we can obtain
thermal equilibrium quantities of observables for every densities.
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Fig. 3.1. (a) Global behavior of pressure and (b) Helmholtz free energy landscape:
The horizontal axis represents the temperature and the vertical one does α, a cubic
root of the fractional density. The result of N = 8000 system with top = 100 is
shown. Arch-like curves are phase boundaries of the original Lennard–Jones system

3.3.2 Results

Here we see some results of calculation: Pressure, for instance of physical
observable, and Helmholtz free energy are shown. First, global behavior of
pressure in a temperature-density plane is presented in Fig. 3.1a. A horizontal
axis represents the temperature of heat bath and a vertical axis does the
cubic root of fractional density, α. The pressure is calculated from the Virial
theorem and reweighted with the exponentiated work. We use a N = 8000
system and an operation interval is taken to be top = 100. We take 10 samples
for 30 different temperatures. Some isobars are shown in this figure.

For convenience, a phase boundary between gas, liquid and coexistence
region of the original model is shown. For the present model, this curve is not
equivalent to a real boundary. But some information can be obtained from
this boundary, because quantitative difference is small. Coexistence region of
the present model is observed as instable or metastable behavior of pressures.

To investigate dependence of the operation time top, we plot the pressure
for several operation time in Fig. 3.2. Some thermal equilibrium values of
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Fig. 3.2. Operation time dependence of the pressure: We show results of N = 512,
top = 10, 100, 1000, N = 8000, top = 1000, and equilibrium calculation for the N =
512 system. Fluctuations of curve are almost equivalent to the order of statistical
errors. For the equilibrium values, statistical errors are less than a symbol size

pressure are also shown in the same figure; the results are for systems with
512 and 8000 particles with a temperature 1. From the results of 512 and
8000 particles systems, dependence of the pressure on a system size is small
at this temperature. The pressure of operation time 100 and 1000 are enough
converged to equilibrium values, but the result of top = 10 is not good. There-
fore the operation time 100 is sufficient for getting the equilibrium nature. It
is remarkable because a relaxation time is about 10, which is estimated from
a equilibrium calculation.

We can, of course, calculate the free energy difference. By choosing the
initial state is trivial one, we obtain Helmholtz free energy itself. The result
is shown in Fig. 3.1b. To check validity, we consider behavior of pressure from
this profile; the pressure is proportional to a gradient of the free energy alone
the density axis. So the pressure near ρ ∼ 0, T = 1 is negative from the profile.
It does not agree with the equilibrium calculation. Thus this obtained free
energy profile is not consistent with the actual profile.

3.4 Summary and Discussion

We have seen that the new method based on the Jarzynski equality is work
for the Lennard–Jones system; the pressure reweighted with the exponential
work shows good agreements of equilibrium expectation values. This calcu-
lation is more efficient than one of equilibrium simulations, because we can
skip some initial relaxation processes.

From the theoretical basis of the Jarzynski equality, we cannot expect
dependences of operation time. But in the present simulation, we observe the
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dependence. Its origin lie in the deficient sampling; theoretically the equality
requires all states, especially the states with exponentially small weight are
quite important. This is also the main reason that the free energy shows a
bad agreement. For the pressure this dependence is small, thus we can get
good convergence.

To improve this point, we should use more fluctuating dynamics such as
Monte Carlo rather than the molecular dynamics. There is a possibility that
an artificial dynamics which is not appropriate for investigating equilibrium
state is better than Monte Carlo method or molecular dynamics. Recently
one possibility of improvement was proposed by Hukushima and Iba [7]. They
used an extended ensemble with the Jarzynski equality.
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4 Numerical Simulations
of Critical Dynamics far from Equilibrium
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Abstract. Numerical simulations of critical dynamics far from equilibrium are
reviewed. Based on the short-time dynamic scaling form, a dynamic approach is
developed for numerical measurements of both dynamic and static critical expo-
nents as well as the critical temperature. The method does not suffer from critical
slowing down. Recent progress in frustrated systems, Kosterlitz–Thouless phase
transitions, first order phase transitions and the fundamental deterministic dynam-
ics is reported.

4.1 Introduction

In the past decade, many activities have been devoted to the non-equilibrium
relaxation of critical dynamics. Traditionally, it is believed that universal
dynamic scaling behavior exists only in the long-time regime of the dy-
namic evolution. The short-time dynamic behavior is supposed to depend
on microscopic details. In 1989, however, with renormalization group meth-
ods Janssen, Schaub and Schmittmann derived a dynamic scaling form for
the O(N) vector model, which is valid up to the macroscopic short-time
regime [1]. It is important that a new independent critical exponent must be
introduced to describe the scaling behavior of the initial magnetization. This
explains the anomalous behavior of the remanent magnetization in spin-glass
dynamics [2].

To understand the short-time dynamic scaling behavior, it is essential to
keep in mind that macroscopic initial conditions show up in the dynamic
scaling form [1, 3]. For example, the power-law decay of the magnetization
in the short-time regime observed in a dynamic relaxation starting from a
completely ordered state [4,5] is not “universal”, in the sense that it depends
on the initial conditions. For a dynamic relaxation starting from a disordered
state with a small initial magnetization, the magnetization does not decay,
and rather shows an initial increase in the short-time regime [1, 3, 6].

Inspired and stimulated by these works, and the relevant experiments
and theories in non-equilibrium dynamics, in the last years short-time critical
dynamics has been systematically investigated with Monte Carlo methods [3,
6–10]. Simulations have been extended from simple spin models [3,10,11], to
statistical systems with quenched disorder or frustration [12–15], XY models
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and Josephson Junction arrays [16–23], quantum spin systems and lattice
gauge theories [24–26], dynamic systems without detailed balance [27, 28],
melting transitions [29–31] and fluid systems [32] as well as first-order phase
transitions [33–38]. More complete list of the relevant references before 1998
can be found in [3]. All these results confirm the existence of a rather general
dynamic scaling form in critical dynamic systems at macroscopic early times,
and approximate scaling behavior in weak first-order phase transitions. Such
a methodology should also be very interesting in experiments [39, 40]. The
physical origin of the dynamic scaling behavior is the divergent or very large
correlating time around the phase transition temperatures.

Actually, scaling behavior in non-equilibrium critical systems is not such
a unique phenomenon in nature. For example, phase ordering dynamics and
non-equilibrium critical dynamics share some similar features [41]. Spin-glass
dynamics [2,7,13,42,43] as well as structural glass dynamics, different kinds
of growth dynamics and aging phenomena in complex dynamic systems all
may show certain scaling or quasi-scaling behavior.

What we emphasize is that the short-time dynamic scaling form not only
is conceptually interesting, but also – more interestingly and importantly,
provides new techniques for the measurements of both dynamic and static
critical exponents as well as the critical temperature [4, 7, 9, 44], for an ear-
lier review see [3]. Since the measurements are carried out in the short-time
regime, the dynamic approach does not suffer from critical slowing down.
Compared with those methods developed in equilibrium, e.g., the non-local
cluster algorithms, the dynamic approach does study the original local dy-
namics and can be applied to disordered or frustrated systems. Furthermore,
it is very difficult to numerically solve dynamic equations with a continuous
time to the long-time regime, but the short-time dynamic approach works
well [10].

In understanding the universal behavior of short-time critical dynamics, it
is very important to distinguish the macroscopic and microscopic time scales.
The dynamic scaling emerges only in the macroscopic short-time regime,
after a time scale tmic which is large enough in microscopic sense. tmic is not
universal. In some cases, tmic is not so small. For accurate measurements of
the critical temperatures and critical exponents, corrections to scaling must
be taken into account in the short-time regime.

The purpose of this paper is to review numerical simulations of critical dy-
namics far from equilibrium in the past decade, and to report recent progress
in frustrated systems, Kosterlitz–Thouless phase transitions and the funda-
mental deterministic dynamics. In Sect. 4.2, the short-time dynamic scaling
form will be analyzed. In Sect. 4.3, the applications to second-order-like phase
transitions, Kosterlitz–Thouless phase transitions and weak first-order phase
transitions will be presented. In Sect. 4.4, the fundamental deterministic dy-
namics will be investigated. The final section contains some concluding re-
marks.
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4.2 Short-Time Dynamic Scaling Form

4.2.1 Dynamic Scaling Form for Disordered Start

With renormalization group methods, Janssen, Schaub and Schmittmann [1]
have shown that far from equilibrium, in a macroscopic short-time regime of
the dynamical evolution, there already emerges universal scaling behavior.
The relaxation process they considered is that a system initially in a high-
temperature state, is suddenly quenched to the critical temperature Tc and
then evolves with dynamics of model A. For an initial state with a non-
zero but small magnetization, a generalized dynamic scaling form has been
derived with an ε-expansion,

M (k)(t, τ, L,m0) = b−kβ/νM (k)(b−zt, b1/ντ, b−1L, bx0m0) , (4.1)

where M (k) is the kth moment of the magnetization, t is the time of the
dynamical relaxation, L is the lattice size, τ = (T − Tc)/Tc is the reduced
temperature, and b is an arbitrary spatial rescaling factor. Here x0 is a new
independent critical exponent, the scaling dimension of the initial magnetiza-
tion m0. It is interesting and important that the critical exponents β, ν and
z in (4.1) are exactly those usually defined in equilibrium. These exponents
can thus be extracted from the short-time critical dynamics.

Equation (4.1) provides the time evolution of the magnetization, with
k = 1. Taking b = t1/z and assuming L sufficiently large, it gives for a
small m0

M(t, τ,m0) ∼ m0 tθF (t1/νzτ) , θ =
(x0 − β/ν)

z
. (4.2)

Here M(t,m0 = 0) = 0 has been used, and higher order terms of the small
quantity tx0/zm0 have been neglected. Exactly at the critical point (τ = 0),
(4.2) predicts a power-law behavior of the magnetization in the short-time
region,

M(t) ∼ tθ . (4.3)

Up to now, analytical calculations and numerical simulations for a variety
of statistical systems show that θ usually is positive, i.e. the magnetization
undergoes an initial increase. This is a very prominent phenomenon in the
short-time critical dynamics [1, 3, 6].

For small but non-zero τ , the power law behavior of the magnetization
will be modified by the scaling function F (t1/νzτ). Therefore, searching for
the best power law behavior of the magnetization, we may determine the
critical temperature in numerical simulations. To estimate the exponent 1/ν,
we may take the derivative with respect to τ on both sides of (4.2), and
obtain the logarithmic derivative of the magnetization

∂τ ln M(t, τ,m0)|τ=0 ∼ t−1/νz . (4.4)
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Now we consider the case m0 = 0. Using (4.1) for the second moment of the
magnetization at the critical temperature gives

M (2)(t) ∼ t−2β/νzM (2)(1, t−1/zL) . (4.5)

In the beginning of the time evolution the spatial correlation length is still
small, even at the critical point. Thus it can be deduced that M (2)(t, L) ∼
L−d. Taking this into account, (4.5) yields a power-law behavior

M (2)(t) ∼ tc2 , c2 =
(d − 2β/ν)

z
. (4.6)

An analysis of the autocorrelation (for m0 = 0) shows [45]

A(t) =
1
Ld

∑
i

< Si(t)Si(0) >∼ t−ca , ca =
d

z
− θ . (4.7)

In summary [3, 11], simulations of the dynamic process starting from a high
temperature state with a small or zero initial magnetization, around the
critical point, allow the critical temperature, the quantities θ, 1/νz, c2 and
ca to be measured and thus determination of the critical exponents θ, 1/ν,
β/ν and z. The measurements are carried out in the macroscopic short-time
regime, and therefore, do not suffer from critical slowing down. Since the
spatial correlation length is small in the beginning of the time evolution, the
finite size effect can be easily under controlled.

Compared with techniques developed in numerical simulations in equilib-
rium, the time t in the dynamic approach plays the role of the lattice size L
in equilibrium. The dynamic scaling behavior holds only after a microscopic
time scale tmic, which is large enough in the microscopic sense but still small
in the macroscopic time scale. This is just like that the finite size effect in
equilibrium is negligible only for sufficiently large lattices.

4.2.2 Dynamic Scaling Form for Ordered Start

Another interesting and important process is the dynamic relaxation from
a completely ordered state. The initial magnetization being exactly at its
maximum point m0 = 1, a scaling form

M (k)(t, τ, L) = b−kβ/νM (k)(b−zt, b1/ντ, b−1L) (4.8)

is expected. This scaling form looks the same as the dynamic scaling form
in the long-time regime, however, it is now assumed already valid in the
macroscopic short-time regime.

For the magnetization itself, b = t1/z yields

M(t, τ) = t−β/νzM(1, t1/νzτ) . (4.9)
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This leads to the power-law behavior

M(t) ∼ t−β/νz , (4.10)

at the critical point τ = 0. For small but nonzero τ , the power-law behavior
of the magnetization will be modified by the scaling function M(1, t1/νzτ),
thus allowing for determination of the critical temperature [3]. Taking the
derivative with respect to τ on both sides of (4.9), gives the logarithmic
derivative of the magnetization

∂τ ln M(t, τ)|τ=0 ∼ t−1/νz . (4.11)

A Binder cumulant U(t) can be constructed using the magnetization and its
second moment. Finite size scaling shows that

U(t) =
M (2)

(M)2
− 1 ∼ td/z . (4.12)

In summary [3,11], the short-time behavior of the dynamic relaxation start-
ing from a completely ordered state is sufficient to determine all the critical
exponents β, ν and z as well as the critical temperature. In practical simula-
tions, these measurements of the critical exponents and critical temperature
are usually better in quality than those from a relaxation process starting
from a disordered state.

However, sometimes there are strong corrections to scaling, or, it may hap-
pen, e.g., for disordered systems, the completely ordered state is not known.
Then we should either introduce new concepts and techniques, or stay with
the dynamic process with a disordered initial state.

4.2.3 Corrections to Scaling

As mentioned already in Introduction, to describe the non-equilibrium dy-
namic behavior of certain dynamic systems, one may need to introduce cor-
rections to scaling for the dynamic scaling forms in the preceding two sub-
sections. Important examples are the 2D XY model and fully frustrated XY
model which have been intensively studied in the past years [16–20,22,23].

Bray, Briant and Jervis have theoretically shown that there is a logarith-
mic correction for the 2D XY model in the dynamic process starting from a
disordered state [17] (see also [46]). In the case with a logarithmic correction
to scaling, standard measurements of the critical exponents without taking
into account the correction to scaling could be correct only asymptotically
in the limit t → ∞. Therefore, it is very essential to clarify the logarithmic
correction.

We first consider the case of T < TKT, and a completely disordered initial
state with m0 = 0. Assuming a logarithmic correction for the non-equilibrium
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spatial correlation length, from scaling analysis and finite size scaling analysis,
e.g, the second moment should behave like [17]

M (2)(t) ∼
[

t

(1 + c ln(t))

](2−η)/z

. (4.13)

Compared with the scaling behavior in the preceding subsections, here we
have replace β/ν by η/2.

For the dynamic process quenched from a completely ordered state, there
may also exist corrections to scaling in the early times, for example, the
power-law corrections to scaling [19]

M(t) ∼ t−η/2z(1 +
c

tb
) . (4.14)

In the cases of the simple Ising and Potts models, corrections to scaling are
rather weak [3]. For the models with many meta-stable states such as systems
with disorder, frustration or KT transitions, however, corrections to scaling
could be strong. For accurate estimate of critical exponents, one needs to
take into account corrections to scaling.

4.3 Applications of Short-Time Dynamic Scaling

4.3.1 The 2D FFXY Model

In this subsection, we study the second order phase transition in the 2D
FFXY model [12].

The 2D FFXY model exhibits two kinds of phase transitions, i.e. the
Kosterlitz–Thouless phase transition (XY -like) and the second order phase
transition (Ising-like). Numerical simulations of the 2D FFXY model suffer
severely from critical slowing down. Most of the recent works on the 2D
FFXY model support that these two phase transitions take place at two
different temperatures, however, it is not very clear whether the chiral degree
of freedom of the FFXY model is in the same universality class of the Ising
model [47–50].

The Hamiltonian of the 2D FFXY model can be written as

− H

kT
= K

∑
〈ij〉

cos(θi − θj + Aij) , (4.15)

where θi is the angle of the spin (a planar unit vector) located on site i, Aij

determine the frustration and the sum is over the nearest neighbors on a
square lattice. The order parameter for the second order phase transition is
the staggered chiral magnetization defined as [51]
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Fig. 4.1. The 2D FFXY model with the Metropolis algorithm: (Left) the chiral
magnetization MI(t) with MI(0) = 1 in log–log scale. From above, the solid lines
represent MI(t) at T = 0.452, 0.454 and 0.456. The dotted line is at the critical
temperature Tc = 0.4545. (Right) The Binder cumulant UI(t) at the critical point
with MI(0) = 1. Simulations are performed with a lattice size L = 256

MI =

〈
1
L2

∑
r

(−1)rx+ry sin

⎡
⎣ ∑
〈ij〉∈Pr

sin(θi − θj + Aij)

⎤
⎦
〉

, (4.16)

where r is the coordinate of the plaquette Pr.
In order to locate the critical temperature Tc, we have performed simula-

tions with three different temperatures T = 0.452, 0.454 and 0.456 starting
from an ordered initial state, i.e., the ground state. The average is taken over
2000 samples.

In Fig. 4.1 left, MI(t) is plotted in log-log scale. Based on (4.9), by search-
ing for a curve with the best power law behavior, one can estimate the critical
temperature. To avoid the effect of the tmic, we carry out our measurements
in the time interval [200,2000]. The resulting value Tc = 0.4545(2) is very
close to those reported in the recent references [48, 49, 52, 53]. The magneti-
zation at Tc is also plotted in Fig. 4.1 left with a dotted line. From the slope
of this curve, we find the critical exponent β/νz = 0.0602(2). The quality of
this measurement is very good. With β/ν in hand on can obtain a rigorous
z or vice versa [3–5,54,55].

To extract the dynamical critical exponent z and the critical expo-
nent 1/νz, we measure the time-dependent Binder cumulant UI(t, L) =
M

(2)
I /M2

I − 1 and ∂τ ln MI(t, τ) at Tc = 0.4545. In Fig. 4.1 right, the Binder
cumulant is plotted. The power law behavior is clearly seen.

In Table 4.1, all critical exponents are listed together with the results
reported in literature. Our dynamic measurements support those from [53]
but with extra new results for the dynamic exponents z and θ. The exponent
ν of the 2D FFXY model is different from that of the 2D Ising model by
nearly 20% and it indicates that the chiral degree of freedom of the 2D FFXY
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Table 4.1. The exponents for the chiral degree of freedom of the 2D FFXY model.
For the Ising model, θ is taken from [9,71], and z from [3,5, 9, 71]

ours [48] [49] [53] [52] Ising

[12] (1996) (1995) (1994) (1993)

Tc 0.4545(2) 0.451(1) 0.452(1) 0.454(2) 0.454(3)

ν 0.81(2) 0.898(3) 1 0.813(5) 0.80(5) 1

2β/ν 0.261(5) 0.22(2) 0.38(2) 0.25

z 2.17(4) 2.165(10)

θ 0.202(3) 0.191(3)

model is in a new universality class. Other exponents of the 2D FFXY model
look not much different from those of the 2D Ising model. From our numerical
data, we observe that the values of the critical exponents are rather sensitive
to the assumed or measured critical temperature Tc. This should be one of
the main origins of different values of the exponents reported in the literature.

4.3.2 Kosterlitz–Thouless Transitions

In this subsection, we investigate the Kosterlitz–Thouless (KT) phase tran-
sitions in the 2D XY and FFXY models [16,21].

The Transition Temperature

The 2D XY model is defined by the Hamiltonian

− H

kT
= K

∑
<ij>

Si · Sj , (4.17)

where Si = (Si,x, Si,y) is a planar unit vector at site i. Large scale Monte
Carlo simulations in equilibrium have been performed to understand the
properties of the KT phase transition [56, 57]. The results support a KT
singularity for the spatial correlation length

ξ(τ) ∼ exp(bτ−ν) (4.18)

and for the susceptibility χ(τ) ∼ ξ2−η(τ). However, unconstrained four-
parameter fits to the data do not yield completely satisfactory results [57].
η estimated from χ(τ) ∼ ξ2−η(τ) is above 0.7 and too big compared with
the theoretical prediction η = 0.25. The temperatures for the available data
of ξ and χ are still far from the transition temperature TKT estimated to be
around 0.89 to 0.90 (for details, see [57]). However, simulations in equilibrium
with lower temperatures are very difficult.
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Fig. 4.2. The 2D XY model with the heat-bath algorithm: (Left the magnetization
M(t). From above, the temperatures are 0.94, 0.95, 0.955, 0.96, 0.965, 0.97, 0.975,
0.98, 0.99, 1.00, 1.01, 1.02, 1.03, 1.04, 1.05, 1.06, 1.07. (Right) The scaling plot
of the magnetization with a pair of temperatures (T1, T2). The upper and lower
solid lines correspond to temperatures T1 = 0.955 and T2 = 0.965. The circles are
also the magnetization of T1 = 0.955 but rescaled to have the best fit with that of
T2 = 0.965

We consider the dynamics relaxation starting from an ordered initial state,
e.g., all Si = (Si,x, Si,y) = (1, 0). Total samples for average is from 800 to
1200 for lattice size L = 256 and above 400 for L = 512.

The observable we measure is the magnetization defined as

M(t) =
1
Ld

〈∑
i

Si,x(t)

〉
. (4.19)

From a general physical view point of the renormalization group transforma-
tion, the magnetization M(t) is subject to a scaling form

M(t, ξ(τ)) = t−η/2zM(1, t−1/zξ(τ)) . (4.20)

When the temperature is at TKT (or below), i.e. τ = 0, ξ(τ) → ∞ and M(t)
undergoes a power law decay M(t) ∼ t−η/2z. However, for τ > 0, the power
law behavior is modified by the scaling function M(1, t−1/zξ(τ)). This fact
can be used for the determination ξz(τ) and the exponent η/z. In Fig. 4.2 left,
the magnetization is displayed for different temperatures.

From scaling collapse of two curves with a pair of temperatures (T1, T2),
we estimate the ratio ξz

1/ξz
2 and η/z. Here ξ1 and ξ2 are the values of ξ(τ) at

the temperatures T1 and T2 respectively. In Fig. 4.2 right, such a scaling plot
is displayed for (T1, T2) = (0.955, 0.965).

After extracting ξz
1/ξz

2 for all temperatures, we fit the data to the ex-
ponential form in (4.18) and estimate the transition temperature TKT, the
exponent ν and parameter bz. The best results are given in Table 4.2 in com-
parison with those from simulations in equilibrium [16]. Our results are fitted
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Table 4.2. The exponents and TKT for the 2D XY model obtained in temperature
interval [T1, T2] in comparison with those in [57] (denoted by †). T ∗

KT and ν∗ of [57]
are from data of the susceptibility. The second and fourth column are the results
with a fixed ν = 0.5 as input

[T1, T2] [0.94, 1.07] [0.94, 1.07] [0.98, 1.43]† [0.98, 1.43]†

TKT 0.8942 0.8926 0.8953 0.8914

bz 4.12 3.82 3.67 3.38

ν 0.48 0.5 0.47 0.5

T ∗
KT 0.8871 0.8961

ν∗ 0.57 0.5

from a relatively lower temperature interval [0.94, 1.07], and agree well with
those obtained in a temperature interval [0.98, 1.43] in [57], in both cases of
a unconstrained fit and a fit with a fixed ν = 0.5. The estimate of TKT is
relatively stable. However, the unconstrained fit is not very stable.

Relaxation with Disordered Start

Now we study the dynamic relaxation starting from a disordered state for
the 2D XY model [21]. We have performed the simulations up to t = 10240
Monte Carlo time steps. Samples for averaging are from 12000 to 24000.

To begin our investigation, we first perform simulations with a disordered
initial state with a small non-zero magnetization m0. In Fig. 4.3 left, M(m0, t)
is displayed on a log–log scale. From these curves, we can not detect a loga-
rithmic correction. In a time interval [100, 1000], direct measurements of the
slope yield the same exponents θ as with a power-law correction.

In Fig. 4.3 right, the auto-correlation with a disordered start is displayed
on a log–log scale. Looking at the curves by eyes, they are not too far from
a power-law behavior.

If one fits the curves with power-law corrections to scaling in the form
like (4.14), however, the correction exponent b is rather small. According to
the argument in [17], the corrections are logarithmic. In Fig. 4.3 right, dots
represent the curves with the logarithmic corrections to scaling, and fit to
the numerical data (solid lines) from rather early times. In Table 4.3, the
resulting values of (d − η)/z and d/z − θ are given.

The logarithmic correction is so strong such that the effective exponent
obtained with a power-law fit would be correct only in the limit of t →
∞. In the measurements of the critical exponents, therefore, it is extremely
important to take into account the logarithmic corrections to scaling.

In the lower sector of Table 4.3, the dynamic exponent z extracted from
A(t), M (2)(t) and M(m0, t) is given. The values are bigger than 2 by 2 or 3
percent. This probably indicates that the logarithmic correction is still not
perfect in the time intervals we simulate.
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Fig. 4.3. The 2D XY model with the heat-bath algorithm: (Left) the magnetization
M(t) with disordered initial states and a non-zero m0. (Right) The auto-correlation
A(t) with disordered initial state and a zero m0. Solid lines are for temperatures
T = 0.90, 0.89, 0.80 and 0.70 (from below). The dashed line shows a power-law
fit to T = 0.70. Dots fitted to the solid lines are with logarithmic corrections to
scaling. But the slope of the dashed line is 0.579, far from 0.695 with a logarithmic
correction to scaling

Table 4.3. The exponents for the 2D XY model after taking into account the
corrections to scaling. η/2z in the third row for M(t) is obtained with a fixed
correction exponent b = 1. The value z1 of the dynamic exponent z is estimated
from d/z; η is calculated from η/2z by taking z1 as input; z2 is from (d− η)/z with
η as input; z3 is calculated from d/z − θ and θ

T = 0.90 0.89 0.80 0.70

U(t) d/z 1.000(10) 0.995(5) 0.999(4) 0.995(5)

z1 2.00(2) 2.01(1) 2.00(1) 2.01(1)

η/2z 0.0614(4) 0.0581(2) 0.0441(3) 0.0358(2)

M(t) b 1.13 1.03 0.95 1.07

η/2z 0.0611 0.0580 0.0442 0.0357

fixed b 1 1 1 1

η 0.246(3) 0.234(2) 0.176(2) 0.144(1)

[57] η 0.239 0.229 0.179 0.146

M (2)(t) (d − η)/z 0.860(12) 0.877(9) 0.897(10) 0.920(8)

z2 2.04(3) 2.01(2) 2.03(2) 2.02(2)

A(t) d/z − θ 0.756(5) 0.738(4) 0.711(5) 0.695(6)

M(m0, t) θ 0.241(2) 0.249(2) 0.263(4) 0.280(4)

z3 2.01(2) 2.02(2) 2.05(2) 2.05(2)

Relaxation with Ordered Start

We have performed numerical simulations of the dynamic relaxation with
an ordered initial state for both the 2D XY and FFXY models [21]. For
the 2D FFXY model, the magnetization is defined as the projection of the
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Table 4.4. The exponents for the 2D FFXY model after taking into account the
corrections to scaling. The correction exponent is fixed to be b = 1. The dynamic
exponent z is estimated from d/z; η is calculated from η/2z by taking z as input

T = 0.446 0.440 0.40 0.30

U(t) d/z 1.019(6) 0.994(10) 1.010(3) 1.007(3)

z 1.96(1) 2.01(2) 1.98(1) 1.99(1)

M(t) η/2z 0.0581(18) 0.0506(4) 0.0334(3) 0.0207(2)

η 0.228(7) 0.203(3) 0.132(2) 0.0824(9)

[51] η 0.196 0.122 0.064

spin configuration onto the ground state, i.e., the magnetization and its sec-
ond moment should be calculated for each sublattice separately, and then
summed up.

Our careful analysis shows that corrections to scaling here, if any, can be
described by a power law in (4.14), and the correction exponent b takes a
“universal” value b = 1.

The values of d/z and η/2z are given in Tables 4.3 and 4.4. The estimated
dynamic exponent z is very close to the theoretical value z = 2. Our η for
the XY model is somewhat bigger than that in [57] at temperatures around
TKT, but smaller at lower temperatures. Our value η for the FFXY model
is bigger than that in [51].

4.3.3 Weak First-Order Phase Transitions

Due to the success of the short-time dynamic approach in second order and
KT phase transitions, naturally it is attractive to explore its possible appli-
cations to first order phase transitions. Especially, due to large correlation
lengths and small discontinuities, a weak first order transition presents quite
similar behavior as a second order one. It has long been challenging how to
distinguish one from the other.

To distinguish a first order transition from a second order one, refined
methods are typically based on the finite size scaling of the specific heat,
susceptibility, order parameter, Binder cumulant of energy, or the transition
point, e.g. see [58–63]. However, when a first order transition is very weak, it
becomes subtle. The double peak structure of the energy distribution together
with the finite size scaling shows its merit in this respect [64,65], but further
efficient methods are still desired.

In this subsection, we suggest a short-time dynamic approach to weak
first order transitions [33]. The idea is inspired by the existence of two pseudo
critical points K∗ and K∗∗ near the weak first order transition point Kc with
K∗∗ < Kc < K∗ [66,67]. In equilibrium, numerical measurements of K∗ and
K∗∗ are not easy since they are induced by metastable states. However, in
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Table 4.5. Pseudo critical points K∗∗ and K∗ measured from short-time dynamics
for the 2D 5-state and 7-state Potts models, in comparison with the transition
point Kc

K∗∗ Kc K∗

q = 5 1.174322(2) 1.174359 1.174404(7)

q = 7 1.293008(7) 1.293562 1.293854(29)

short-time dynamics K∗ and K∗∗ can be determined rather accurately from
two dynamic processes starting from high temperature and zero temperature
states. In second order transitions, K∗ and K∗∗ overlap with the transition
point Kc. Therefore, difference of K∗ and K∗∗ gives a criterion for a weak
first order transition.

As examples, we investigate the 2D q-state Potts models. The transition
point is exactly known at Kc = ln(1 +

√
q). The phase transition is second

order for q ≤ 4 and becomes first order for q ≥ 5. For small q, the first order
transitions are weak.

In Table 4.5, all results for K∗ and K∗∗ have been collected [33]. For both
the 7-state and the 5-state Potts model, K∗ and K∗∗ are clearly above and
below the transition point Kc respectively. The short-time dynamic approach
indeed provides a safe criterion for a weak first order transition.

4.4 Numerical Solutions of Deterministic Dynamics

It is usually believed that statistical mechanics is originated from the fun-
damental deterministic equations of motion for many body systems, even
though up to now there exists no general proof. For example, the O(N)
vector model and XY model have been numerically solved [68–70], phase
transition points and critical exponents in equilibrium have been estimated.
The results are in agreement with those obtained from a canonical ensemble
in statistical mechanics.

In principle, the deterministic equations of motion should describe not
only equilibrium properties but also dynamic properties of the systems. In
statistical mechanics, dynamics is approximately given by some effective sto-
chastic equations of motion, e.g., Langevin equations or Monte Carlo algo-
rithms. It has long been challenging whether stochastic dynamics is equivalent
to the fundamental deterministic dynamics, and vice versa.

The purpose here is to study whether there exists short-time universal
scaling behavior in deterministic dynamics, and meanwhile to determine the
critical point and all the static and dynamic exponents [10].

The model we choose is the 2D φ4 theory. The Hamiltonian of the model
on a square lattice is
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H =
∑

i

[
1
2
π2

i +
1
2

∑
µ

(φi+µ − φi)2 −
1
2
m2φ2

i +
1
4!

λφ4
i

]
, (4.21)

with πi = φ̇i and it leads to the equations of motion

φ̈i =
∑

µ

(φi+µ + φi−µ − 2φi) + m2φi −
1
3!

λφ3
i . (4.22)

In the dynamic evolution governed by (4.22), energy is conserved. The so-
lutions are assumed to generate a microcanonical ensemble. In our short-time
dynamic approach, the total energy is a convenient controlling parameter of
the system, since it can be input from the initial state. Therefore, from now
τ will be understood as a reduced energy density (ε − εc)/εc. Here εc is the
critical energy density corresponding to a second order phase transition.

The order parameter of the φ4 theory is the magnetization. The time-
dependent magnetization M ≡ M (1)(t) and its second moment M (2) are
defined as

M (k)(t) =
1

L2k

〈(∑
i

φi(t)

)k〉
, k = 1, 2 . (4.23)

The average for observables is only over initial configurations. We consider
a random initial state with a zero or small magnetization. For simplicity, we
set initial kinetic energy to be zero, i.e. φ̇i(0) = 0. Following [68], we take
parameters m2 = 2. and λ = 0.6.

To numerically solve these equations of motion, we discretize φ̈i by (φi(t+
∆t) + φi(t − ∆t) − 2φi(t))/(∆t)2. In our calculations, we use a fairly large
lattice L = 256 and samples of initial configurations for average range from
4 500 to 10 000. Errors are simply estimated by dividing total samples into
two or three groups. Compared with numerical solutions in the long-time
regime, the finite ∆t effect in the short-time dynamic approach is not severe,
since our updating time is limited.

In order to determine the critical point, we perform simulations with non-
zero initial magnetization m0 for a couple of energy densities in the critical
regime. In Fig. 4.4 (left), the magnetization has been plotted. Careful analysis
leads to εc = 21.11(3). This agrees well with εc = 21.1 given by the Binder
cumulant in equilibrium in [68].

At εc, one measures the exponent θ = 0.146(3). Accurately speaking,
however, the exponent θ is defined in the limit m0 → 0. In general, for finite
m0 the exponent θ may show some m0-dependence [3]. Therefore, we have
performed another simulation with m0 = 0.009 at εc. The magnetization is
also displayed in Fig. 4.4 left with a dashed line. The corresponding exponent
is θ = 0.158(2). If we linearly extrapolate the results to m0 = 0, we obtain
the final value θ = 0.176(7).

With the critical energy in hand, we set m0 = 0 and proceed to measure
the auto-correlation A(t) and second moment M (2)(t). In Fig. 4.4 right, A(t)



4 Numerical Simulations of Critical Dynamics 39

100 t

M

0.1

10 100 t

0.1 A(t)

M(2)(t)

Fig. 4.4. Numerical solutions of the deterministic equations of motion of the 2D φ4

theory: (Left) the magnetization with a disordered start in log–log scale. Solid lines
are for m0 = 0.015 with energy densities ε = 20.7, 21.1 and 21.5 (from above), while
the dashed line is for m0 = 0.009 with εc = 21.11. (Right) The auto-correlation A(t)
(solid line) and second moment M (2)(t) (dashed line) with m0 = 0 at the critical
point in log–log scale

Table 4.6. The critical exponents measured for the 2D φ4 theory with the de-
terministic equations of motion in comparison with those of the Ising model with
Monte Carlo dynamics. The values of 2β/ν and ν for the Ising model are exact,
while others are taken from Table 2 in [3]

θ d/z − θ (d − 2β/ν)/z 1/νz z 2β/ν ν

φ4 0.176(7) 0.755(5) 0.819(12) 0.492(26) 2.148(20) 0.24(3) 0.95(5)

Ising 0.191(1) 0.737(1) 0.817(7) 2.155(3) 1/4 1

and M (2)(t) are displayed. We clearly see that after t > tmic ≈ 50, both
curves nicely stabilize to a power law behavior. From the data for t > 50, we
measure the exponents d/z − θ = 0.755(5) and (d − 2β/ν)/z = 0.819(12).

In Table 4.6, we summarize all the values of the critical exponents we
obtain. For comparison, the exact values of 2β/ν and ν for the Ising model
and available results of other exponents measured with Monte Carlo dynamics
are also given in Table 4.6. Remarkably, not only the static exponents, but
also the dynamic exponents of the φ4 theory are very close to those of the
Ising model with Monte Carlo dynamics. Therefore, we conclude that the φ4

theory with the deterministic equations of motion are in a same static as well
as dynamic universality class of the Ising model with Monte Carlo dynamics.

4.5 Conclusions

We have reviewed recent progress in numerical simulations of critical dynam-
ics far from equilibrium. The short-time dynamic scaling form is numerically
verified. Based on the scaling form, a dynamic approach is developed for nu-
merical measurements of both dynamic and static critical exponents as well
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as the critical temperature. The method does not suffer from critical slowing
down, and carries the feature of predicting the future. Applications of the dy-
namic approach to frustrated systems, Kosterlitz–Thouless phase transitions,
first order phase transitions and the fundamental deterministic dynamics are
demonstrated.

Compared with those methods developed in equilibrium, e.g., the non-
local cluster algorithms, the dynamic approach does study the original lo-
cal dynamics, and in principle can be applied to dynamic systems with
metastable states, frustration and disorder. In general, however, corrections to
scaling should be taken into account to obtain accurate results. For disordered
systems, probably new concepts and techniques, e.g., pseudo-magnetization,
should be developed.
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5 Entropy Driven Phase Separation

R. Vink

Institut für Physik, Johannes-Gutenberg-Universität, Mainz, Germany

Abstract. A grand canonical Monte Carlo method for the simulation of a simple
colloid-polymer mixture called the AO model will be described. The phase separa-
tion known to occur in this model is driven by entropy. The phase diagram of the
unmixing transition, the surface tension and the critical point will be determined.

5.1 Introduction

Mixtures of particles are all around us. If you pour oil and water together you
create a mixture. Another example is a solution containing colloids and poly-
mers. Mixtures will sometimes phase-separate or unmix. When this happens
particles of the same kind cluster together. A famous example is a mixture of
oil and water: after unmixing, the lower part of the container contains mostly
water and the upper part mostly oil with an interface in between.

There are different reasons for a mixture to unmix. For instance, the
unmixed state might carry a lower energy. As an example consider a mixture
of A and B particles interacting with the following pair potentials:

uAA(r) = uBB(r) = 0 , uAB(r) =
ε

r
, (5.1)

where r is the distance between two particles and ε some positive constant.
In this mixture, A particles do not feel each other, and neither do B particles,
but when A and B particles are close together there is an energy penalty. At
low temperature, the system tries to minimize the energy and can only do so
by moving the A and B particles as far apart as possible. The system thus
unmixes.

There is another mechanism that can induce unmixing. This mechanism
has its origin in entropy and not in energy. The unmixing of colloid-polymer
mixtures for example is driven by entropy. To show that this must be the
case, it is instructive to briefly consider the nature of the interactions in a
typical colloid-polymer mixture. To a crude approximation the colloids be-
have as hard spheres. The polymer interactions are more complicated. A real
polymer consists of a chain of bonded monomers. In principle all monomers
should be taken into account explicitly. However, under certain conditions
it is reasonable to describe the polymer chain with only the coordinate of

Springer Proceedings in Physics, Volume 103
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c© Springer-Verlag Berlin Heidelberg 2005
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Fig. 5.1. Colloid and polymer at minimum separation (here and throughout this
text C=colloid and P=polymer). The distance between the centers of mass equals
Rc+Rp. This is the minimum allowed separation: any smaller separation is punished
with infinite energy. The colloid thus carries a spherical depletion zone with volume
Vδ around its center of mass which cannot contain any polymer centers

its center of mass and some effective radius called the radius of gyration. In
1954 Asakura and Oosawa [1] proposed a simple model for colloid-polymer
mixtures based on precisely these approximations. In this model colloids and
polymers are treated as spheres with respective radii Rc and Rp. Hard sphere
interactions are assumed between colloid-colloid (cc) and colloid-polymer (cp)
pairs while polymer-polymer (pp) pairs can interpenetrate freely. This leads
to the following pair potentials:

ucc(r) =
{
∞ for r < 2Rc

0 otherwise, ucp(r) =
{
∞ for r < Rc + Rp

0 otherwise,
upp(r) = 0 , (5.2)

with r again the distance between two particles. The above equations define
what is nowadays called the AO model. Note that in 1976 the same model
was proposed again and independently by Vrij [2].

According to (5.2) the energy of a valid AO mixture is always zero. There-
fore, if unmixing occurs (and it does) it cannot be explained in terms of the
energy argument used before. The reason for unmixing is a little more subtle,
see Figs. 5.1 and 5.2. Shown in Fig. 5.1 is one colloidal particle just touching
one polymer. When the particles touch, the distance between the centers of
mass equals Rc + Rp. This is the minimum allowed separation between the
particles because any smaller separation carries an infinite energy penalty.
In the AO model every colloid is thus surrounded by a region which cannot
contain any polymer centers of mass. This region is called the depletion zone.
In three dimensions the volume of the depletion zone equals

Vδ =
4π

3
(Rc + Rp)3 . (5.3)

Consider now Fig. 5.2 which shows a container of volume V holding zero,
one and two colloidal particles. Shown at the top is a polymer which we
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Fig. 5.2. Free volume f available to a single polymer in a container of volume V
holding zero, one and two colloidal particles. See text for details

want to insert into the container. If the container is empty we can place the
polymer anywhere so the free volume f available to the polymer is simply
f = V (Fig. 5.2A). If the container already holds one colloid the free volume
decreases to f = V − Vδ (Fig. 5.2B). The physics becomes interesting when
the container holds two or more colloids. Two cases can now be distinguished.
In the first case both colloids are well separated and the free volume equals
f = V − 2Vδ (Fig. 5.2C). In the second case the colloids are so close together
that their depletion zones overlap and the free volume increases f > V −
2Vδ (Fig. 5.2D). This immediately has physical consequences: by clustering
together the colloids can increase the free volume available to the polymers
and hence the entropy of the polymers. Under certain conditions the gain in
entropy is sufficient to drive unmixing.

The AO model thus provides a convenient framework in which to study
entropy driven unmixing. It has sparked much theoretical work and many
simulations [3–7]. Despite its apparent simplicity, predicting the phase be-
havior of the AO model is no easy task. In this paper an efficient grand
canonical Monte Carlo (MC) method that can be used to simulate the AO
model will be described. The use of the grand canonical ensemble allows one
to bypass certain problems encountered for example in the canonical and
Gibbs ensembles. In particular, one can accurately obtain the surface tension
and also perform simulations close to the critical point. The method will be
used to calculate the phase diagram and the surface tension of the interface.
We will also present an accurate determination of the critical point using
finite-size scaling.

5.2 Grand Canonical Monte Carlo

Imagine an AO mixture contained in some volume V at inverse tempera-
ture β = 1/(kBT ). In the grand canonical ensemble V and β are fixed but
the number of particles inside V is allowed to fluctuate. The probability of
observing a volume containing Nc colloids and Np polymers is given by the
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Fig. 5.3. Problem encountered in a standard grand canonical MC simulation of the
AO model. When the number of polymers in the volume is substantial it becomes
difficult to insert additional colloids. Inserting more polymers remains easy though

grand canonical distribution:

P = CzNc
c zNp

p e−βE , (5.4)

where C is a normalization constant, E the energy given by (5.2) and {zc, zp}
the fugacities of the colloids and polymers, respectively.

In a grand canonical MC simulation of the AO model one would like to
generate configurations of colloids and polymers that sample (5.4). In the
standard approach this is done by attempting to insert a single particle into
V at a random location, or remove a single (randomly selected) particle
from V . Insertion and removal are usually attempted with equal probability
and accepted with probabilities that depend on the energy change of the
attempted move and on the fugacities. The standard approach is however not
efficient for the AO model as Fig. 5.3 illustrates. The figure shows a volume
containing a substantial number of polymers and some colloids. According to
(5.2) polymers do not interact with each other so they are happy to overlap.
This is what generally will happen as the figure shows. Unfortunately, it is
nearly impossible to insert an additional colloid into this system: no matter
where the colloid is placed it will likely overlap with at least some of the
polymers, and colloid-polymer overlaps are forbidden by (5.2). A standard
grand canonical MC simulation of the AO model is thus characterized by a
very low acceptance rate of colloid insertions.

The problem illustrated in Fig. 5.3 is typical of asymmetric binary mix-
tures of which the AO model is an example. The standard grand canonical
MC algorithm does not deal well with such mixtures, essentially because it
moves only one particle at a time. A MC move capable of removing entire
clusters of polymers would be much more efficient. By using such a cluster
move the formation of “holes” in the “sea” of polymers is enhanced. If the
holes are large enough to contain a colloid, the acceptance rate of colloid
insertions will increase. The MC move used in this work to simulate the AO
model is aimed at doing precisely that.
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Fig. 5.4. Inserting an additional colloid into an AO mixture. (A) The starting
configuration. (B) The colloid is inserted at a random location inside the volume.
(C) All polymers that overlap with the colloid are removed

5.3 Cluster Moves

Consider now Fig. 5.4A which again shows an AO mixture of colloids and
polymers. This time we are less shy and simply insert an additional colloid
at some randomly selected location inside V . The resulting configuration is
shown in Fig. 5.4B, with the colloid inserted in the upper right corner of the
box. Note that the configuration in Fig. 5.4B is not a valid AO configuration
because the colloid overlaps with four polymers. To fix this the overlapping
polymers are simply removed, leading to the configuration shown in Fig. 5.4C.

The MC move of Fig. 5.4 is of course not sufficient to carry out a sim-
ulation. We also need a reverse MC move capable of bringing us back from
the configuration of Fig. 5.4C to the starting configuration of Fig. 5.4A. In
constructing the reverse move, the key idea is that for every colloid you take
out, a number of polymers must be inserted into the empty depletion zone
left behind by the colloid. But exactly how many polymers?

To answer this question it is instructive to consider an AO model con-
taining only polymers. In this case the AO model reduces to a very simple
system, namely that of an ideal gas (remember that the polymers do not in-
teract with each other). According to basic statistical mechanics, the average
density of an ideal gas is equal to its fugacity. Likewise, for an AO model free
of colloids, the average polymer density equals zp. If we attempt to insert
a colloid into the pure polymer system it will on average overlap with zpVδ

polymers with fluctuations in the average that are Poisson like, i.e. of order√
zpVδ. Because of these fluctuations, the number of polymers np that we

must insert for every colloid that we take out cannot simply be a constant.
Instead, np must be a random variable drawn from some probability distrib-
ution. One choice that works well (see Sect. 5.6) is to draw it uniformly from
the interval np ∈ [0,m〉 (so including 0 but excluding m) and m an integer
given by

m = 1 + max
[
1, int

(
zpVδ + α

√
zpVδ

)]
, (5.5)
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Fig. 5.5. MC move used to remove a colloid from an AO mixture. (A) The colloid
to be removed is chosen randomly from among those present. (B) The colloid is
removed and np random locations are selected inside the empty depletion zone left
behind. The number np is uniformly drawn from the interval [0, m〉. In this example
np = 4. (C) Polymers are placed onto the random locations

with α a positive constant of order unity you are free to choose (α ≈ 2.0
usually gives good results). Recall that Vδ is the volume of the depletion zone
given by (5.3).

The reverse move can now be constructed and is illustrated in Fig. 5.5.
First, we randomly select a colloid (Fig. 5.5A). The colloid is removed and np

random locations inside the depletion zone of this colloid are selected, with
np uniformly drawn from the interval [0,m〉 (Fig. 5.5B). Finally, polymers are
placed onto these random locations resulting in the configuration shown in
Fig. 5.5C.

5.4 Detailed Balance

We will now derive the acceptance rates of the MC moves illustrated in
Figs. 5.4 and 5.5. The acceptance rates must be constructed such that detailed
balance is obeyed. This is vital because the algorithm must sample the grand
canonical distribution of (5.4). Recall that the condition of detailed balance
demands that [8–10]:

P (σ)g(σ → τ)A(σ → τ) = P (τ)g(τ → σ)A(τ → σ) , (5.6)

with P (σ) the Boltzmann probability of state σ, g(σ → τ) the probability
that the MC scheme generates state τ from state σ, and A(σ → τ) the
probability of accepting the new state τ .

The derivation that follows is based on two assumptions:

1. The integer m of (5.5) is assumed a constant parameter of the algorithm.
It must be set once at the start of the simulation and it may not be
changed during the course of the simulation.

2. It is assumed that the insertion of a colloid and the removal of a colloid
are attempted with equal probability.

In an implementation it is important that the above conditions are met. If
they are not the acceptance rates to be derived next may yield wrong results!
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5.4.1 Colloid Removal

The acceptance rate for the removal of a colloidal particle is derived first.
This is the MC move shown in Fig. 5.5. Assume that we start in a state σ
containing Nc colloids, Np polymers and energy Eσ. It is convenient to label
the state as σ(Nc, Np, Eσ). The energy Eσ will of course be zero but for the
derivation it is convenient to write it down explicitly. After removing the
colloid, np polymers are inserted into the depletion zone left behind. The
state τ that we end up in can thus be labeled as τ(Nc −1, Np +np, Eτ ). Note
that Eτ need not be zero: if a second colloid happens to be very close to the
colloid that was removed, it could now overlap with one or more of the np

polymers that were just inserted.
To enforce detailed balance the probabilities that appear in (5.6) must be

written down. We begin with the easy ones P (σ) and P (τ). These are simply
given by the grand canonical distribution of (5.4):

P (σ) = CzNc
c zNp

p e−βEσ , P (τ) = CzNc−1
c zNp+np

p e−βEτ . (5.7)

The probabilities g(σ → τ) and g(τ → σ) are more complicated. If we are in
state σ the probability of ending up in state τ is given by the product of the
probabilities of the individual steps that were taken in the MC move. After
close inspection of Fig. 5.5 the following steps can be identified:

1. Selecting a colloid at random. Since state σ contains Nc colloids the
probability of choosing one particular colloid is 1/Nc.

2. Selecting np. Since np is drawn uniformly from the interval [0,m〉 the
probability of this step is 1/m.

3. Selecting np random locations inside a volume Vδ. The probability of
choosing one particular location equals 1/Vδ (see Appendix 5.9). Since
np locations are selected we must raise this probability to the power
np. Additionally, we pick up a factorial counting the number of ways in
which the locations can be selected. The total probability of this step
thus becomes (np)!/V

np

δ .

The probability g(σ → τ) is thus the product of the above three terms.
Finally, we derive g(τ → σ). This is the probability that the reverse MC

move brings us back from state τ to state σ. This move is illustrated in
Fig. 5.4 and upon inspecting it we observe that state σ is regenerated if a
colloid is placed inside V at precisely the same location it was just removed
from. This carries a probability 1/V and so we find g(τ → σ) = 1/V .

Substitution of the above terms into (5.6) and using the Metropolis choice
[8] we find that the removal of a colloid must be accepted with probability:

A(Nc → Nc − 1) = min
[
1,

mNc

zcV

(zpVδ)np

(np)!
e−β(Eτ−Eσ)

]
. (5.8)

Note that moves leading to configurations where Eτ is not zero are automat-
ically rejected by the above equation.
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5.4.2 Colloid Insertion

To make the algorithm complete the acceptance rate for the insertion of a
colloid must still be derived, i.e. the MC move of Fig. 5.4. We can follow
the same reasoning as before with perhaps one subtlety. We start again in
a state σ containing Nc colloids, Np polymers and energy Eσ, so with label
σ(Nc, Np, Eσ). All polymers (say np of them) that overlap with the inserted
colloid are removed, so the state τ that we end up in can be labeled as
τ(Nc + 1, Np − np, Eτ ). Again, the energy Eτ need not be zero: if we are
unlucky the inserted colloid overlaps with one or more of the Nc colloids
already present. According to (5.2) such overlaps also carry infinite energy.

To construct detailed balance we first write down P (σ) and P (τ):

P (σ) = CzNc
c zNp

p e−βEσ , P (τ) = CzNc+1
c zNp−np

p e−βEτ . (5.9)

Next, we derive g(σ → τ) which is the probability that the MC move of
Fig. 5.4 generates state τ starting in state σ. This involves only the random
selection of a location inside V so we obtain: g(σ → τ) = 1/V .

Finally, we consider g(τ → σ). This is the probability that the reverse
MC move of Fig. 5.5 transforms state τ back into state σ. This will happen
only if the following conditions are met: 5

1. The newly inserted colloid is removed again. Since state τ contains Nc+1
colloids the probability of this step equals 1/(Nc + 1).

2. Precisely the same number np of polymers that were removed are inserted
again. This step requires some care. Assume that we chose m rather small
in (5.5). In that case the forward move of Fig. 5.4 might remove more
polymers than the reverse move of Fig. 5.5 can possibly put back. This
will happen if np ≥ m. Therefore, the probability p that exactly the same
number of polymers are inserted must be written as

p =
{

0 if np ≥ m
1/m otherwise. (5.10)

3. Selecting the same np coordinates inside Vδ. As was explained before this
probability equals (np)!/V

np

δ .

The probability g(τ → σ) is thus the product of the above three terms.
Substitution into (5.6) and using the Metropolis choice [8] we find that

the insertion of a colloid must be accepted with probability

A(Nc → Nc + 1) =

{
0 if np ≥ m

min
[
1, zcV

m(Nc+1)
(np)!

(zpVδ)np e−β(Eτ−Eσ)
]

otherwise.

(5.11)

Again, moves leading to configurations where Eτ is not zero are automatically
rejected by the above equation.
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Fig. 5.6. Even low values of m may yield high polymer densities. (A) The starting
configuration showing a colloid with its depletion zone. The colloid is removed and
one polymer is inserted at a random location inside the depletion zone (cross)
resulting in configuration (B). (C) Another colloid is inserted close to the polymer.
(D) The colloid is removed again with one polymer inserted in its depletion zone
at the cross resulting in two overlapping polymers

5.5 Ergodicity

Now that the MC scheme obeys detailed balance we need to check if it is
ergodic. An algorithm is ergodic if every point in phase space can be reached
with finite probability. It is easy to see that the algorithm is ergodic as far
as the colloids are concerned. For every inserted colloid, a random location
inside V was selected so the entire volume is correctly sampled. Similarly,
polymers also sample the entire volume but do so indirectly, namely via the
removal of colloids. Whenever a colloid is removed, a number of polymers are
inserted in the depletion zone. Since the colloids sample the entire volume,
so then do the polymers.

One might argue that the choice of m in (5.5) violates ergodicity. If at
most m − 1 polymers are inserted for every colloid, the polymer density
will always be less than (m − 1)/Vδ as a result. While this objection sounds
reasonable it is in fact unjustified as Fig. 5.6 shows.

Figure 5.6 shows an example simulation of the AO model using the cluster
algorithm just described with a low value of m, namely m = 2. This means
that for every removed colloid, at most one polymer is inserted. The starting
configuration is a volume containing one colloid, see Fig. 5.6A. The edge of the
depletion zone of the colloid is also drawn. In Fig. 5.6B the colloid is removed
and one polymer is placed very close to the edge of the depletion zone (but
still inside of it, of course). The simulation is continued in Fig. 5.6C where
another colloid is placed into the system. This colloid is placed close to the
polymer already present, but not too close so the polymer survives. Finally,
in Fig. 5.6D the colloid is removed again and one polymer is placed inside the
depletion zone of this colloid, close to the other polymer. The configuration in
Fig. 5.6D now shows two polymers practically stacked on top of each other,
even though the algorithm was run with m = 2. This removes the above
objection.

Running the algorithm with such a low value of m is not recommended
though. The whole point of this discussion is to show that m does not influ-
ence the correctness of the algorithm, only its efficiency.
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5.6 Early Rejection Scheme

In Sect. 5.3 it was argued that the number of polymers np that one needs to
insert for every colloid that is removed cannot simply be a constant. In fact, it
was shown that np is a random variable described by a Poisson distribution.
Yet, in the subsequent description of the algorithm it was decided to draw
np uniformly, and not from a Poisson distribution. One might wonder if the
efficiency of the algorithm is not seriously impeded by this choice. The answer
is it is not, provided one implements the so-called early rejection scheme.

In many MC simulations, the usual approach is to make a change to
the system, calculate the involved energy change, select a random number
between zero and one, compare this random number to the acceptance rate
and finally accept or reject the move. In some cases, particularly in systems
where the interactions are hard sphere like, one can do much better.

Consider for example the removal of a colloidal particle displayed in
Fig. 5.5 and the associated acceptance rate (5.8). Most of the quantities ap-
pearing in (5.8) are already known at the start of the move. For example
Nc, Vδ, Eσ, m, β and the fugacities. In fact, the only unknowns are np and
Eτ . We also know that if the move is ever going to be accepted Eτ will be
zero at the end. So the only remaining unknown is np which, if you recall, is
a random number drawn from the interval np ∈ [0,m〉. The early rejection
scheme proceeds as follows:

1. Select a random number r between zero and one.
2. Select np uniformly from the interval np ∈ [0,m〉.
3. Calculate the acceptance rate A(Nc → Nc−1) using (5.8) with the above

value for np and assuming that Eτ is zero.
4. If r > A(Nc → Nc − 1) reject the move immediately otherwise proceed

to the next step.
5. Remove the colloid and insert the np polymers. If any of the inserted

polymers produce overlap with other colloids reject the move, otherwise
the move is accepted.

The most CPU time consuming step in the above scheme is step five. How-
ever, this step is only performed for those values of np that are reasonable.
Unreasonable values for np were already filtered out in step four at the cost of
only a few multiplications and selecting two random numbers. In this scheme
it therefore does not matter so much what distribution np is drawn from.
Needless to say, the early rejection scheme is highly recommended. To speed
up the determination of overlap the link-cell method should also be used.

5.7 Application

In this section the grand canonical cluster scheme will be used to study bulk
phase separation in the AO model. Since the AO energy is either zero or
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Fig. 5.7. Probability P (ηc) of observing a colloid packing fraction ηc for an AO
mixture with {q = 0.8; zc = 87.2; ηr

p = 1.0} in a simulation of dimensions Lx =
Ly = 16.7 and Lz = 33.4. The probability is not normalized. The inset shows the
logarithm of the probability distribution

infinity the temperature plays no role so we simply put β = 1 in the accep-
tance rates. The phase behavior of the AO model is thus fixed by the colloid
to polymer size ratio q = Rp/Rc and the fugacities {zc, zp}. We consider here
a size ratio q = 0.8 and put Rc = 1 to set the length scale. The simulations
are performed in a box with edges Lx×Ly ×Lz and using periodic boundary
conditions. Following convention we define ηr

p ≡ zp(4π/3)R3
p known as the

polymer reservoir packing fraction. Note that ηr
p has no relation to the num-

ber of polymers actually in the system. It is just a different way of expressing
the polymer fugacity zp.

In a naive implementation of the scheme one sets the fugacities {zc, η
r
p}

and starts the simulation. As the simulation proceeds colloids and poly-
mers will enter and leave the box. The crucial quantity to measure is
P (ηc) defined as the probability of observing a box with colloid packing
fraction ηc ≡ (4π/3)R3

cNc/V . During the simulation one thus maintains
a histogram counting how often a certain colloid packing fraction has oc-
curred.

If phase separation occurs P (ηc) is bimodel. An example distribution is
shown in Fig. 5.7. The peak at low ηc corresponds to the colloid vapor phase
(V), the peak at high ηc to the colloid liquid phase (L) and the region in
between is the phase-separated regime. The distribution in Fig. 5.7 is at coex-
istence which means that the area under both peaks is equal. At coexistence,
the simulation spends equal time in both phases on average. Also shown is
the logarithm of P (ηc). The physical significance of this curve is its relation
to the free energy. The height of the barrier marked ∆F corresponds to the
free energy barrier separating the phases. As was shown by Binder [11] this
barrier is related to the surface tension via γ = ∆F/(2A) with A the area of
the interface.
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Fig. 5.8. Average polymer packing fraction ηp as a function of the colloid packing
fraction ηc for an AO mixture at coexistence with q = 0.8 and ηr

p = 1.0

Fig. 5.9. Phase diagram of the AO model with q = 0.8 in system representation.
Crosses were obtained using box dimensions Lx = Ly = 16.7 and Lz = 33.4;
open circles were obtained in a smaller box with dimensions Lx = Ly = 13.3 and
Lz = 26.5. The inset shows the phase diagram in reservoir representation

It is also interesting to measure the average polymer packing fraction ηp ≡
(4π/3)R3

pNp/V as a function of ηc. This result is shown in Fig. 5.8. In the pure
polymer phase (ηc = 0) we expect ηp = ηr

p because the polymers then mimic
the ideal gas. This is precisely what Fig. 5.8 shows. As the colloid packing
fraction increases the polymer packing fraction in the system decreases to
zero.

In the AO model ηr
p is the control parameter, much like temperature is

for fluid-vapor transitions. To obtain the phase diagram one simply has to
measure P (ηc) at coexistence for a number of different ηr

p. The problem in a
simulation is finding the value of zc that yields coexistence for the chosen ηr

p

of interest. Additionally, if the barrier ∆F is high, it will be difficult to sample
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Fig. 5.10. Reduced surface tension γ∗ ≡ 4R2
cγ for an AO mixture with q = 0.8 as

a function of the difference in the colloid packing fractions in the coexisting liquid
and vapor phases. The box dimensions were Lx = Ly = 16.7 and Lz = 33.4. The
inset shows γ∗ as a function of ηr

p

Fig. 5.11. Cumulant ratio M given by (5.12) as a function of ηr
p for an AO mixture

with q = 0.8 for various system sizes. The simulations were performed in a cubic
box with edge L as indicated. From the intercept (vertical line) we obtain for the
critical polymer fugacity ηr

p,cr = 0.766 ± 0.002

P (ηc) in the region between the peaks. Fortunately, an array of techniques
is available to overcome these problems [12]. The results in this work were
obtained using a new technique called Successive Umbrella Sampling [13].

For each P (ηc) at coexistence one reads off the colloid packing fraction
of the vapor phase ηV

c and of the liquid phase ηL
c and plots the two points

(ηV
c , ηr

p) and (ηL
c , ηr

p) in a graph. This yields the phase diagram in reservoir
representation shown in the inset of Fig. 5.9. By using Fig. 5.8 we can convert
the reservoir representation into the experimentally more relevant {ηc, ηp} or
system representation also shown in Fig. 5.9. For every P (ηc) one also obtains
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a value for the surface tension using the method of Binder. The results of this
procedure are shown in Fig. 5.10, in two different representations.

Finally, we determine the critical polymer fugacity defined as the value
of ηr

p above which phase separation begins to take place. From the inset
of Fig. 5.9 we see that the critical fugacity is around ηr

p ≈ 0.75. We have
performed a finite size scaling analysis [14] by measuring the cumulant ratio

M =
〈(ηc − 〈ηc〉)2〉
〈|ηc − 〈ηc〉|〉2

, (5.12)

as a function of ηr
p close to the critical point for different system sizes. The

results are shown in Fig. 5.11. The critical fugacity is at the intersection of
the lines from which we obtain ηr

p,cr = 0.766 ± 0.002.

5.8 Conclusions

The grand canonical cluster scheme described in this chapter is very successful
at modeling phase separation in AO mixtures. In fact, at the time of writing,
it is unsurpassed in speed and accuracy by other simulation methods [15].
However, the method does have its limitations. If the packing fraction of the
colloids is high (say 0.40 and above) the algorithm is no longer efficient. In
that case the insertion of colloidal particles fails, not because of overlap with
polymers, but because of overlap with other colloids. This problem is well
known in hard sphere simulations.

The algorithm could be improved for systems where the polymer-polymer
interaction is not zero. In these cases the random insertion of np polymers
into the depletion zone of a colloid may no longer be efficient. Fortunately,
the algorithm is easily adapted to include smarter insertion moves such as
configurational bias [16], recoil growth [17], wormhole MC [18] and perhaps
PERM [19]. Work along these lines is in progress.

Note also that the presented method is general. The derivation of detailed
balance for example can easily be modified to an AO model confined between
walls or to systems interacting with smooth potentials. This would be the
subject of further work.
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5.9 Appendix: Random Points

Here we argue that the selection of a random point inside a volume V carries
a probability 1/V . The question is most easily answered by assuming that
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the volume is made up of many tiny cells, each with a volume Γ . The total
number of cells in the volume is thus equal to n = V/Γ and the probability
of picking one of them is 1/n = Γ/V .

The difficulty lies in choosing Γ . In statistical mechanics it is assumed
that the smallest element of phase space has a volume determined by the
thermal wavelength Λ leading to Γ = Λ3. This explains why the acceptance
rates of grand canonical MC schemes often contain the thermal wavelength
[9, 10]. Unfortunately, in a MC simulation this is not very useful. Since the
thermal wavelength depends on temperature, particle mass and even the
Planck constant, this choice suggests that a simulation of for example hard
spheres is temperature and mass dependent.

The key observation is that the physics of the system is indifferent to
the choice of Γ . To see this consider (5.8) which is the acceptance rate for
the removal of a colloidal particle. Strictly speaking, the volumes V and Vδ

appearing in (5.8) must be replaced by V/Γ and Vδ/Γ , respectively. These
additional factors of Γ are, however, readily absorbed into the fugacities zc

and zp. The fugacity is given by z = exp(βµ) with µ the chemical potential,
so a rescaling of the fugacity merely shifts βµ by a constant. This constant
has no physical consequence because it in turn shifts the Hamiltonian by a
constant. Thus, Γ has no physical consequence and may therefore be set to
unity which was done throughout this text.
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Abstract. We examine the microscopic dynamics of supercooled liquids under
shear by performing extensive molecular dynamics simulations of a two-dimensional
binary liquid with soft-core interactions near, but above, the glass transition tem-
perature. Our simulations show that a drastic reduction of the structural relaxation
time and the shear viscosity occurs due to shear. The structural relaxation time de-
creases as γ̇−ν with an exponent ν ≤ 1, where γ̇ is the shear rate. The microscopic
dynamics were confirmed to be surprisingly isotropic regardless of the strength of
the anisotropic shear flow.

6.1 Introduction

As liquids are cooled toward the glass transition, the dynamics are drasti-
cally slowed down, while only small changes can be detected in the static
properties. One of the main targets of theoretical investigations of the glass
transition is to identify the mechanism of this drastic slowing-down. To this
end, a number of molecular dynamics (MD) simulations have been carried
out for supercooled liquids and revealed that the dynamics in supercooled
liquids are spatially heterogeneous [1–10]. In our previous studies, we have
examined bond breakage processes among adjacent particle pairs by MD sim-
ulations of two (2D) and three dimensional (3D) model fluids. We found that
the broken bonds determined with an appropriate time interval (� 0.05τb,
where τb is the average bond breakage time), are almost equivalent to the
critical fluctuations in Ising spin systems. To support this picture, the struc-
ture factor of the broken bonds can be excellently fit to the Ornstein-Zernike
form [4, 5]. The correlation length ξ determined from this analysis increases
with decreasing temperature T and is related to τb or the structural α relax-
ation time τα via the dynamic scaling law, τα � 0.1τb ∼ ξz, with z = 4 in
2D and z = 2 in 3D. The heterogeneous structure of the bond breakage is
essentially the same as that in local diffusivity [6].

Another striking example occurs when one brings supercooled liquids
away from equilibrium. By rapidly changing the temperature or applying
shear flow, supercooled liquids undergo unique phenomena known as aging
or shear thinning [11–15]. These phenomena are not only conceptually new
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but also practically important. However, physical properties of glassy ma-
terials have not yet been well-understood in nonequilibrium conditions. In
previous work, we performed extensive MD simulations of binary soft-core
mixtures in two and three dimensions with and without shear flow. We found
that the dynamical properties of the supercooled liquids under shear can be
mapped onto those at quiescent states at higher temperatures [5]. In the
present study, we calculate intermediate scattering functions in shear flow by
using a method proposed by Onuki [17, 18] to examine the microscopic dy-
namics of sheared supercooled liquids. Simulations have been done in 2D to
compare the present computational results directly with a theory developed
recently for sheared supercooled liquids in 2D [19,20].

6.2 Simulation Method

To prevent crystallization and obtain stable amorphous states via MD simu-
lations, we choose a model system composed of two different particle species,
1 and 2, which interact via the soft-core potential

vab(r) = ε(σab/r)12 , (6.1)

with σab = (σa+σb)/2, where r is the distance between the two particles, and
a, b denote particle species (∈ {1, 2}). We take the mass ratio to be m2/m1 =
2, the size ratio to be σ2/σ1 = 1.4, and the number of particles N = N1 +N2,
where N1 = N2 = 5000. Simulations are performed in the presence and
absence of shear flow keeping the particle density and the temperature fixed
at n = n1 +n2 = 0.8/σ2

1 (n1 = N1/V , n2 = N2/V ) and kBT = 0.526ε. Space
and time are measured in units of σ1 and τ0 = (m1σ

2
1/ε)1/2, respectively.

The size of the unit cell is L = 118. In the absence of shear, we impose
microcanonical conditions and integrate Newton’s equations of motion

dra
i

dt
=

pa
i

ma
,

dpa
i

dt
= fa

i . (6.2)

Very long equilibration periods are used so that no appreciable aging (slow
equilibration) effect is detected in various thermodynamic quantities, such
as the pressure, or in time correlation functions. Here, ra

i = (ra
xi, r

a
yi) and

pa
i = (pa

xi, p
a
yi) denote the position and the momentum of the i-th particle

of species a, and fa
i is the force acting on the i-th particle of species a. In

the presence of shear, the momentum p′a
i = pa

i − maγ̇ra
yiêx is defined as

the momentum deviations relative to mean Couette flow. Using the Lee–
Edwards boundary condition, we integrate the so-called SLLOD equations of
motion keeping the temperature kBT (≡ N−1

∑
a

∑
i(p

′a
i )2/ma) at a desired

value using a Gaussian-constraint thermostat to eliminate viscous heating
effects [21]. We impose shear for t ≥ 0 after a long equilibriation time. Data
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Fig. 6.1. (a) Geometry of shear flow. (b) Shear advection in real space. (c) Shear
advection in Fourier space

for the analysis has been taken and accumulated in steady states which can
be realized after transient waiting periods.

Figure 6.1a shows the geometry of shear flow in the present simulation.
As shown in Fig. 6.1b, shear flow with the rate γ̇ advect a positional vector
r as

r(t) = r + γ̇tryex , (6.3)

for time t, where eα is a unit vector in α ∈ {x, y} axis. The corresponding
time-dependent wave vector

k(t) = k + γ̇tkxey , (6.4)

is shown in Fig. 6.1c. The above definition enable us to calculate the Fourier
component k of the time correlation function

C(k, t) ≡ 〈A−k(t)(t)Ak(0)〉 (6.5)

in shear flow [17,18]. We thus calculate the incoherent and the coherent parts
of the scattering function for the binary mixture using the definitions [22]

Fsa(k, t) =
1

Na

〈
Na∑
i=1

e[−i{k(−t)·ra
i (t)−k·ra

i (0)}]

〉
(6.6)

and

Fab(k, t) =
1
N

〈
Na∑
i=1

e[−ik(−t)·ra
i (t)]

Nb∑
j=1

e[ik·r
b
j(0)]
〉

, (6.7)

with a, b ∈ {1, 2}. The α relaxation time τα of the present mixture, defined by

F11(k0, τα) � Fs1(k0, τα) = e−1 , (6.8)

is equal to τα � 1800 time units in the quiescent state for |k0| = 2π/σ1.
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6.3 Simulation Results

6.3.1 Microscopic Structure

The partial static structure factors Sab(k) are defined as

Sab(k) =
∫

dreik·r〈n̂a(r)n̂b(0)〉 , (6.9)

where

n̂a(r) =
Na∑
j

δ(r − ra
j ) (a ∈ {1, 2}) , (6.10)

is the local number density of the species a. Note, the dimensionless wave
vector k is measured in units of σ−1

1 . For a binary mixture, there are three
combinations of partial structure factors, S11(k), S22(k), and S12(k). These
are plotted in Fig. 6.2a in the quiescent state after taking an angular average
over k. A density variable representing the degree of particle packing, corre-
sponding to the density of an effective one component system, can be defined
for the present binary system as

ρ̂eff(r) = σ2
1n̂1(r) + σ2

2n̂2(r) . (6.11)

The corresponding dimensionless structure factor is given by

Sρρ(k) = σ−4
1

∫
dreik·r〈δρ̂eff(r)δρ̂eff(0)〉 (6.12)

= n2
1S11(k) + n2

2(σ2/σ1)4S22(k) + 2n1n2(σ2/σ1)2S12(k) ,(6.13)

where δρ̂eff = ρ̂eff − 〈ρ̂eff〉. One can see from Fig. 6.2b that Sρρ(k) has a
pronounced peak at k � 5.8 and becomes very small (∼ 0.01) for small k,
demonstrating that our system is highly incompressible at long wavelengths.
Because Sρρ(k) behaves quite similarly to S(k) of one component systems,
we examine space-time correlations in ρ̂eff(r) rather than those in the partial
number density n̂a(r) for the present binary system. The use of ρ̂eff(r) makes
comparison of our simulation data with the mode-coupling theory developed
for a one component system more meaningful.

We next examine the anisotropy in the static structure factor Sρρ(k) in
the presence of shear flow. Figures 6.3 and 6.4 show Sρρ(k) plotted on a two-
dimensional kx–ky-plane (upper part) and the angular averaged curves (lower
part) within the regions a–d obtained at γ̇ = 10−3 and 10−2, respectively. One
sees that at a lower shear rate (γ̇ = 10−3), the shear distortion is negligible
at all the regions except for region d where the peak heights of Sρρ(k) start
decreasing. But, at higher shear rate (γ̇ = 10−2) the distortion becomes
prominent. This seems to indicate that the nonlinear effects due to shear
become important in this region. Ronis has explored the higher shear regime
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Fig. 6.2. Partial structure factors Sab(k) in (a) and Sρρ(k) in (b) defined by (6.13)
for the present binary mixture

for the structure factor of hard sphere colloidal suspensions and concluded
that, at higher shear, the peak should always be lower than the equilibrium
value plus a shift that depends on the direction [23]. At even higher shear
rate (γ̇ = 10−1, though the figure is not shown here), peaks in all directions
have been lowered. The peak with maximal distortion (region b) is shifted to
lower wave vectors while the opposite is true for the shift of the region with
minimal distortion (region d). The qualitative agreement with Ronis’ theory
is good, but it is not clear that our results can be explained by a simple
two-body theory such as that of Ronis. Recently, Szamel has analyzed S(k)
for hard-sphere colloidal suspensions up to linear order in γ̇ [24]. He took
three-body correlations into account and found quantitative agreement with
the shear viscosity evaluated using S(k).

It should be noted that because our system is an atomic liquid without
solvent, we cannot directly refer to the Péclet number since the bare diffusion
coefficient D0 does not exist. Therefore, a direct and quantitative comparison
with the theories discussed above is not possible. However, we can estimate
the relaxation times from the self-diffusion coefficients measured in [5]. This
allows us to estimate the Péclet number in the range between 10−1 and
102, which corresponds to the highest shear rates explored in the theoretical
analysis of our paper [20].

6.3.2 Tagged Particle Motions

We generalize the displacement vector of the tagged (jth) particle as
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Fig. 6.3. Upper : Sρρ(k) at γ̇ = 10−3 plotted in a two-dimensional (kx, ky) plane.
Lower : The solid line is Sρρ(k) at equilibrium. Dots represents those observed in
the region indicated in the (kx, ky) plane above

∆rj(t) = rj(t) − γ̇

∫ t

0

dt′yj(t′)ex − rj(0) , (6.14)

where ex is the unit vector in the x (flow) direction. In this displacement,
the contribution from convective transport by the average flow has been sub-
tracted. We then analyze the mean square displacement,

r2(t) ≡ 〈[∆r(t)]2〉 =
1

N1

N1∑
j=1

〈[∆rj(t)]2〉 , (6.15)

of tagged particles for the smaller component (species 1). MSDs obtained at
T = 0.53 with shear rates 10−4 ≤ γ̇ ≤ 10−1 are plotted in Fig. 6.5, where the
mean square displacements of the x and y components of the vector ∆rj(t)
are separately displayed. Analogous to the effect of increasing temperature,
the shear flow enhances the mobility of particles. It is also demonstrated
that the statistical distribution of ∆ri(t) is surprisingly isotropic even at the
highest shear rate.

Figure 6.6 shows the non-Gaussian parameter for the smaller component

α2(t) ≡
3〈∆r(t)4〉

5〈∆r(t)2〉2 − 1
, (6.16)
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Fig. 6.4. The same as Fig. 6.3 but shear is increased to γ̇ = 10−2

Fig. 6.5. The mean square displacements (MSD) obtained at T = 0.53 under shear
flow

which assumes a maximum value at t = t∗. One finds that both t∗ and α∗
2 ≡

α2(t∗) tend to decrease with increasing shear rate. This is again analogous
to the behavior observed when the temperature is increased without shear
flow. A quantative comparison of these two effects (increasing temperature
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Fig. 6.6. The non-Gaussian parameter (NGP) obtained at T = 0.53 under shear
flow

Fig. 6.7. Peak values of NGP, α∗
2, are plotted against t∗ at which NGP shows a

peak. Data are taken by both changing temperature without shear and changing
shear rate at a fixed temperature T = 0.53 (+)

and increasing shear rare) is done in Fig. 6.7, which supports the analogy
between the two effects.

We may also conclude that the decrease in NGP ∗ with increasing temper-
ature or shear rate represents the suppressed heterogeneity, which becomes
significant in glassy states.

6.3.3 Intermediate Scattering Functions

Here we examine the dynamics of the local density variable ρ̂eff(r, t). To this
end, we define the intermediate scattering function,
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Fig. 6.8. Sampled wavevectors

Fρρ(k, t) = n2
1F11(k, t) + n2

2

(
σ2

σ1

)4

F22(k, t) + 2n1n2

(
σ2

σ1

)2

F12(k, t) ,

(6.17)

by taking a linear combination of the partial scattering functions defined in
(6.7). Note that Fρρ(k, 0) = Sρρ(k) by definition. To investigate anisotropy in
the scattering function Fρρ(k, t), the wave vector k is taken in four different
directions k10, k11, k01, and k−11, where

kµν =
k√

µ2 + ν2
(µêx + νêy) , (6.18)

and µ, ν ∈ {0, 1} as shown in Fig. 6.8. The wave vector k (in reduced units) is
taken to be 5.8 (see also Fig. 6.2b). Because we use the Lee-Edwards periodic
boundary condition, the available wave vectors in our simulations should be
given by

k =
2π

L
(nêx, (m − nDx)êy) , (6.19)

where n and m are integers and Dx = Lγ̇t is the difference in x-coordinate
between the top and bottom cells as depicted in Fig. 6.5 of [21]. To suppress
statistical errors, we sample about 80 available wave vectors around kµν and
calculate Fρρ(k, t) using (6.17) and (6.7). Then we average Fρρ(k, t) over the
sampled wave vectors. The sampled wave vectors are indicated by dots in
Fig. 6.8.

Figure 6.9 displays Fρρ(k, t)/Sρρ(k) for k = 5.8. Several features are no-
ticeable. First, the quantitative trends as a function of k are similar for differ-
ent values of γ̇. Secondly, shear drastically accelerates microscopic structural
relaxation in the supercooled state. The structural relaxation time τα de-
creases strongly with increasing shear rate as τα ∼ γ̇−ν with ν � 1 as shown
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Fig. 6.9. F (k, t)/S(k) at kσ1 = 5.8 for various shear rates and at the different
observing points (a) k10, (b) k11, (c) k01, and (d) k−11 as explained in Fig. 6.8

in Fig. 6.10. Thirdly, the acceleration in the dynamics due to shear occurs
almost isotropically. Finally, almost the same trend is found for k = 2.9 and
k = 10 as shown in Fig. 6.11. We observe surprisingly small anisotropy in
the scattering functions, even under extremely strong shear, γ̇τα � 103. A
similar isotropy in the tagged particle motions has already been reported in
Fig. 6.5 [5]. The observed isotropy is more surprising than that observed in
single particle quantities. In particular, the fact that different particle labels
are correlated in the collective quantity defined in (6.7) means that a sim-
ple transformation to a frame moving with the shear flow cannot completely
remove the directional character of the shear. Our results provide post facto
justification for the isotropic approximation of [25]. The observed simplicity
in the dynamics is quite different from the behavior of other complex fluids
such as critical fluids or polymers, where the dynamics become noticeably
anisotropic in the presence of shear flow.

6.4 Conclusions

We have performed extensive MD simulations for two- and three-dimensional
binary liquids with soft-core interactions near, but above, the glass transi-
tion temperature. In our previous studies, we identified weakly-bonded or
relatively-active regions from breakage of appropriately defined bonds. [4, 5]
We also found that the spatial distributions of such regions resemble the
critical fluctuations in Ising spin systems, so the correlation length ξ can be
determined. The correlation length goes up to the system size as T is low-
ered, but no divergence seems to exist at nonzero temperatures. We have also
demonstrated that the diffusivity in supercooled liquids is spatially hetero-
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Fig. 6.10. The alpha relaxation time τα at T = 0.53 under shear flow. The solid
line indicates ν = 1

Fig. 6.11. Left : F (k, t)/S(k) at (a) kσ1 = 2.9. Right : F (k, t)/S(k) at kσ1 = 10.
All symbols are as in Fig. 6.9

geneous on time scales shorter than 3τα, which leads to the breakdown of
the Stokes-Einstein relation [6]. The heterogeneity detected is essentially the
same as that of the bond breakage in our former works [4, 5].

In the present study, we examined the microscopic dynamics of a two-
dimensional supercooled liquid under shear. The numerical analysis illus-
trated several interesting features such as (i) drastic reduction of relaxation
times and the viscosity (ii) almost isotropic relaxation irrespective of the di-
rection of the flow. The fact that the dynamics are almost isotropic supports
the simplified view of sheared supercooled liquids proposed so far. In this
view, the effect of shear is transformed into scalar parameters, such the ef-
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fective temperature, and the anisotropic nature of the nonequilibrium states
is not explicitly considered [15,25].
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Abstract. A local-search heuristic for finding high-quality solutions for many hard
optimization problems is explored. The method is inspired by recent progress in un-
derstanding far-from-equilibrium phenomena in terms of self-organized criticality.
This method, called extremal optimization, successively replaces the value of ex-
tremely undesirable variables in a sub-optimal solution with new, random ones.
Large, avalanche-like fluctuations in the cost function emerge dynamically. These
enable the search to effectively scaling barriers to explore local optima in distant
neighborhoods of the configuration space while eliminating the need to tune pa-
rameters. Extremal optimization complements approximation methods inspired by
equilibrium statistical physics, such as simulated annealing. Although the method
is quite general, we focus here on applications to spin glass ground states.

Natural systems that exhibit self-organizing qualities [1] often possess a com-
mon feature: a large number of strongly coupled entities with similar prop-
erties. Hence, at some coarse level they permit a statistical description. An
external resource drives the system which then takes its direction purely by
chance. Like descending water breaking through the weakest of all barriers in
its wake, biological species are coupled in a global comparative process that
persistently washes away the least fit. In this process, unlikely but highly
adapted structures surface inadvertently. Optimal adaptation thus emerges
naturally, from the dynamics, simply through a selection against the ex-
tremely “bad”. In fact, this process prevents the inflexibility inevitable in a
controlled breeding of the “good”. Based on this notion, we introduce a new
optimization heuristic, Extremal Optimization (EO) [2].

To introduce EO, let us consider a spin glass as a specific example of a
hard optimization problem. We wish to minimize the cost function,

H(x) = −1
2

∑
〈i,j〉

Jijxixj , (7.1)

where the sum extends over all nearest-neighbor pairs of spins. Due to frus-
tration, ground state configurations Smin are hard to find, and it has been
shown that it is among the hardest optimization problems [3] for d > 2.

To find near-optimal solutions for a particular optimization problem, EO
performs a neighborhood search on a single configuration S ∈ Ω. As in the
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spin problem in (7.1), S consists of a large number n of variables xi. We
assume that we can define for each S a neighborhood N(S) that rearranges
the state of merely a small number of the variables. Those neighborhoods
are a characteristic of a local search, in contrast to a genetic algorithm,
say, where cross-overs may effect O(n) variables on each update. The cost
C(S) is assumed to consist of the individual cost contributions, or “fitnesses”,
λi for each variable xi (analogous to the fitness values in the Bak-Sneppen
model [4]). The fitness of each variable assesses its contribution to the total
cost:

C(S) = −
n∑

i=1

λi . (7.2)

Typically, each λi depends on the state of xi in relation to connected variables.
Here, for the Hamiltonian in (7.1), we assign to each spin xi the fitness

λi =
1
2
xi

∑
j

Jijxj , (7.3)

so that (7.2) is satisfied. Each spin’s fitness thus corresponds to (the negative
of) its local energy contribution to the overall energy of the system. In simi-
larity to the Bak-Sneppen model, EO then proceeds through a neighborhood
search of Ω by sequentially changing variables with “bad” fitness on each up-
date, for instance, via single spin-flips. After each update, the fitnesses of the
changed variable and of all its connected neighbors are reevaluated according
to (7.3). The basic EO algorithm proceeds as follows:

1. Initialize configuration S at will; set Sbest :=S.
2. For the “current” configuration S,

a) evaluate λi for each variable xi,
b) find j satisfying λj ≤ λi for all i, i.e., xj has the “worst fitness,”
c) choose S′∈N(S) such that j must change its state,
d) accept S := S′ unconditionally,
e) if C(S) < C(Sbest) then set Sbest := S.

3. Repeat at step (2) as long as desired.
4. Return Sbest and C(Sbest).

The algorithm operates on a single configuration S at each step. Each
variable xi in S has a fitness, of which the “worst” is identified. This ranking
of the variables provides the only measure of quality on S, implying that all
other variables are “better” in the current S. In the move to a neighboring
configuration, typically only a small number of variables change state, so
only a few connected variables need to be re-evaluated [step (2a)] and re-
ranked [step (2b)]. Note that there is not a single parameter to adjust for
the selection of better solutions. It is merely the memory encapsulated in
the ranking that directs EO into the neighborhood of increasingly better
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solutions. Similar to the Bak-Sneppen model, those “better” variables possess
punctuated equilibrium: their memory only get erased when they happen to
be connected to one of the variables forced to change. On the other hand,
in the choice of move to S′, there is no consideration given to the outcome
of such a move, and not even the worst variable xj itself is guaranteed to
improve its fitness. Accordingly, large fluctuations in the cost can accumulate
in a sequence of updates. Merely the bias against extremely “bad” fitnesses
produces improved solutions.

Tests have shown that this basic algorithm is very competitive for opti-
mization problems where EO can choose randomly among many S′ ∈ N(S)
that satisfy step (2c), as is the situation for graph bipartitioning [2, 5]. But
in cases such as the single spin-flip neighborhood for the spin Hamiltonian,
focusing on only the worst fitness [step (2b)] leads to a deterministic process,
leaving no choice in step (2c): If the “worst” spin xj has to flip and any neigh-
bor S′ differs by only one flipped spin from S, it must be S′ = (S/xj)∪{−xj}.
This deterministic process inevitably will get stuck near some poor local min-
imum. To avoid these “dead ends” and to improve results [2], we introduce
a single parameter into the algorithm. To this end, we rank all xi according
to fitness λi, i.e., we find a permutation Π of the variable labels i with

λΠ(1) ≤ λΠ(2) ≤ . . . ≤ λΠ(n) . (7.4)

The worst variable xj [step (2b)] is of rank 1, j = Π(1), and the best variable
is of rank n. Consider a scale-free probability distribution over the ranks k,

Pk ∝ k−τ , 1 ≤ k ≤ n , (7.5)

for a fixed value of τ . At each update, select a rank k according to Pk. Then,
modify step (2c) so that the variable xj with j = Π(k) changes its state.

For τ = 0, this “τ -EO” algorithm is simply a random walk through Ω.
Conversely, for τ → ∞, the process approaches a deterministic local search,
only updating the lowest-ranked variable, and is bound to reach a dead end
(see Fig. 7.1). However, for finite values of τ the choice of a scale-free dis-
tribution for Pk in (7.5) ensures that no rank gets excluded from further
evolution, while still maintaining a bias against variables with bad fitness. In
all problems studied so far, a value of

τ − 1 ∼ 1/ ln n (n → ∞) (7.6)

seems to work best [6,7]. We have studied a simple model problem for which
the asymptotic behavior of τ -EO can be solved exactly [8]. The model repro-
duces (7.6) exactly in cases where the model develops a “jam” amongst its
variables, which is quite a generic feature of frustrated systems: After many
update steps most variables freeze into a near-perfect local arrangement and
resist further change, while a finite fraction remains frustrated in a poor lo-
cal arrangement. More and more of the frozen (slow) variables have to be
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Fig. 7.1. Plot of the average costs obtained by EO for a ±J spin glass (left) and
for graph bipartitioning (right) as a function of τ . A number of instances were
generated at each n. For each instance, 10 different EO runs were performed at
each τ . The results were averaged over runs and over instances. Although both
problems are quite distinct, in either case the best results are obtained at a value
of τ that behaves according to (7.6)

dislocated collectively to accommodate the frustrated (fast) variables before
the system as a whole can improve its state. In this highly correlated state,
slow variables block the progression of fast variables, and a “jam” emerges.
Asymptotic analysis of the flow equations for a jamming system gives (7.6).

With this implementation, we have studied the ground states of spin
glasses in d = 3 and 4. Our data is discussed in detail in [6]. A fit of our
data with ed(n) ∼ ed(∞) + A/n for n → ∞ predicts e3(∞) = 1.7865(3)
for d = 3 and e4(∞) = 2.093(1) for d = 4. Both values are consistent
with the findings of [10–12], providing independent confirmation of those
results.

More recently, we have used EO to test theoretical predictions for the
T = 0 properties of spin glasses on Bethe lattices [13]. Mezard and Parisi [13]
proposed a replica symmetry breaking (1RSB) solution for the ground state
energy which differs much from replica symmetric (RS) results. As Fig. 7.2
shows, the EO results are consistent with the 1RSB results and rule out the
RS solution.

Since EO never freezes into a local minimum, it is also well suited to
enumerate the distribution of near-optimal states of a system, which is of
great importance for the low-temperature dynamics in glassy materials [14,
15]. Thus, we have also counted all lowest-energy states that EO could find
for the Bethe lattice up to n = 256 (when memory became exhausted). The
data extrapolates to a rather low entropy per spin of S/n = 0.009(2); there
are no “free spins” [15] in an odd-connected lattice.

To gauge EO’s performance for larger n, we have run our implementation
also on two 3d lattice instances, toruspm3-8-50 and toruspm3-15-50, with
n = 83 and n = 153, considered in the 7th DIMACS challenge for semi-
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Fig. 7.2. Plot of the extrapolation in n for the ground state energy e3 and entropy
s3 on a 3-connected Bethe lattice. Assuming a fit of the energies with e3(n) ∼
e3(∞) + a1/na2 we obtain e3(∞) = −1.2722(10), a1 = 0.80(5), and a2 = 0.67(1),
in good agreement with 1RSB predictions and well above the RS result. Similarly,
we obtain s3 = 0.009(2)

definite problems.3 Bounds [16] on the ground-state cost established for the
larger instance are Clower = −6138.02 (from semi-definite programming) and
Cupper = −5831 (from branch-and-cut). EO found C(Sbest) = −6049 (or
C/n = −1.7923), a significant improvement on the upper bound and even
lower than e(∞) from above. Furthermore, in that single run EO found 116
different states of that energy with Hamming-distances as far separated as
1500 mutually distinct spins! For the smaller instance the bounds given are
−922 and −912, resp., while EO finds −916 (or C/n = −1.7891). Here we
found 105 such states before we terminated the run. While this run (including
sampling degenerate states!) took only a few minutes of CPU (at 800 MHz),
the results for the larger instance require about 16 h.

We like to thank the organizers of the annual workshop at the Center
for Simulation Physics for their kind invitation, and the NSF for financial
support for this work under grant DMR-0312510.
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Abstract. We compute the potential-energy surface for ion transfer across liquid–
liquid interfaces from a lattice gas model and simulate the transfer as a random
walk of the ion coupled to a heat bath. The kinetics obey Tafel behavior. The
reaction rate is slowed down due to friction, and the friction effect is stronger than
for a free particle.

8.1 Introduction

Ion transfer across liquid–liquid interfaces, though of considerable experi-
mental interest, still lacks an established theoretical description. It is not
clear whether this process should be viewed as a chemical reaction requir-
ing an activation energy, or simply as a mass transport across a viscous
boundary. Molecular dynamics simulations have shown a continuous increase
of the chemical part of the free energy of ion transfer and no barrier (see,
e.g., [1]). However, the simulations were performed in the presence of a high
field driving the ion across the interface, and in the absence of space charge
regions. Thus, an essential part of the interaction energy of the transferring
ion has been missing. In a model proposed by Schmickler [2], it is the com-
bination of several interactions that constitutes a barrier at the interface.

Here, we follow Schmickler’s ideas and treat ion transfer as a chemical
reaction. The reaction coordinate – simply the distance from the average
interface position – is singled out, and all the other degrees of freedom are
represented as a heat bath; the same approach as in Kramers’ theory [3].
With this simplification, we can observe the reaction directly in a simulation.

8.2 Potential-energy Surface

We calculate the potential-energy surface of a transferring ion as the config-
urational energy of a positively charged test particle with fixed position in
a simple cubic lattice gas, as a function of the distance z from the average
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interface position. Our model contains two solvents S1 and S2 and a differ-
ent base electrolyte in each phase, and each lattice site is occupied by one
particle. The configurational energy is given by the sum over all nearest-
neighbor interactions, plus for ions the energy in the instantaneous electro-
static potential caused by all ions in the system. We calculate the equilib-
rium properties of this model using the Metropolis Monte Carlo algorithm.
Details are given elsewhere [4]. The system is polarizable in a certain poten-
tial window, and the absolute value of the free energy of ion transfer, which
is governed by a single interaction parameter ±r for the interaction with
the two solvents, must be low enough for the ion to be transferable within
this window. At the potential of zero charge, the potential-energy surface is
calculated exactly as described above, and for finite Galvani potential differ-
ences between the two phases, the electrostatic contribution obtained from
independent simulations without the test particle is added. For the high-
est simulated Galvani potential difference ∆φ, we additionally compute the
potential-energy surface exactly, in order to test the underlying approxima-
tion that chemical and electrostatic contributions add up independently. We
note that, strictly, the free-energy surface, or potential of mean force, should
be calculated. Figure 8.1 shows results for various values of the potential
difference. Thermodynamically, a higher potential difference favors transfer
from left to right.

8.3 Simulations of Ion Transfer

We simulate the ion transfer as a random walk of the ion, coupled to a heat
bath, on the potential-energy surface. Each run starts with the ion in the well
at negative z, and it ends when the ion reaches a point far enough across the
saddle at positive z not to recross. We discuss the ion-transfer kinetics and
dynamics and compare the results with transition-state theory.

8.3.1 Stochastic Molecular Dynamics Simulations

For the simulations of the ion dynamics on the potential-energy surface,
we adopt the stochastic collision model introduced by Kast et al. [5, 6]. In
this model, a particle with mass m1 = 1 is subject to an elastic collision
with a heat-bath particle of mass m2 at every integration time step of the
molecular dynamics. The velocities of the heat-bath particles are randomly
drawn from a Gaussian distribution. For sufficiently small time steps ∆t and
α = m2/(m1 + m2), the free particle follows a Langevin dynamic with a
friction coefficient γfree = 2α/∆t. For motion in a harmonic potential, the
kinetic temperature equals the bath temperature under the same conditions.
Details, and an implementation within the Verlet algorithm, can be found in
the original literature [5, 6].
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Fig. 8.1. Potential-energy surface for the ion transfer at several ∆φ. Distance z
from the average interface position in units of the lattice constant a

8.3.2 Kinetics

From simulations with m2 = 0.01 and ∆t = 0.01, we obtain the escape rate
Γ = 1/〈trun〉 to cross the barrier far enough not to recross. According to [2],
correcting for the concentration in the well, which is in equilibrium with the
bulk, one obtains for the rate constant

kf,MD =

√
2π kBT

m1ω2
min

exp
(
−Umin

kBT

)
Γ , (8.1)

with the frequency in the well ωmin from a fit of the potential around its
minimum Umin to a parabola. Independently, we calculate the rate constants
from transition-state theory [2]

kf,TST =
√

kBT

2π m1
exp
(
−Umax

kBT

)
. (8.2)

Note that the formal activation energy is the maximum of the potential en-
ergy Umax relative to the bulk, due to the correction for the concentration
in the well, and can be negative. In a logarithmic plot vs. the overpotential,
both sets of rate constants follow straight lines (Tafel behavior) with the
same transfer coefficient, but the rates from the MD simulations are lower.
We ascribe this difference to a friction effect of the heat bath on the ion. This
can be quantified as an almost constant transmission factor κ ≈ 0.4. We note
that deviations from Tafel behavior at higher absolute overpotentials cannot
be ruled out.

8.3.3 Dynamics

According to Kramers’ Langevin-type theory of the effect of friction on reac-
tion rates [3], the transmission factor is
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κ =

(
γ2/4 + ω2

b

)1/2 − γ/2
ωb

, (8.3)

where γ is a friction coefficient. With the barrier frequency ωb from parabolic
fits to the potential maximum, we can obtain an effective friction coefficient
γeff that reproduces the correct κ and compare it with γfree. Results for a
series of different m2 at fixed potential difference are shown in Table 8.1.
As for the free particle, greater m2 increases friction, but there are strong
quantitative differences. The effect of friction on the reaction rate is always
greater than on diffusion.

A comparison of typical trajectories close to the transition state for differ-
ent m2 (Fig. 8.2) clearly shows that a higher friction increases the probability
of barrier recrossing, since the movement of the ion is much less straight.
Thus, higher friction makes it both less likely that the ion reaches the saddle
point, and that it crosses the saddle point.

8.4 Conclusions

We have calculated the potential-energy surface for ion transfer across a
liquid–liquid interface from a lattice-gas model and simulated the transfer
as a random walk of the ion, coupled to a heat bath, for various potential
differences across the interface, i.e., depending on the thermodynamic driving
force. The model, as introduced by Kast et al. [5, 6], subjects the ion to
elastic collisions with a bath particle at every time step. With our simulation
parameters, the system achieves the bath temperature.

Tafel plots of the rate constants give straight lines, indicating a lin-
ear relationship between the free energies of the reaction and of activa-
tion (Brønsted relationship). Comparison with transition-state theory results
shows a slowing-down of the reaction due to friction in the bath. As for a free
particle, the friction increases with the mass of the bath particles, but for
ion transfer, the effect of friction is always greater than in the former case.
Moreover, higher friction makes barrier recrossing more likely.

Table 8.1. Effect of friction on the transfer rate at ∆φ = 94mV. Transmission
factor κ, (effective) friction coefficients for the particle in the potential field (γeff)
and for the free particle γfree

m2 κ γeff γfree

0.005 0.57 2.5 1.0

0.01 0.43 4.0 2.0

0.02 0.27 7.3 3.9

0.03 0.19 11.0 5.8

0.04 0.15 14.0 7.7

0.05 0.12 17.3 9.5
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Fig. 8.2. Trajectories of MD simulations near the transition state, position of which
is shown by the horizontal line. Bath particle mass m2 = 0.01 (a), m2 = 0.05 (b).
∆φ = 94mV

Our treatment in the framework of reaction-rate theory, as opposed to
a transport process, is conclusive and in line with experimental results (e.g.
[7,8]). The barrier is a result of the superposition of chemical and electrostatic
contributions, which drop over different length scales.
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9 Generalized-Ensemble Simulations
of Small Proteins
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Abstract. We review the generalized-ensemble approach to protein studies. Pre-
senting results from simulations of small proteins (of ≈ 35 amino acids) we show
that these techniques allow efficient simulations of all-atom protein models and may
lead to a deeper understanding of the folding mechanism in proteins.

Because a protein is only functional if it folds into its characteristic shape,
it is important to understand how the structure of proteins emerge from
their sequence of amino acids. Computer experiments offer one way to gain
such knowledge but are extremely difficult for realistic protein models. This
is because all-atom models lead to a rough energy landscape with a huge
number of local minima separated by high energy barriers; and sampling of
low-energy conformations becomes a hard computational task. Generalized-
ensemble simulations are one way to overcome this multiple-minima problem
and to optimize sampling of low-energy protein configurations [1].

In generalized ensembles the canonical weights, that suppress the crossing
of an energy barrier of height ∆E by a factor ∝ exp(−∆E/kBT ), are replaced
with such that allow the system to escape out of local minima. For instance, in
multicanonical sampling [2] the weight w(E) leads to a distribution P (E) ∝
n(E)w(E) = const, where n(E) is the spectral density. A free random walk in
the energy space is performed that allows the simulation to escape from any
local minimum. From this simulation one can calculate the thermodynamic
average of any physical quantity A by re-weighting [3]

〈A〉T =
∫

dxA(x)w−1(E(x))e−E(x)/kBT∫
dxw−1(E(x))e−E(x)/kBT

, (9.1)

where x labels the configurations of the system.
Another realization of this idea is energy landscape paving (ELP) where

one performs low-temperature Monte Carlo simulations with a modified en-
ergy expression: w(Ẽ) = e−Ẽ/kBT with Ẽ = E + f(H(q, t)). Here, T is a
(low) temperature, Ẽ serves as a replacement of the energy E and f(H(q, t))
is a function of the histogram H(q, t) in a pre-chosen “order parameter” q.
It follows that the weight of a local minimum state decreases with the time
the system stays in that minimum till the local minimum is no longer fa-
vored and the system starts again to explore higher energies. Obviously, for
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c© Springer-Verlag Berlin Heidelberg 2005



88 U.H.E. Hansmann

f(H(q, t)) = f(H(q)) the method reduces to the various generalized-ensemble
methods (for instance for f(H(q, t)) = lnH(E) to multicanonical sampling).

Another way of enhancing the sampling of low-energy configurations in
protein simulations is parallel tempering (also known as replica exchange or
Multiple Markov Chain method) [4], a technique that was first introduced to
protein folding in [5]. In its most common form, one considers in this tech-
nique an artificial system built up of N non-interacting copies of the molecule,
each at a different temperature Ti. In addition to standard Monte Carlo or
molecular dynamics moves that affect only one copy, parallel tempering in-
troduces now a new global update [4]: the exchange of conformations between
two copies i and j = i + 1 with probability

w(Cold → Cnew) = min(1, exp(−βiE(Cj)−βjE(Ci)+βiE(Ci)+βjE(Cj))) .
(9.2)

This exchange of conformations leads to a faster convergence of the Markov
chain than is observed in regular canonical simulations.

Our investigation of the two small proteins PTH(1-34) and HP-36 relies
on an all-atom representation of these molecules. The interactions between
the atoms are described by a standard force field, ECEPP/3 [6] (as imple-
mented in the program package SMMP [7]). The protein-water interactions
are approximated by a solvent-accessible surface term [8].

We find in multicanonical simulations of PTH(1-34) [9] as lowest-energy
state an elongated helix with 31 residues part of the helix. This structure has
not only the lowest total energy (ETOT = −277.8 kcal/mol), but also the low-
est intramolecular energy: EECEPP/3 = −136.5 kcal/mol. It is very similar to
the crystal structure of PTH(1-34) whose energy is ETOT = −277.9 kcal/mol
(EECEPP/3 = −187.0 kcal/mol). The root-mean-square deviation (rmsd) be-
tween the two structures is only 0.8 Å for backbone atoms. At T = 300 K,
our lowest energy structure appears with a frequency of (99 ± 0.5)%, i.e. al-
most all observed configurations resemble the crystal structure. However, in
near-physiological solution, one observes instead two helices separated by a
disordered and flexible region. Hence, our simulation of PTH(1-34) does not
reproduce the experimental results for that peptide in solution.

A similar situation is observed in our simulation of HP-36 [10]. Here we
observe in parallel tempering simulations two groups of low-energy configu-
rations at room temperature. The predominant structure (group A) appears
with 80% frequency and is elongated helix (rrgy = 12.5 Å) with 85% of its
residues are part of an α-helix. This structure has little similarity with the
native one and differs from it by a RMSD of at least rRMSD = 9 Å. How-
ever, a second group (B) of low-energy configurations is also observed and
appears with 15% frequency at T = 250 K. Its RMSD is with rRMSD = 5.7 Å
comparable to the structures found in [11] (an RMSD of rRMSD = 5.8 Å)
and [12] (an RMSD of rRMSD = 5.7 Å). The structure has 79% of the native
helical content, that is 79% of all residues which are part of a helix in the
experimental structure are also part of a helix in our structure, and 60% of
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the native contacts are formed. Both values are only slightly smaller than
the results of [12] (the optimal structure of a 1 µs molecular dynamic folding
simulation had 80% of native helical content and 62% of native contacts) and
the lowest energy configuration of [11] that had 90% of helical content and
65% of native contacts. However, these native-like configurations cannot be
identified by their energies. The average energy of the predominant configu-
rations of group A is 〈Etot〉 = −273(17) kcal/mol and differs little from the
corresponding value of 〈Etot〉 = −266(10) kcal/mol for the native-like config-
urations of group B. Since the configurations of group A have a much larger
entropy, native-like configurations are also not the global minimum in free
energy. This is in contradiction to the experimental results of [13]. Hence,
our energy function is again not accurate enough for prediction of the native
state.

In summary, we have performed all-atom simulations of two small pro-
teins, PTH(1-34) and HP-36, in generalized ensembles. While previous appli-
cations of these techniques were restricted to small peptides with less than
20 residues, our results establish that the generalized-ensemble approach is
also a useful tool for investigation of much larger polypeptides with 30–40
residues. Applications to even larger molecules seem to be restricted less by
the sampling technique but by the accuracy of the energy function.
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Abstract. We study the effects of interspecific correlations in a biological coevolu-
tion model in which organisms are represented by genomes of bitstrings. We present
preliminary results for this model, indicating that these correlations do not signifi-
cantly affect the statistical behavior of the system.

10.1 Introduction

The dynamics of biological coevolution poses many problems of interest to
the statistical-physics and complex-systems communities [1, 2]. Recently, we
studied a coevolution model that is a simplified version of the one introduced
by Hall et al. [3–6]. Our model, in which individuals give birth, mutate and
die, displays punctuated equilibria-like, quiet periods interrupted by bursts of
mass extinctions [7,8]. Interactions in this model were given by a random in-
teraction matrix. Here we report on a modified version of the model, in which
we have added correlations to the interaction matrix in order to increase the
biological realism. The modified model is compared with the original one to
assess the effects of correlations.

10.2 Model

We used a bitstring genome of length L to model organisms in the Monte
Carlo (MC) simulations [9,10]. In this sense, each genotype, which is just an
L-bit number, is considered a different haploid species. Therefore, the terms
“genotype” and “species” are used in the same sense in this paper. We denote
the population of species I at a discrete time t as nI(t), and several of the
2L possible species can be present at the same time in our “ecosystem.” All
species reproduce asexually (by cloning) in discrete, non-overlapping gener-
ations. In each generation t, every individual of species I is allowed to give
birth to F offspring with a probability PI . Whether it reproduces or not, the
individual dies at the end of the generation, so that only offspring can sur-
vive to the next generation. The reproduction probability for an individual
of species I is given by [3–6]
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PI({nJ (t)}) =
1

1 + exp [−
∑

J MIJnJ (t)/Ntot(t) + Ntot(t)/N0]
. (10.1)

The Verhulst factor N0 represents the carrying capacity of the “ecosystem”
and prevents the total population Ntot(t) =

∑
I nI(t) from diverging to in-

finity [11]. M is the interaction matrix, in which a matrix element MIJ repre-
sents the effect of the population density of species J on species I. A positive
MIJ means that species I benefits from species J , while a negative MIJ

corresponds to a situation in which species I is harmed or inhibited by the
presence of J . The form of the interaction matrix M is discussed in the next
section.

In each generation, all individuals undergo mutation with a probability
µ. If an individual is chosen to mutate, one bit in its genome is picked ran-
domly and flipped. Since we consider different genotypes as different species,
mutations lead to speciation, i.e., creation of another species.

10.3 The Interaction Matrix

In this study, the interaction matrix M was set up in four different ways. In the
first case, all off-diagonal elements were randomly and uniformly distributed
on [−1, 1], while all diagonal elements were set to zero. This corresponds to the
case in [5,6]. We shall call this the uniform-uncorrelated model. In the second
case, we added correlations between interaction constants of similar species to
make this model more realistic. In a real ecosystem, two different but closely
related species X and Y interact with another species Z in a similar way.
Therefore, the interaction constant MXZ should be positively correlated with
MY Z . To implement these correlations, we modified the interaction matrix
by averaging all terms over their nearest neighbors (nn) in Hamming space.
Thus,

MIJ =

[
M0

IJ +
∑

(K,L)∈nn(I,J) M0
KL

]
(2L + 1)1/2

, (10.2)

where M0
IJ are independent variables uniformly distributed on [−1, 1], and

nn(I, J) are those bitstring pairs that differ from the bitstring pair (I, J) by
one bit (a Hamming distance of one). A square-root appears in the denom-
inator because we multiply the average with the square-root of the normal-
ization constant in order not to change the standard deviation of the matrix
elements.

To investigate the results of longer-range correlations we also modified
the random interaction matrix by averaging all terms over their nearest and
next-nearest neighbors (nnn) in Hamming space:

MIJ =

[
M0

IJ +
∑

(K,L)∈nn(I,J) M0
KL +

∑
(K,L)∈nnn(I,J) M0

KL

]
(2L2 + L + 1)1/2

, (10.3)
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Fig. 10.1. Correlation functions and matrix-element distributions after averaging.
(a) Theoretical (solid) and numerical (dashed) results for the correlation func-
tions for 213 × 213 interaction matrices of the single-correlated (lower) and double-
correlated (upper) models. The theoretical and numerical results agree. (b) Distri-
butions of matrix elements: uniform and Gaussian uncorrelated (solid curves with
square and Gaussian distributions, respectively), single-correlated (dashed curve)
and double-correlated (dot-dashed curve) models with L = 8. The approximately
Gaussian distributions for the two correlated models and the distribution for the
Gaussian-uncorrelated model practically overlap

where nnn(I, J) is the set of bitstring pairs that differ from (I, J) by two bits.
We shall call the nn-averaged and nnn-averaged models single-correlated and
double-correlated, respectively.

As a result of the central limit theorem, after averaging, the distribu-
tions of the matrix elements in both the single and double-correlated models
take an approximately Gaussian form with the same standard deviation as
the uniform distribution of the elements of the initial, random matrix (see
Fig. 10.1b). In order to see whether a possible difference in the results for dif-
ferent models is due to the correlations or the matrix-element distributions,
we also set up another uncorrelated interaction matrix. In this fourth model,
the uncorrelated, random matrix elements are distributed with a Gaussian
distribution with the same standard deviation,

√
1/3, as in the correlated

models. We shall call this the Gaussian-uncorrelated model.
The correlation functions and the distributions of interaction-matrix ele-

ments for all the models are shown in Fig. 10.1. The steps in the correlation
functions are a result of the chosen metric. We use a city-block metric in
which the Hamming distance between two matrix elements MIJ and MKL is
given by H(I,K)+H(J, L) where H(I,K) is the Hamming distance between
two L-bit bitstrings, I and K.

10.4 Simulation Results

The interaction matrix is set up at the beginning and is not modified dur-
ing the course of the simulation. For all models, we performed eight sets of
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Fig. 10.2. Normalized histograms of species-lifetimes based on simulations of 225

generations each: uniform-uncorrelated (solid curve), Gaussian-uncorrelated (short-
dashed curve), single-correlated (dot-dashed curve) and double correlated (long-
dashed curve). The distributions for the models with a Gaussian matrix-element
distribution overlap (within the margin of error), and they differ significantly from
the lifetime distribution for the uniform-uncorrelated model. The histograms exhibit
a power-law like decay with an exponent near −2. Results are averaged over eight
runs each

simulations for 225 = 33 554 432 generations with the same parameters as
in [5, 6]: genome length L = 13, mutation rate µ = 10−3 per individual per
generation, carrying capacity N0 = 2000, and fecundity F = 4. We began
the simulations with 200 individuals of genotype 0. In order to compare the
models, we constructed histograms corresponding to the species-lifetime dis-
tributions. The lifetime of a species is defined as the number of generations
between its creation and extinction. As seen in Fig. 10.2, the lifetime distri-
butions of the correlated and Gaussian-uncorrelated models overlap within
the margin of error, and they differ significantly from the lifetime distribution
of the uniform-uncorrelated model. They all exhibit a power-law like decay
with an exponent near −2. The correlations between the matrix elements do
not seem to affect the behavior of the lifetime distribution to a statistically
significant degree, at least not for the relatively weak correlations that were
introduced here. On the other hand, changes in the marginal probability den-
sity of the individual matrix elements do have statistically significant effects,
even though gross features, such as the approximate 1/x2 behavior of the
species-lifetime distribution are not changed. Similar conclusions are reached
also for other quantities that we studied. In particular, the power-spectral
density of the Shannon–Wiener species diversity index shows 1/f noise [5,6]
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with an overall intensity that depends more on the marginal matrix-element
distribution than on correlations in M.

Although we have tested only weak correlations, and so our conclusion
is only preliminary, there appears to be no disadvantage in using a random
interaction matrix to model such an “ecosystem.” This has obvious compu-
tational advantages as it makes it possible to simulate systems with larger
numbers of completely different species.
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11.1 Introduction

Today’s computing power enables us to simulate systems consist of tens
or hundreds of thousands of realistic model-neurons such as the Hodgkin-
Huxley neuron. What is absorbing is the number (10, 000 ∼ 1, 000, 000) here
is roughly same to the number of brains of little but higher animals. An excel-
lent example is the fruit fly (Drosophila melanogaster), whose brain consists
of no more than 200, 000 neurons while it has abilities of flight and the sense
of sound, visual, and smell [1]. Furthermore, observations on behavioral dis-
turbances have shown that it has even higher level of intelligence such as
learning and memory. Therefore it is expected that the simulations on cou-
pled tens of thousands of model neuron system will reveal some secrets of the
mechanisms of such intelligence. However, this “brain reproduction” is actu-
ally impossible since we do not know how the neurons in the fly’s brain are
connected. At present C. elegans is the unique example that the connectivity
among all of its 300 neurons’ is known [2]. About the fruit fly, in fact, we do
not have even the accurate number of the neurons.

Though the circuit information of its brain is not available, Drosophila
has the following advantages in comparison with other higher animals. First,
its all genome is known [3]. Second, the molecular genetics methods to label
specific cells of the brain is well established [4, 5]. Third, its brain is small
enough to observe the whole system virtually at the same time. The second
and third facts together permit us to obtain the three-dimensional image
data of the labeled cells [4, 5]. Thus, what should be tried is to extract the
topological information of the neural circuit from the obtained image data.

In the following we introduce a new algorithm of counting cells auto-
matically from source images. Counting cells is essential not only because
its biological importance of just giving an accurate value of the total num-
ber of neurons against the current rough estimation (40, 000 ∼ 200, 000),
but because getting the detailed positions of cells is necessary to start the
extractions of brain circuit information.
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Fig. 11.1. A three-dimensional image of fruit fly’s brain (top) and one of its slice
images (bottom). The typical diameter of the cell nucleus is only 5 ∼ 7 voxels

11.2 Data

Instead of counting the neural cells, we count its nucleus. It is because nu-
cleus have relatively uniform ball-like shapes while the shapes of neural cells
are very complicated and diverse. The three-dimensional images of nucleus,
obtained as the stack of two-dimensional slice images as shown in Fig. 11.1,
consists of about (x, y, z) = (2, 000× 1, 000× 300) voxels and the size of each
voxel is (0.32 × 0.32 × 0.64 µm).

The typical size of the whole brain image is (x, y, z) = (2, 000×1, 000×300)
with the finest voxel size of (0.32 × 0.32 × 0.64 µm). Since the average size
of nucleus is about 2 µm, most of those images are only 5 ∼ 7 voxels in
diameter. In addition, the source image contains the noise. Main causes of
the noise are the diffusion of the labeling dye, defocusing due to the limit
of resolution, and the noise on the photo-multiplier. The littleness of the
nucleus’s image and the inevitable noise make it quite difficult to count the
cells by image-restoration-based approaches.

11.3 Counting Algorithm

In our algorithm, counting is realized by putting objects, each of which has
an excluded volume whose shape approximates the shape of nucleus. We here
apply the ball with approximate diameter, 2 µm for example, for the putting
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Fig. 11.2. Profiles of the normalized score obtained from the counting over the
whole brains. Two lines correspond to different samples. The sharp inflexion points
(about 100,000 for the upper line and 90,000 for the lower line) indicates the end
of the correct counting stage

objects. More precisely, the ball-shaped volume is approximately expressed
as the set of voxels with rugged shape.

To decide where the objects should be placed we first calculate the score
for each voxel. The score S of a voxel, which represents the likelihood of
regarding the voxel as a center of a nuclei, is calculated from the intensities
of voxels around the voxel as

S(x, y, z) =

∑
(x′,y′,z′)∈V (x,y,z) ρ(x′, y′, z′)I(x′, y′, z′)∑

(x′,y′,z′)∈V (x,y,z) ρ(x′, y′, z′)
, (11.1)

where V, ρ, I are the volume of the embedding object, weight of the convo-
lution, and the data intensity, respectively. For the case of ρ = constant this
score becomes average of intensity over the volume. In the following we use
this case.

Getting a source image, we first calculate the score for all voxels. Then we
place excluded volumes on voxels in descending order of those scores. Voxels
in the excluded volume of the newly placed objects are excluded from the
counting candidates of the center of the nuclei.

It turns out that this simple procedure counts many “fake cells” though it
surely can count the correct cell nucleus. The main reason of this miscount is
the nonuniformity of voxel intensities. The local averages of the voxel intensity
varies in the wide range depending on their positions therefore there is no
clear “critical score”, which separates the correct counting from miscounting.
To overcome this problem, we further require the candidate voxels to satisfy
a locally maximum condition of the score

S(x, y, z) = max{S(x′, y′, z′); (x′, y′, z′) ∈ v(x, y, z)} , (11.2)



98 T. Shimada et al.

Fig. 11.3. Distribution of the “truly” counted cells, whose scores are higher than
the cut-off score

where v is the neighbor region of (x, y, z). In the following, we adopt v(x, y, z)
composed by the sum of the nearest-neighbors and the part of next-nearest-
neighbors: (x±1, y±1, z), (x±1, y, z±1), and (x, y±1, z±1). This modification
corresponds to assessing the validity of counting cell from the intensity land-
scape nearby the voxel. Since the major case of miscounts is counting the
voxel which is not on a cell but near the bright cells, the modified algorithm
efficiently exclude miscounts. As a result, the accuracy of counting improves
drastically.

11.4 Results

The sample of our world’s first whole-brain cell counting is the brain of female
flies 6 days after eclosion. Applying the algorithm, we obtain the list of scores
of the counted cells in the descending order as shown in Fig. 11.2. This profile
shows a cross-over from the decreasing stage to the nearly constant stage.
Since the constant behavior in this plot corresponds the divergence of the
density of cells against the score, the nearly flat region is considered as the
miscounting stage. Thus we decide the cut-off score from the cross-over point
and regard the cells having score higher than the cut-off score as true cells. It
is confirmed that the positions of the obtained “true” cells show quite good
agreement with the partial visual counting by professionals (Fig. 11.3). The
sharpness of the cross-over allows us to obtain the cut-off score, which decides
the total number of cells, in good accuracy. The estimated total numbers of
the cells of the two sample brains are 97, 000 ± 1, 000 and 88, 500 ± 1, 000,
respectively. We expect that our algorithm will enable us to answer essential
questions such as “How many cells, and in which position, are there in the
fly’s brain?”, “How large is its individual/sexual/age/gene difference?”, and
so on.
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Abstract. Identifying the specific DNA-binding sites of regulatory proteins is es-
sential to understanding gene expression in the biological cell. Rather than em-
ploying statistical bioinformatics tools, we choose an atomistic approach based on
the protein-DNA co-crystal structure and binding energies obtained from the AM-
BER force field. Our method uses the deterministic dead-end elimination and A*
algorithms to search a library of discrete amino-acid sidechain rotamers and DNA
basepairs for the optimal binding conformations. As an example, we search all pos-
sible 10-basepair DNA sequences (410) of Zif268, a well-studied mouse regulatory
protein.

12.1 Introduction

Gene expression is regulated by proteins which bind to the DNA in the vicin-
ity of the gene. However, these proteins can regulate many different genes by
binding to different, albeit similar DNA sequences. Fast methods to deter-
mine binding sites are demanded in order to keep up with the sequencing of
new genomes, and the desire to find new therapeutics for diseases.

While experimental methods based on DNase I footprinting [1] and DNA
microarrays [2] are laborious and error-prone [3], standard statistical bioinfor-
matics tools like the consensus sequence and the weight-matrix require prior
knowledge of a lot of binding sites to succeed [4]. Both methods make the
approximation of treating each DNA-sequence position as independent [5].

In contrast to these methods, we emphasize that protein-DNA binding is
based on physical interactions at the atomic scale, i.e. electrostatic, van-der
Waals, and hydrophobic interactions as well as (water mediated) hydrogen
bonds. The deformability of DNA is also an important part of the binding
specificity, since a protein-induced deformation of DNA upon binding will oc-
cur more readily for certain DNA sequences [6]. Previous atomistic methods
have focused on this aspect of binding, but either neglected the protein com-
pletely [7] or modeled it as a rigid object [8]. We were therefore motivated
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to develop a predictive theory of protein-DNA interactions which includes
protein-sidechain flexibility in a fully atomistic description.

Our model consists of the fixed protein and DNA backbones obtained
from a relevant co-crystal structure as shown in Fig. 12.1. For the unbound
system we take a canonical B-DNA form, widely separated from the pro-
tein. No explicit water molecules are included in the current approach. To
find preferred binding sites, we search the combined space of all DNA se-
quences and a library of discrete sidechain rotamers for the DNA-contacting
amino acids [9].3 Since temperature-dependent statistical algorithms often
fail to find the global minimum on rough potential energy surfaces [10], we
resort to the deterministic dead-end elimination (DEE) [11] and A* algo-
rithms [12]. Binding energies are evaluated using the molecular-mechanics
package AMBER 7 (parm99 force field) [13]. An initial fast search for pre-
ferred DNA sequences is made using vacuum energies, but the final ranking
is done with the generalized-Born implicit-solvent model (GB/SA) [14]. The
AMBER force field is able to capture the fine structure of DNA, including the
A- to B-DNA transition, even with the implicit-solvent model [15]. The same
force field and conformational-search algorithm have been used successfully
for protein design [12].

12.2 Numerical Methods

To find the highest-affinity binding sites, we use the dead-end-elimination
(DEE) [11]. If it converges, DEE deterministically finds the global energy
minimum. As a necessary condition to apply DEE, the total binding energy
is decomposed in a pairwise fashion,

∆Evac =
P∑

i=1

⎡
⎣∆ε(ir) +

P∑
j=i+1

∆ε(ir, js)

⎤
⎦ , (12.1)

where P = Naa + Nbp is the sum of the total numbers of protein amino
acids Naa and DNA basepairs Nbp. The quantities ∆ε(ir) and ∆ε(ir, js) are
the self-energies and interaction energies of rotamers/basepairs of the bound
minus unbound structures, where r and s describe rotamers/basepairs, while
i and j are protein/DNA sequence positions. The resulting number of all
possible conformations is extremely large, O(nP ), if n is the average number
of rotamers/basepairs at each position. Since a pairwise expression for the
binding energy is strictly only correct in vacuum [16], we pre-calculated the
self-energies and interaction energies without the solvent.
3 All rotamers in the library bbdep02.May.sortlib (downloaded from http://
dunbrack.fccc.edu/bbdep) were employed, except for Arg and Glu. For these
long-sidechain amino acids, we used only the 20 statistically most significant
rotamers (probability � 0.1%).
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Fig. 12.1. Overview of atomistic method to identify DNA binding sites. (As an
example, we choose the protein Zif268 whose “ribbon”-structure is shown)

We implemented several levels of DEE algorithms as recently described
in [17,18], including the so-called super-rotamer approach [19]. Just to men-
tion two illustrative examples of DEEs, there is Desmet’s original dead-end
elimination criterion [11] which is the least-efficient but best scaling DEE
algorithm regarding CPU-time, ≈ O(P 2n2). It uses the fact that a potential
rotamer/basepair ir is inconsistent with binding energies within Ec of the
global minimum and hence can be eliminated (i.e. is a “dead-ending single”
or DES), if its best possible energy contribution to the total binding energy
is still worse than the worst possible energy contribution of an alternative
rotamer/basepair t at the same position i by more than Ec,
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∆ε(ir) +
P∑

j �=i

min∆ε(ir, js) > ∆ε(it) +
P∑

j �=i

max ∆ε(it, js) + Ec . (12.2)

Here, min (max) is the minimum (maximum) interaction energy between ro-
tamer/basepair ir (it) and all possible rotamers/basepairs at position j. Our
second example is Goldstein’s [19] sharpest but worst scaling, ≈ O(P 3n5),
criterion for identifying so-called “dead-ending pairs” (DEPs). Pair ∆ε(ir, js)
is dead-ending, if

∆ε(ir, js) − ∆ε(iu, jv)

+
P∑

k �=i,j

min {∆ε [(ir, js), kt] − ∆ε[(iu, jv), kt]} > Ec , (12.3)

where ∆ε[(ir/u, js/v), kt] = ∆ε(ir/u, kt)+∆epsilon(js/v, kt). These DEPs can-
not be eliminated directly, but do not need to be included in subsequent cal-
culations of the minimum in (12.2). As illustrated in Fig. 12.2, the DEE/Ec

algorithms for DESs and DEPs are applied iteratively until no further DESs
can be eliminated. Note, however, that according to (12.2) the energy cut-off
Ec is applied to each position i separately. Consequently, even with perfect
convergence of the DEEs, the resulting total binding energies can still be
many times Ec above the global minimum. The number of unwanted, high-
energy rotamer and basepair combinations can be further reduced by com-
bining rotamers/basepairs from different positions to super-rotamers [19].
For instance, pairing rotamers/basepairs from two different positions elimi-
nates all of their previously flagged DEPs, and effectively applies the energy
cut-off to the two positions simultaneously, leading to a stricter enforcement
of the cut-off criterion. Unfortunately, the memory requirement for storing
the increased number of interaction energies is a limiting factor. After several
rounds of DEE algorithms and of forming super-rotamers, the remaining com-
binatorial space can be searched using the graph-search A* algorithm [12]. In
principle, this pre-screening procedure returns an exhaustive list of rotamer-
DNA sequence combinations with vacuum binding energies within Ec of the
best.

Finally, we re-rank the best vacuum protein-DNA conformations using
the solvated binding energy ∆E = Eb − Eu, where Eb and Eu are the total
energies of the bound and unbound protein-DNA systems in implicit solvent.
Since the re-ranking in solvent is likely to change the order of the binding
energies compared to vacuum, the cut-off Ec has to be chosen large enough
to include the top solvated configurations.

12.3 Results and Discussion

As an example, we apply our method to the mouse protein, Zif268 (PDB file
1AAY, Fig. 12.1). Zif268 has a tandem repeat of three specific binding motifs,
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Fig. 12.2. Flowchart of the dead-end elimination (DEE) and A* graph-search
algorithms. DES and DEP are defined in (12.2), (12.3). The parameters Ec and
Nc are the energy cut-off and the upper limit of conformational size managable by
the A* algorithm, respectively. Furthermore, P = Naa + Nna (see (12.1)), and ni

is the number of rotamers/basepairs at position i. Due to convergence problems of
the DEE/A*, we restricted ourselves to only a single (best) set of rotamers for each
vacuum DNA sequence that was not eliminated

Fig. 12.3. (a) Zif268 10-base sequence logo from experiment [21], and (b) from
our calculation. Figure prepared with the WebLogo [23] from http://weblogo.
berkeley.edu/

so-called zinc fingers, each stabilized by a zinc ion (for a review see [3]). A
high resolution co-crystal structure is available [20] with the protein bound
to its consensus sequence, GCGTGGGCGT [21].

The best calculated binding sequence in solvent was TGGTGGGCGG,
the 10th was GCGTGGGCGA, while the 17th matches the experimental
consensus GCGTGGGCGT, as indicated by the underlining. Note that
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the 10th (last) base position of the binding sequence is experimentally only
weakly conserved, and was not considered part of a previously derived con-
sensus sequence [22].

Figure 12.3 compares the experimental logo (a graphical presentation of
the weight-matrix [23]) (a) with our calculations using the 30 best binding
sequences (b). The logos clearly show strong similarities, but the lack of
explicit water molecules in our model, end-effects caused by the short DNA
segment, and an additional approximation (see caption of Fig. 12.2) lead to
some disagreement – particularly at the DNA-positions 1 and 2 contacted by
the zinc finger which has the most water-mediated contacts [24].

In summary, we have introduced a novel methodology for identifying po-
tential protein-DNA binding sites through a global search of DNA sequences
and DNA-contacting-sidechain conformations. We tested performance by cal-
culating the DNA-sequence logo for the mouse transcription factor Zif268,
and found good agreement with experiment.
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for Interacting Fluids
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Abstract. We discuss a new Monte Carlo algorithm for the simulation of complex
fluids. This algorithm employs geometric operations to identify clusters of particles
that can be moved in a rejection-free way. It is demonstrated that this geometric
cluster algorithm (GCA) constitutes the continuum generalization of the Swendsen–
Wang and Wolff cluster algorithms for spin systems. Because of its nonlocal nature,
it is particularly well suited for the simulation of fluid systems containing particles
of widely varying sizes. The efficiency improvement with respect to conventional
simulation algorithms is a rapidly growing function of the size asymmetry between
the constituents of the system. We study the cluster-size distribution for a Lennard–
Jones fluid as a function of density and temperature and provide a comparison
between the generalized GCA and the hard-core GCA for a size-asymmetric mixture
with Yukawa-type couplings.

13.1 Introduction and Motivation

The presence of multiple time and length scales constitutes one of the major
problems in computer simulations of matter. In simulations that faithfully
capture the dynamic evolution of a system, the fastest particles in the system
dictate the required time resolution. If different types of particles with widely
varying diffusion rates are present, then the slower particles may be unable
to explore the entire configuration space during the course of the simulation,
leading to ergodicity problems.

In the computational study of complex fluids, such as colloidal suspen-
sions, this problem frequently occurs, since such systems typically contain
particles of different sizes. A concrete example is the “nanoparticle haloing”
phenomenon discovered by Lewis and coworkers [1]. This experimental work
deals with a new approach to the stabilization of suspensions of micron-
sized spherical particles, which tend to aggregate under the influence of their
mutual van der Waals attraction. Conventional approaches to prevent this
gelation, such as charge stabilization (variation of the pH to alter the surface
charge of the particles), lead to complications in certain applications, e.g.,
in the formation of colloidal crystals, where the electrostatic repulsion pre-
vents the close packing of the particles. It was found that these complications
can be avoided by generating an effective colloidal repulsion through the ad-
dition of highly-charged nanometer-sized particles to the suspension of the
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(near-neutral) colloids. A concrete explanation for the underlying mechanism
leading to the effective repulsions is currently lacking. Evidently, a computa-
tional approach to this problem must involve both the microspheres and the
nanoparticles, which typically differ by a factor 100 in diameter. Tradition-
ally, the effective pair interaction between colloids (potential of mean force)
is then calculated by “integrating out” the smaller species, e.g., by simulat-
ing a system containing two spheres at fixed separation embedded in a sea
of smaller particles [2, 3]. Here, we discuss a new simulation algorithm [4]
that is capable of explicitly incorporating both species and computing equi-
librium properties of the suspension, without suffering from the disparity
in time scales. This algorithm can be viewed as a continuum version of the
widely-used cluster algorithms for lattice spin models [5, 6].

13.2 Cluster Monte Carlo Algorithms

Equilibrium Monte Carlo methods are aimed at obtaining static thermody-
namic and structural properties by generating system configurations accord-
ing to the Boltzmann distribution. Nonphysical moves may be employed in
the underlying Markov process, which – in principle – offers an exquisite
way to overcome the presence of multiple time scales. Thus, Monte Carlo
algorithms are the method of choice for, e.g., simulations of critical phenom-
ena and phase transitions. In the context of size-asymmetric fluids, collective
moves have been devised in which groups of particles are moved simulta-
neously. Unless these groups are identified in a careful way, which typically
involves knowledge about the physical properties of the system, the Monte
Carlo step will entail a large energy change and consequently have only a very
small acceptance rate. Thus, while this approach has been used quite suc-
cessfully in specific situations [7–10], it typically involves a tunable parameter
and cannot be generalized in a straightforward fashion.

The situation is rather different for spin models, for which Swendsen and
Wang (SW) [5] introduced a cluster algorithm in which groups of paral-
lel spins are identified in a probabilistic manner, based upon the Fortuin–
Kasteleyn mapping of the Potts model onto the random-cluster model [11].
These groups can subsequently be flipped independently. This rejection-free
algorithm (every completed cluster can be flipped without an additional eval-
uation of the resulting energy difference) suppresses critical slowing down.
Accordingly, its generalization to off-lattice fluids has been a widely-pursued
goal. However, the SW algorithm – as well as the even more efficient single-
cluster variant introduced by Wolff [6] – relies on invariance of the Hamil-
tonian under a spin-inversion operation. For a fluid, this translates into
particle–hole symmetry, which is only obeyed for lattice gases. Consequently,
efficient off-lattice cluster algorithms have only been designed for a small
number of specific fluid models [12,13], and it is not clear how these methods
can be generalized. Hard-sphere fluids constitute another special case. Here
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Fig. 13.1. Two-dimensional illustration of the interacting geometric cluster algo-
rithm. Open and shaded circles label the particles before and after the geometrical
operation, respectively. The small filled disk denotes the pivot. (a) Initial configu-
ration; (b) construction of a new cluster via point reflection of particles 1–3 with
respect to the pivot; (c) final configuration

every configuration without particle overlaps has the same energy. Dress and
Krauth [14] devised a strategy to create such configurations by means of
geometric transformations. Their approach is particularly advantageous in
size-asymmetric mixtures, but cannot be applied to systems with other in-
teractions without supplementing it with a costly acceptance criterion. Nev-
ertheless, a remarkable feature of this geometric cluster algorithm is that
it relies on the invariance of the Hamiltonian under geometric operations.
Here, we exploit this property to formulate a cluster Monte Carlo algorithm
that is applicable to arbitrary pair potentials without the imposition of an
acceptance criterion.

13.3 Generalized Geometric Cluster Algorithm

13.3.1 Single-Cluster Variant

The geometric cluster algorithm as formulated by Dress and Krauth starts
from a configuration of particles, with periodic boundary conditions. This
configuration is rotated around an arbitrarily chosen pivot. Groups of par-
ticles that overlap between the original and the rotated configuration are
exchanged between these configurations. In practice, it is more convenient
to construct only a single cluster and to carry out a point reflection on the
fly [15]. For each cluster a new pivot is chosen. This constitutes the counter-
part of the Wolff algorithm for spin models [6]. In the presence of a general,
isotropic pair potential V (r) the cluster construction proceeds as follows (cf.
Fig. 13.1):

1. Choose a random pivot point.
2. Choose the first particle i at random and move it from its original posi-

tion ri to its new position r′
i, via a point reflection with respect to the

pivot.
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3. Identify all particles that interact with i in its original position or in
its new position. These particles j are considered for a point reflection
with respect to the pivot. This reflection is carried out with a probability
pij = max[1 − exp(−β∆ij), 0], where ∆ij = V (|r′

i − rj |) − V (|ri − rj |)
and β = 1/kBT . Note that pij solely depends on the interaction strength
between i and j.

4. Repeat step 3 in an iterative fashion for each particle j that is added to
the cluster. If j is moved with respect to the pivot, then all its interacting
neighbors that have not yet been added to the cluster are considered for
inclusion as well. The cluster construction is completed once all interact-
ing neighbors have been considered.

It is instructive to compare this prescription to the Wolff cluster algorithm, in
which a cluster of parallel spins is grown from a randomly chosen initial spin.
Parallel spins with a ferromagnetic coupling constant K are added to the
cluster with a probability 1 − exp(−2K). The energy difference between the
parallel and the antiparallel configuration indeed equals 2K. An antiparallel
spin is never added to the cluster, in accordance with the fact that such a
pair will be in a state of lower energy if only the first spin is flipped.

This algorithm is ergodic, since each particle can be moved over an ar-
bitrarily small distance. Namely, there is a non-vanishing probability that
a cluster consists of only a single particle and the pivot can be located ar-
bitrarily close to the center of this particle. Detailed balance is proven by
considering a configuration X which is transformed into a new configuration
Y by means of a cluster move. The energy change EY − EX results from
every particle that is not included in the cluster but interacts with one or
more particles that are part of the cluster. Each “broken bond” has a prob-
ability 1 − pk, so that the total probability of forming a cluster is given by

T (X → Y ) = C
∏
k

(1 − pk) . (13.1)

The prefactor C accounts for the probability of choosing a specific pivot and
for the probability of creating a specific arrangement of bonds inside the clus-
ter. The total set {k} of broken bonds can be divided into two subsets. The
broken bonds l that lead to an increase ∆l in pair energy have a probability
exp(−β∆l), whereas the broken bonds m that lead to a decrease in pair en-
ergy have a probability equal to unity. Accordingly, the transition probability
can be written as

T (X → Y ) = C exp

[
−β
∑

l

∆l

]
. (13.2)

The reverse move, in which the configuration Y is transformed into the con-
figuration X by moving a cluster that is constructed in the same way, has a
probability
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T (Y → X) = C
∏
k

(1 − p̄k) , (13.3)

where the sum runs over the same set {k} of broken bonds as in (13.1), but
the sign of all energy differences ∆k has been reversed (indicated by p̄k).
Accordingly, the sum over ∆l in (13.2) is replaced by the negative sum over
the complementary set {m},

T (Y → X) = C exp

[
+β
∑
m

∆m

]
. (13.4)

The point reflection is a self-inverse operation, so that detailed balance is
obeyed without the need to impose an acceptance criterion:

T (X → Y )
T (Y → X)

= exp

[
−β
∑

k

∆k

]
=

exp(−βEY )
exp(−βEX)

. (13.5)

Since energy differences are taken into account on a pair-wise basis during
the construction of the cluster, rather than as a total energy difference after
the cluster has been completed, the cluster is constructed in such a way that
large energy differences are avoided. The clusters are representative of the
actual structure of the system.

13.3.2 Multiple-Cluster Variant

In order to demonstrate that the generalized geometric cluster algorithm
(GCA) indeed constitutes the off-lattice counterpart of the SW and Wolff
cluster algorithms, it is instructive to formulate a multiple-cluster variant.
This formulation yields a full decomposition of an off-lattice fluid configura-
tion into stochastically independent clusters. In the following, we demonstrate
how it can be phrased as a natural extension of the single-cluster version.

First, a cluster is constructed according to the Wolff version of the GCA,
with the exception that the cluster is only identified ; particles belonging to
the cluster are marked but not actually moved. The chosen pivot will also
be used for the construction of all subsequent clusters in this decomposition.
These subsequent clusters are built just like the first cluster, except that
particles that are already part of an earlier cluster will never be considered
for a new cluster. Once each particle is part of a cluster the decomposition is
completed and each cluster is moved with a probability f .

Although all clusters except the first are built in a restricted fashion,
every individual cluster is constructed according to the rules of the Wolff
formulation of the GCA. The exclusion of particles that are already part of
another cluster simply reflects the fact that every bond should be considered
only once. If a bond is broken during the construction of an earlier cluster it
must not be re-established during the construction of a subsequent cluster.
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In order to establish that this prescription is a true equivalent of the SW
algorithm, we prove that each cluster can be moved (reflected) independently
while preserving detailed balance. If only a single cluster is actually moved,
this essentially corresponds to the Wolff version of the GCA, since each clus-
ter is built according to the GCA prescription. The same holds true if several
clusters are moved and no interactions are present between particles that
belong to different clusters (the hard-sphere algorithm is a particular realiza-
tion of this situation). If two or more clusters are moved and broken bonds
exist between these clusters, i.e., a non-vanishing interaction exists between
particles that belong to disparate (moving) clusters, then the shared broken
bonds are actually preserved and the proof of detailed balance provided in
the previous section no longer applies in its original form. However, since
these bonds are identical in the forward and reverse move, the corresponding
factors cancel out. This is illustrated for the situation of two clusters whose
construction involves, respectively, two sets of broken bonds {k1} and {k2}.
Each set comprises bonds l that lead to an increase in pair energy and bonds
m that lead to a decrease in pair energy. We further subdivide these sets into
external bonds that connect cluster 1 or 2 with the remainder of the system
and joint bonds that connect cluster 1 and 2. Accordingly, the probability of
creating cluster 1 is given by

C1

∏
i∈{l1}

(1 − pi) = C1

∏
i∈{lext

1 }
(1 − pi)

∏
j∈{ljoint

1 }
(1 − pj) . (13.6)

Upon construction of the first cluster, the creation of the second cluster has
a probability

C2

∏
i∈{lext

2 }
(1 − pi) , (13.7)

since all joint bonds in {ljoint
1 } already have been broken. The factors C1

and C2 account for the probability of realizing a particular arrangement of
internal bonds in clusters 1 and 2, respectively. Hence, the total transition
probability for moving both clusters (upon fixing the pivot) is given by

T12 = C1C2 exp

⎡
⎢⎣−β

∑
i∈{lext

1 }
∆i − β

∑
j∈{lext

2 }
∆j − β

∑
n∈{ljoint

1 }
∆n

⎤
⎥⎦ . (13.8)

In the reverse move, the energy differences for all external broken bonds
have changed sign, but the energy differences for the joint bonds connecting
cluster 1 and 2 are the same as in the forward move. Thus, cluster 1 is created
with probability

C1

∏
i∈{mext

1 }
(1 − p̄i)

∏
j∈{ljoint

1 }
(1 − pj)
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= C1

∏
i∈{mext

1 }
exp[+β∆i]

∏
j∈{ljoint

1 }
exp[−β∆j ] , (13.9)

where the p̄ reflects the sign change compared to the forward move and the
product over the external bonds involves the complement of the set {lext

1 }.
The creation probability for the second cluster is

C2

∏
i∈{mext

2 }
(1 − p̄i) = C2

∏
i∈{mext

2 }
exp[+β∆i] (13.10)

and the total transition probability for the reverse move is

T̃12 = C1C2 exp

⎡
⎢⎣+β

∑
i∈{mext

1 }
∆i + β

∑
j∈{mext

2 }
∆j − β

∑
n∈{ljoint

1 }
∆n

⎤
⎥⎦ .

(13.11)
Accordingly, detailed balance is still fulfilled,

T12

T̃12

= exp

⎡
⎢⎣−β

∑
i∈{kext

1 }
∆i − β

∑
j∈{kext

2 }
∆j

⎤
⎥⎦ = exp [−β(EY − EX)] ,

(13.12)
in which {kext

1 } = {lext
1 }∪{mext

1 } and {kext
2 } = {lext

2 }∪{mext
2 } and EX and EY

refer to the total internal energy before and after the move, respectively. This
treatment applies to any simultaneous move of clusters, so that each cluster
in the decomposition indeed can be moved independently without violating
detailed balance. It is noteworthy that the probabilities for breaking joint
bonds in the forward and reverse moves cancel only because the probability
in the cluster construction factorizes into pairwise probabilities, as opposed to
the probability for a multiple-particle move in a Metropolis-type algorithm.

As demonstrated in Fig. 13.2 for a binary mixture, the results obtained by
means of the multiple-cluster geometric algorithm agree perfectly with those
obtained using the single-cluster version.

13.4 Performance

The most striking feature of the generalized geometric cluster algorithm,
apart from the fact that it creates clusters that can be moved in a rejection-
free manner, is the speed at which it relaxes size-asymmetric mixtures. We
illustrate this here for a binary fluid mixture consisting of Ns small and Nl

large spherical particles with size ratio α ≡ σl/σs > 1. The particles are
contained in a fixed volume, at equal packing fractions ηs = ηl = 0.1. While
Nl = 150 is kept fixed, Ns increases from 1 200 to 506 250 as α is varied
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Fig. 13.2. Comparison between the single-cluster version (solid lines) and the
multiple-cluster version (symbols) of the generalized geometric cluster algorithm.
The figure shows pair correlation functions for the size-asymmetric Lennard–Jones
mixture described in [4]. The system contains 800 small (diameter σ) and 400 large
particles (diameter 5σ) at a total packing fraction η ≈ 0.213. gll and gls represent
the large–large and large–small correlation functions, respectively

from 2 to 15. Pairs of small particles and pairs involving a large and a small
particle act like hard spheres. However, in order to prevent depletion-driven
aggregation of the large particles, they have a Yukawa repulsion,

U22(r) =
{

+∞ r ≤ σl

J exp[−κ(r − σl)]/(r/σl) r > σl ,
(13.13)

where βJ = 3.0 and the screening length κ−1 = σs. In the simulation, the
exponential tail is cut off at 3σl. As a measure of efficiency we consider the
integrated autocorrelation time τ obtained from the energy autocorrelation
function [16],

C(t) =
〈E(0)E(t)〉 − 〈E(0)〉2

〈E(0)2〉 − 〈E(0)〉2
. (13.14)

For conventional MC calculations, τ rapidly increases with increasing α, be-
cause the large particles tend to get trapped by the small particles. Ac-
cordingly, an accurate estimate for τ could only be obtained for α ≤ 7. By
contrast, the generalized GCA has an autocorrelation time that only weakly
depends on the size ratio, as illustrated in Fig. 13.3. At α = 7 the resulting
efficiency gain already amounts to more than three orders of magnitude.

A crucial limitation of the generalized GCA is that each cluster must only
occupy a fraction of the entire system. As observed by Dress and Krauth [14],
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Fig. 13.3. Efficiency comparison between a conventional local update algorithm
(open symbols) and the generalized geometric cluster algorithm (closed symbols),
for a binary mixture (see text) with size ratio α. Whereas the autocorrelation time
per particle (expressed in µs of CPU time per particle move) rapidly increases with
size ratio, the GCA features only a weak dependence on α

the entire system typically will be occupied by a single cluster once the perco-
lation threshold is reached in the combined system containing a configuration
and its point-reflected counterpart. For the original system this leads, in three
dimensions, to a practical upper limit in the packing fraction around 0.23–
0.25. This number will vary as a function of size asymmetry and, if additional
pair interactions are present, temperature. It is therefore instructive to study
the cluster-size distribution as a function of reduced density ρ∗ and temper-
ature T . Figure 13.4 illustrates the cluster-size distributions as obtained by
means of the multiple-cluster GCA for a regular (one-component) Lennard–
Jones fluid. In the top panel, ρ∗ = 0.32 ≈ ρ∗c . Already at temperatures that
are far above the critical temperature Tc ≈ 1.19, the cluster-size distribu-
tion starts to tend toward a bimodal form, indicative of the formation of
large clusters. In the vicinity of the critical temperature, the average cluster
size has become very large. For comparison, the bottom panel displays the
cluster-size distributions at a twice smaller density, ρ∗ = 0.16. In this case
the bimodal shape does not appear until close to Tc.

The properties suggest that the generalized GCA, at least for the one-
component Lennard–Jones fluid, will not suppress critical slowing – the pri-
mary advantage of lattice cluster algorithms. For the off-lattice GCA, this
property is less essential, because of the speed-up it delivers for the simula-
tion of size-asymmetric fluids over a wide range of temperatures and packing
fractions. Nevertheless, we have investigated the integrated autocorrelation
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(a)

(b)

Fig. 13.4. Cluster size distributions as a function of relative cluster size X, for
a monodisperse Lennard–Jones fluid. (a) Reduced density ρ∗ ≡ ρσ3 = 0.32; (b)
reduced density ρ∗ = 0.16. Identical symbols compare to identical temperatures in
both panels. All temperatures are indicated in terms of ε/kB. See text for discussion

time for the energy at the critical point, as a function of linear system size.
In Fig. 13.5 these times are collected for three algorithms. (1) Conventional
local-update Metropolis algorithm; (2) Wolff version of the GCA; (3a) SW
version of the GCA, in which each cluster is reflected with a probability 0.50;
(3b) SW version of the GCA, in which each cluster is reflected with a prob-
ability 0.75. Just as for spin models, the single-cluster version outperforms
the Swendsen–Wang type cluster decompositions. However, all variants of the
GCA exhibit the same power-law behavior, which outperforms the Metropolis
algorithm by a factor ∼ L2.1. It is important to emphasize that this acceler-
ation may be due to the suppression of the hydrodynamic slowing down [17]
caused by the conservation of the density (which may couple to the energy
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Fig. 13.5. Energy autocorrelation time τ as a function of linear system size for a
critical Lennard–Jones fluid, in units of particle sweeps, for three different Monte
Carlo algorithms: Local moves (“Metropolis MC”); GCA with Swendsen–Wang
type cluster decomposition and probability 0.50 (“SW 50%”) and 0.75 (“SW 75%”)
of moving each cluster; single-cluster GCA (“Wolff”)

Fig. 13.6. Pair correlation function of dilute colloidal particles (diameter σ) in an
environment of smaller particles (diameter σ/5, packing fraction η = 0.116) that
experience a Yukawa-type attractive interaction with the colloids. The symbols
represent data obtained by means of the hard-core GCA [18]; the solid line was
obtained from the generalized GCA

correlations [4]). Another striking point is that already for moderate system
sizes the generalized GCA outperforms the Metropolis algorithm, despite the
time-consuming construction of large clusters (cf. Fig. 13.4a) which lead to
only small configurational changes.
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13.5 Illustration

In order to illustrate the capabilities of the generalized GCA, we have com-
puted the pair correlation function of dilute colloidal particles (packing frac-
tion ηl = 0.001) in an environment of particles with a five times smaller
diameter (packing fraction ηs = 0.116). Large and small particles act as hard
spheres, but unlike pairs (i.e., large–small) experience a Yukawa attraction
which promotes the accumulation of small particles around the colloids. This
system has been studied in [18] by means of the original hard-core GCA, in
which clusters are moved according to an acceptance criterion, as proposed
in [14]. This potentially greatly deteriorates performance, as entire clusters
will be constructed that are subsequently rejected. Indeed, the authors re-
port [18] that the colloid pair correlation function g(r) had to be obtained
via numerical differentiation of the integrated pair correlation function, rather
than through direct sampling. The generalized GCA can handle this system
without complication, as demonstrated in Fig. 13.6. In order to obtain data
comparable to the solid curve in this figure, the authors of [18] utilized a
polynomial fit to the integrated pair correlation function, which potentially
leads to ambiguities.

13.6 Conclusion and Outlook

We have discussed the generalized geometric cluster algorithm, a Monte Carlo
method for the simulation of fluids by means of geometric operations. This al-
gorithm creates nonlocal multiple-particle moves that are capable of rapidly
decorrelating fluid configurations that contain particles of widely different
sizes. The multiple-particle moves are constructed in such a way that the typ-
ical decrease in acceptance rate is avoided; every proposed move is accepted
without violating detailed balance. It is anticipated that this algorithm will
find widespread application, in particular in the simulation of complex fluids
and suspensions in which the solvent is modeled as an implicit background.
Potential generalizations include the treatment of particles with internal de-
grees of freedom, such as nonspherical particles, and other geometries, such
as layered systems.
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15. J.R. Heringa, H.W.J. Blöte: Phys. Rev. E 57, 4976 (1998)
16. K. Binder, E. Luijten: Phys. Rep. 344, 179 (2001)
17. P.C. Hohenberg, B.I. Halperin: Rev. Mod. Phys. 49, 435 (1977)
18. J.G. Malherbe, S. Amokrane: Mol. Phys. 97, 677 (1999)
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Abstract. We present Monte Carlo simulations of lattice models of polymers.
These simulations are intended to demonstrate the strengths of a powerful new
flat histogram algorithm which is obtained by adding microcanonical reweighting
techniques to the pruned and enriched Rosenbluth method (PERM).

14.1 Introduction

Monte Carlo simulations of polymer models have played a significant role in
the development of Monte Carlo methods for more than fifty years [1]. We
present here results of simulations performed with a powerful new algorithm,
flatPERM [2], which combines a stochastic growth algorithm, PERM [3], with
umbrella sampling techniques [4]. This leads to a flat histogram in a chosen
parameterization of configuration space.

The stochastic growth algorithm used is the pruned and enriched Rosen-
bluth method (PERM) [3], which is an enhancement of the Rosenbluth and
Rosenbluth algorithm [5], an algorithm that dates back to the early days of
Monte Carlo simulations. While PERM already is a powerful algorithm for
simulating polymers, the addition of flat-histogram techniques [6] provides a
significant enhancement, as has already been exploited in [7], where it has
been combined with multicanonical sampling [8].

Before we describe the algorithm in detail and present results of the sim-
ulations, we give a brief motivating introduction to the lattice models con-
sidered here.

If one wants to understand the critical behavior of long linear polymers in
solution, one is naturally led to a course-grained picture of polymers as beads
of monomers on a chain. There are two main physical ingredients leading to
this picture. First, one needs an excluded volume effect, which takes into
account the fact that different monomers cannot simultaneously occupy the
same region in space. Second, the quality of the solvent can be modeled by
an effective monomer–monomer interaction. Monomers in a good solvent are
surrounded by solvent molecules and hence experience an effective monomer-
monomer repulsion. Similarly, a bad solvent leads to an effective monomer–
monomer attraction.
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Fig. 14.1. Eight lattice polymers in a bad solvent (picture courtesy of H.
Frauenkron, FZ Jülich)

Consequently, polymers in a good solvent form swollen coils, whereas
polymers in a bad solvent form collapsed globules and also clump together
with each other (see Fig. 14.1). In order to study the transition between these
two states, it is advantageous to go to the limit of an infinitely dilute solution,
in which one considers precisely one polymer in an infinitely extended solvent.

As we are interested in critical behavior, it is also possible to further
simplify the model by discretizing it. Due to universality, the critical behavior
is expected to be unchanged by doing so. We therefore consider random
walks on a regular lattice, e.g. the simple cubic lattice for a three-dimensional
model. One can think of each lattice site corresponding to a monomer and
the steps as monomer-monomer bonds.

We model excluded volume effects by considering self-avoiding random
walks which are not allowed to visit a lattice site more than once. The quality
of the solvent is modeled by an attractive short-range interaction between
non-consecutive monomers which occupy nearest-neighbor sites on the lattice.
At this point we may add more structure to our polymer model by considering
monomer-specific interactions. Specific properties of monomers i and j on the
chain lead to an interaction εi,j depending on i and j.

In this paper, we will consider three examples in detail. First, we con-
sider as pedagogical example, the problem of simulating polymers in a two-
dimensional strip. The interaction energy is simply εi,j = 0, however, the
introduction of boundaries makes simulations difficult [9].

Our second example is the HP model which is a toy model of proteins [10].
It consists of a self-avoiding walk with two types of monomers along the sites
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Fig. 14.2. HP model: shown is the conjectured groundstate of a sequence with 85
monomers on the square lattice. The monomers with a lighter shade are of type H
(hydrophobic), the monomers with a darker shade are of type P (polar)

visited by the walk – hydrophobic (type H) and polar (type P). One considers
monomer-specific interactions, mimicking the interaction with a polar solvent
such as water. The interaction strengths are chosen so that HH-contacts are
favored, e.g. εHH = −1 and εHP = εPH = εPP = 0. The central question is
to determine the density of states (and to find the ground state with lowest
energy) for a given sequence of monomers. An example of a conjectured
ground state is given in Fig. 14.2 for a particular sequence of 85 monomers
on the square lattice (the sequence is taken from [11]).

Our third example is the interacting self-avoiding walk (ISAW) model of
(homo)-polymer collapse; it is obtained by setting εi,j = −1 independent of
the individual monomers. Here, one is interested in the critical behavior in
the thermodynamic limit, ie the limit of large chain lengths. An example
of an 26-step interacting self-avoiding walk with 7 interactions is shown in
Fig. 14.3.

The partition function of n-step interacting self-avoiding walks can be
written as

Zn(β) =
∑
ϕ

e−βE(ϕ) =
∑
m

Cn,meβm , (14.1)

where E(ϕ) is the energy of an n-step walk, ϕ. Note that the second sum is
over the number m of interactions, and Cn,m is the number of configurations
of n-step self-avoiding walks with precisely m interactions.

While the motivation for simulations of the various models is different, the
central problems turn out to be similar. For interacting self-avoiding walks,
the collapse transition is in principle understood. One has a tri-critical phase
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Fig. 14.3. A 26 step interacting self-avoiding walk on a square lattice with 7
interactions

transition with upper critical dimension du = 3, so that one can derive the
critical behavior from mean-field theory for d ≥ 3 [12], whereas for d = 2
one obtains results from conformal invariance [13]. However, even though
this transition is in principle understood, there are surprising observations
above the upper critical dimension [14]. Most importantly, there is no good
understanding of the collapsed regime, which is also notoriously difficult to
simulate.

Similarly, in the HP model one is interested in low-temperature problems,
i.e. deep inside the collapsed phase. In particular, one wishes to understand
the design problem, which deals with the mapping of sequences along the
polymer chain to specific ground state structures. Again, the most important
open question is in the collapsed regime.

It is therefore imperative, to find algorithms which work well at low tem-
peratures. In the following section, we present just such an algorithm.

14.2 The Algorithm

This section describes our algorithm, as proposed in [2]. The basis of the
algorithm is the Rosenbluth and Rosenbluth algorithm, a stochastic growth
algorithm in which each configuration sampled is grown from scratch. The
growth is kinetic, which is to say that each growth step is selected at random
from all possible growth steps. Thus, if there are a possible ways to add a
step then one selects one of them with probability p = 1/a.

For example, for a self-avoiding walk on the square lattice there may be
between one and three possible ways of continuing, but it is also possible that
there are no continuing steps, in which case we say that the walk is trapped
(see Fig. 14.4).

As the number of possible continuations generally changes during the
growth process, different configurations are generated with different proba-
bilities and so one needs to reweight configurations to counter this. If one
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Fig. 14.4. For a self-avoiding walk on the square lattice, there can be between
three and one ways of continuing, and the next step is chosen with equal probability
from all possible continuations. In the right-most configuration, there is no way to
continue, and the walk is trapped

views this algorithm as approximate counting then the required weights of
the configurations serve as estimates of the total number of configurations.

To understand this point of view, imagine that we were to perform a
complete enumeration of the configuration space. Doing this requires that at
each growth step we would have to choose all the possible continuations and
count them each with equal weight. If we now select fewer configurations,
then we have to change the weight of these included configurations in order
to correct for those that we have missed. Thus, if we choose one growth
step out of a possible, then we must replace a configurations of equal weight
by one “representative” configuration with a-fold weight. In this way, the
weight of each grown configuration is a direct estimate of the total number
of configurations.

Let the atmosphere, an = a(ϕn), be the number of distinct ways in which
a configuration ϕn of size n can be extended by one step. Then, the weight
associated with a configuration of size n is the product of all the atmospheres
ak encountered during its growth, i.e.

W =
n−1∏
k=0

ak . (14.2)

After having started S growth chains, an estimator Cest
n for the total number

of configurations Cn is given by the mean over all generated samples, ϕ
(i)
n , of

size n with respective weights W
(i)
n , i.e.

Cest
n = 〈W 〉n =

1
S

∑
i

W (i)
n . (14.3)

Here, the mean is taken with respect to the total number of growth chains
S, and not the number of configurations which actually reach size n. Config-
urations which get trapped before they reach size n appear in this sum with
weight zero.

The Rosenbluth and Rosenbluth algorithm suffers from two problems.
First, the weights can vary widely in magnitude, so that the mean may be-
come dominated by very few samples with very large weight. Second, reg-
ularly occurring trapping events, i.e. generation of configurations with zero
atmosphere can lead to exponential “attrition”, i.e. exponentially strong sup-
pression of configurations of large sizes.
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To overcome these problems, enrichment and pruning steps have been
added to this algorithm, leading to the pruned and enriched Rosenbluth
method (PERM) [3]. The basic idea is that one wishes to suppress large
fluctuations in the weights W

(i)
n , as these should on average be equal to Cn.

If the weight of a configuration is too large one “enriches” by making
copies of the configuration and reducing the weights by an appropriate factor.
On the other hand, if the weight is too small, one throws away or “prunes”
the configuration with a certain probability and otherwise continues growing
the configuration with a weight increased by an appropriate factor. Note
that neither S nor the expression (14.3) for the estimate, Cest

n , are changed
by either enriching or pruning steps.

A simple but significant improvement of PERM was added in [15], where
it was observed that it would be advantageous to force each of the copies of an
enriched configuration to grow in distinct ways. This increases the diversity
of the sample population and it is this version of PERM that we consider
below.

We still need to specify enrichment and pruning criteria as well as the
actual enrichment and pruning processes. While the idea of PERM itself
is straightforward, there is now a lot of freedom in the precise choice of
the pruning and the enrichment steps. The “art” of making PERM perform
efficiently is based to a large extent on a suitable choice of these steps – this
can be far from trivial! Distilling our own experience with PERM, we present
here what we believe to be an efficient, and, most importantly, parameter free
version.

In contrast to other expositions of PERM (e.g. [11]), we propose to prune
and enrich constantly; this enables greater exploration of the configuration
space. Define the threshold ratio, r, as the ratio of weight and estimated
number of configurations, r = W

(i)
n /Cest

n . Ideally we want r to be close to 1
to keep weight fluctuations small. Hence if r > 1 the weight is too large and
so we enrich. Similarly if r < 1 then the weight is too small and so we prune.
Moreover, the details of the pruning and enrichment steps are chosen such
that the new weights are as close as possible to Cest

n :

– r > 1 → enrichment step:
make c = min(�r�, an) distinct copies of the configuration, each with
weight 1

cW
(i)
n (as in nPERM [15]).

– r < 1 → pruning step:
continue growing with probability r and weight 1

r W
(i)
n = Cest

n (i.e. prune
with probability 1 − r).

Note that we perform pruning and enrichment after the configuration has
been included in the calculation of Cest

n . The new values are used during the
next growth step.

Initially, the estimates Cest
n can of course be grossly wrong, as the al-

gorithm knows nothing about the system it is simulating. However, even if
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initially “wrong” estimates are used for pruning and enrichment the algo-
rithm can be seen to converge to the true values in all applications we have
considered. In a sense, it is self-tuning.

We also note here, that the number of samples generated for each size is
roughly constant. Ideally, in order to effectively sample configuration space,
the algorithm traces an unbiased random walk in configuration size. This
means that PERM is, in some sense, already a flat histogram algorithm. We
shall return to this central observation below.

It is now straight-forward to change PERM to a thermal ensemble with
inverse temperature β = 1/kBT and energy E (defined by some property of
the configuration, such as the number of contacts) by multiplying the weight
with the appropriate Boltzmann factor exp(−βE), which leads to an estimate
of the partition function, Zn(β), of the form

Zest
n (β) = 〈W exp(−βE)〉n . (14.4)

The pruning and enrichment procedures are changed accordingly, replac-
ing W by W exp(−βE) and Cest

n by Zest
n (β). This gives threshold ratio

r = W
(i)
n exp(−βE(i))/Zest

n (β). This is the setting in which PERM is usu-
ally described.

Alternatively, however, it is also possible to consider microcanonical es-
timators for the total number Cn,m of configurations of size n with energy
m (i.e. the “density of states”). An appropriate estimator Cest

n,m is then given

by the mean over all generated samples ϕ
(i)
n,m of size n and energy m with

respective weights W
(i)
n,m, i.e.

Cest
n,m = 〈W 〉n,m =

1
S

∑
i

W (i)
n,m . (14.5)

Again, the mean is taken with respect to the total number of growth chains
S, and not the number of configurations Sn,m which actually reach a config-
uration of size n and energy m. The pruning and enrichment procedures are
also changed accordingly, replacing Cn by Cn,m and using r = W

(i)
n,m/Cest

n,m.
As observed above, the pruning and enrichment criterion for PERM leads

to a flat histogram in length, i.e. a roughly constant number of samples being
generated at each size n for PERM. In fact, one can motivate the given prun-
ing and enrichment criteria by stipulating that one wishes to have a roughly
constant number of samples, as this leads to the algorithm performing an un-
biased random walk in the configuration size. Similarly, in the microcanonical
version described above, the algorithm performs an unbiased random walk in
both size and energy of the configurations, and we obtain a roughly constant
number of samples at each size n and energy m.

It is because of the fact that the number of samples is roughly constant in
each histogram entry, that this algorithm can be seen as a “flat histogram”
algorithm, which we consequently call flat histogram PERM, or flatPERM. In
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hindsight in becomes clear that PERM itself can be seen as a flat histogram
algorithm, at it creates a roughly flat histogram in size n. Recognizing this
led us to the formulation of this algorithm in the first place.

We have seen that by casting PERM as an approximate counting method,
the generalization from PERM to flat histogram PERM is straight-forward
and (nearly) trivial. One can now add various refinements to this method if
needed. For examples we refer the reader to [2]. We close this section with
a summary of the central steps to convert simple PERM to flatPERM by
comparing the respective estimators and threshold ratios, r:

1. athermal PERM : estimate the number of configurations Cn

– Cest
n = 〈W 〉n

– r = W
(i)
n /Cest

n

2. thermal PERM : estimate the partition function Zn(β)
– Zest

n (β) = 〈W exp(−βE)〉n
– r = W

(i)
n exp(−βE

(i)
m )/Zest

n (β)
3. flat histogram PERM : estimate the density of states Cn,m

– Cest
n,m = 〈W 〉n,m

– r = W
(i)
n,m/Cest

n,m

One can similarly generalize the above to several microcanonical parameters,
m1,m2, . . ., to produce estimates of Cn,m1,m2,....

Once the simulations have been performed the average of an observable,
Q, defined on the set of configurations can be obtained from weighted sums:

Qest
n,m =

〈QW 〉n,m

〈W 〉n,m
=
∑

i Q
(i)
n,mW

(i)
n,m∑

i W
(i)
n,m

. (14.6)

These can then be used for subsequent evaluations. For instance, the expec-
tation value of Q in the canonical ensemble at a given temperature β can
now be computed via

Qest
n (β) =

∑
m Qest

n,mCest
n,m exp(−βEm)∑

m Cest
n,m exp(−βEm)

, (14.7)

i.e. only a single simulation is required to compute expectations at any tem-
perature.

For many problems we are interested in their behavior at low temperatures
where averages of observables are dominated by configurations with high en-
ergy. Such configurations are normally very difficult to obtain in simulations.
The flatPERM algorithm is able to effectively sample such configurations
because it obtains a roughly constant number of samples at all sizes and en-
ergies (due to the constant pruning and enrichment). This means that it is
possible to study models even at very low temperatures. Examples of this are
given in the next section.
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Fig. 14.5. Probability density ρn(y) (left) and number of generated samples Sn,y

(right) versus length n and vertical endpoint coordinate y for self-avoiding walk on
a strip of width 64 on the square lattice

Fig. 14.6. Endpoint densities (scaled to the interval [0, 1]) for lengths 512, 768,
and 1024. The different curves are indistinguishable

14.3 Simulations

A good way of showing how flatPERM works is to simulate two-dimensional
polymers in a strip. This kind of simulation has previously been performed
with PERM using Markovian anticipation techniques [9] which are quite com-
plicated. With flatPERM one simply chooses the vertical position of the end-
point of the walk in the strip as an “energy” for the algorithm to flatten
against. We have found that this produces very good results.

Figure 14.5 shows the results of our simulations of 1024-step self-avoiding
walks in a strip of width 64. The left-hand figure is the probability density
ρn(y) of the endpoint coordinate y shown as a function of walk length n.
The right-hand figure shows the actual number of samples generated for each
length n and end point position y. One sees that the histogram of samples
is indeed nearly completely flat. One can now extract several quantities from
such simulations (see [9]), but we restrict ourselves here to the scaled end-
point density shown in Fig. 14.6.
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Fig. 14.7. Sequence I (14 Monomers, HPHPHHPHPHHPPH, d = 3): density of
states versus energy (above) and specific heat CV /n versus temperature T (below)

Next we show results from simulations of the HP-model. Here, we have
obtained the whole density of states for small model proteins with fixed se-
quences. The first sequence considered (taken from [7]) is small enough to
enable comparison with exact enumeration data. It has moreover been de-
signed to possess a unique ground state (up to lattice symmetries).

Figure 14.7 shows our results. We find (near) perfect agreement with exact
enumeration even though the density of states varies over a range of eight
orders of magnitude! The derived specific heat data clearly shows a collapse
transition around T = 0.45 and a sharper transition into the ground state
around T = 0.15.

The next sequence (taken from [11]) is the one for which Fig. 14.2 shows
a state with the lowest found energy. Figure 14.8 shows our results for the
density of states and specific heat. We find the same lowest energy E = 53
as [11] (though this is not proof of it being the ground state). The density of
states varies now over a range of 30 orders of magnitude! The derived specific
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Fig. 14.8. Sequence II (85 Monomers, d = 2): density of states versus energy
(above) and specific heat CV /n versus temperature T (below)

heat data clearly shows a much more complicated structure than the previous
example.

For several other sequences taken from the literature we have confirmed
previous density of states calculations and obtained identical ground state
energies. The sequences we considered had n = 58 steps (3 dimensions,
Emin = −44) and n = 85 steps (2 dimensions, Emin = −53) from [11],
and n = 80 steps (3 dimensions, Emin = −98) from [16]. We studied also a
particularly difficult sequence with n = 88 steps (3 dimensions, Emin = −72)
from [17], but the lowest energy we obtained was E = −69. While we have
not been able to obtain the ground state, neither has any other PERM im-
plementation (see [11]).

We now turn to the simulation of interacting self-avoiding walks (ISAW)
on the square and simple cubic lattices. In both cases have we simulated
walks up to length 1024. Here, we encounter a small additional difficulty;
when PERM is initially started it is effectively blind and may produce poor
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Fig. 14.9. Number of configurations Cn,m (left) and number of generated samples
(right) versus internal energy m/n and length n for ISAW on the square lattice, for
various total sample sizes: 106 (top), 107 (middle), and 108 (bottom)

estimates of Cn,m and this may in turn lead to overflow problems. It is there-
fore necessary to stabilize the algorithm by delaying the growth of large
configurations. For this, it suffices to restrict the size of the walks by only
allowing them to grow to size n once t = cn tours (the number of times the
algorithm returns to an object of zero size) has been reached. We found a
value of c ≈ 0.1 sufficient.

Figure 14.9 shows the equilibration of the algorithm due to the delay.
Snapshots are taken after 106, 107, and 108 generated samples. While the
sample histogram looks relatively rough (even on a logarithmic scale) the
density of states is already rather well behaved. In the plots one clearly sees
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Fig. 14.10. Number of configurations Cn,m (left) and number of generated samples
(right) versus internal energy m/n and length n for ISAW on the square lattice
(above) and simple cubic lattice (below)

Fig. 14.11. Normalized fluctuations σ2(m)/n versus inverse temperature β =
1/kBT for ISAW on the square lattice (above) and the simple cubic lattice (be-
low) at lengths 64, 128, 256, 512, and 1024. The curves for larger lengths are more
highly peaked. The vertical lines denote the expected transition temperature at
infinite length

the effect of large correlated tours in which large number of enrichments
produce many samples with the same initial walk segment.

The final result of our simulations for interacting self-avoiding walks in
two and three dimensions is shown in Fig. 14.10. It clearly shows the strength
of flatPERM: with one single simulation can one obtain a density of states
which ranges over more than 300 orders of magnitude!
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From these data one can now, for example, compute the specific heat
curves Cn = kB(βε)2σ2(m)/n. The results for both systems are shown in
Fig. 14.11. We see that the data is well behaved well into the collapsed low-
temperature regime.

14.4 Conclusion and Outlook

We have reviewed stochastic growth algorithms for polymers. Describing the
Rosenbluth and Rosenbluth method as an approximate counting method has
enabled us to present a straight-forward extension of simple PERM to flat
histogram PERM. Using this algorithm one can obtain the complete density
of states (even over several hundred orders of magnitude) from one single
simulation.

We demonstrated the strength of the algorithm by simulating self-avoiding
walks in a strip, the HP-model of proteins, and interacting self-avoiding walks
in two and three dimensions as a model of polymer collapse.

Further applications are in preparation, e.g. simulations of branched poly-
mers, and simulations of higher-dimensional densities of states.
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Abstract. We present a mathematical analysis of the Wang-Landau algorithm,
show the density of states is well represented by the average histogram, and identify
sources of error in simulation. In particular, we find that after an initial stage of
data accumulation, the histogram increases uniformly with small fluctuation, and
obtain the dependence of the statistical error on the modification factor.

The Wang–Landau (WL) algorithm [1] is a new type of Monte Carlo (MC)
simulation method, which has received much attention lately. It is simple
and versatile, and more importantly, circumvents many of the difficulties
faced by conventional MC methods, such as long relaxation times due to
critical slowing down near phase transitions, or frustration, or complex energy
landscape in complex systems such as proteins. One especially attractive
feature of the WL algorithm is that one performs a single simulation to
obtain thermodynamic information at all temperatures. To date, the WL
algorithm has been used to study classical discrete spin models [1,2], models
with continuous degrees of freedom [3], quantum mechanical models [4] as
well as glassy systems [5].

Though there has been substantial research in augmenting the original
algorithm [6], to improve performance, correct errors, and expand the sphere
of applicability, most has relied on innovative, empirical tricks, justified nu-
merically for each specific implementation. Many fundamental issues remain
unanswered. The WL algorithm, in its quest for the density of states, uses a
parameter called the modification factor, and aims for a flat histogram. This
raises several questions, e.g. (a) what is the relationship between flatness of
the histogram and the accuracy of the method; (b) how does the modifica-
tion factor affect the error; and (c) how does the simulation actually find the
density of states. These are among the issues we address in our analytical
study of the WL algorithm.

The WL algorithm aims to calculate the density of states �(E) of the
system. It performs a random walk in state space by biasing the walk with
a function g(E), which is a function of energy. Using an acceptance ratio
min{1, g(Ef )/g(Ei)}, where Ei and Ef refer to energies before and after this
transition, the algorithm produces a final histogram h(E). h(E) is related to
the equilibrium distribution of the free random walk �(E) by �(E)g(E) =
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h(E), provided that both sides of the identity are normalized. This identity
is essentially a result of detailed balance. The aim of the WL algorithm is
to learn g(E) = 1/�(E) from the simulation so that the histogram h(E) is
expected to be flat. Here �(E) is understood to be the density of states of the
physical model, which is a priori unknown in the simulation.

We begin our analysis by clarifying the relevant parameters. Suppose the
phase space of our physical model is divided into N classes with density
(number of configurations) �i for class i (i = 1, 2 · · ·N). These class labels
could refer to energy, magnetization, or other macroscopic variables. Each
configuration in the phase space uniquely belongs to one class. We use γ for
the modification factor f defined in [1]. The histogram hi with 1 ≤ i ≤ N
is defined as the number of visits of each class in the simulation. A free
random walk in the phase space generates a histogram proportional to the
density �i. In the original implementation [1], one record is inserted into
the histogram every sequential sweep of the system, hence the histogram is
a record of the outcomes of a series of trial flips. Therefore, in general, we
have a second tunable parameter of the algorithm, namely, the separation
S between successive records in the histogram, defined as the number of
trial flips (random steps) that precedes each increment of the histogram. S
successive steps of random walk should be regarded as a single transition
i → f . In what follows, we assume that S is large enough to decorrelate the
initial class i and final class f .

In general, we can start the algorithm with a guess of �i, which we call
θi. Initially, the simulation uses an acceptance ratio min{1, θi/θf} to bias
the random walk. The resultant distribution {�i/θi} is calculated in the fol-
lowing simulation. The first record k1 in the histogram is generated with a
probability distribution Z−1

1 �k1/θk1 , where Z1 =
∑

�k/θk is the normaliza-
tion constant. At this point, the WL algorithm reduces the acceptance ratio
of state k1 by a factor γ. Next the second record is generated; its conditional
probability is P (k2|k1) = (�k2/θk2)γ

−δk1,k2 , where the Kronecker δ ensures
that if k2 happens to be the same as k1 then its probability is reduced by
a factor of γ. Because of the assumption of large separation S between k2

and k1, these two entries in the histogram are not correlated. In general, the
conditional probability of n-th record is given by 5

P (kn|kn−1 · · · , k1) = Z−1
n

(
�kn

θkn

)
γ−
∑n−1

i=1
δknki . (15.1)

The probability of a sequence {k1, k2, . . . kM} with M elements, where ki, i =
1, 2, . . . M take values from {1, 2, . . . N} is a product of conditional proba-

bilities given above: P ({k1, . . . kM}) = γ
−
∑

i>j
δki,kj

∏M
i=1 Z−1

i (�ki
/θki

). We
rewrite this probability in terms of the histogram {h1, h2, . . . hN}:

PM (h1, . . . hN ) =
M !∏

Zi

N∏
i=1

(�i/θi)
hi

hi!
γ−hi(hi−1)/2 . (15.2)
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The exponent of γ is the result of counting pairs (ki, kj) with i > j in the
sequence {k1, k2, . . . kM} whose elements ki and kj are equal. However,

∏
Zi

still depends on the whole sequence {k1, k2, . . . kM}. To proceed analytically,
we construct an artificial ensemble that allows M =

∑
hi to fluctuate around

its expectation value, and keep the fluctuation small compared to
√

〈M〉. In
(15.2), the quadratic term hi(hi − 1)/2 is responsible for guiding the sim-
ulation, so we keep it in our construction. A simple artificial ensemble is
written down in analogy to Poisson distribution, in which hi’s are expected
to be independent random variables, and a “chemical potential” µ controls
the average length of the sequence:

P (h1, . . . hN ) =
1
Z

N∏
i=1

eµhi

hi!

(
�i

θi

)hi

γ−hi(hi−1)/2 . (15.3)

We will show the standard deviation of M is asymptotically a constant so that
this ensemble captures the major properties of real ensemble of the computer
simulations. Let x = 1

2 ln γ and yi = (1
2 + ln �i − ln θi + µ). The partition

function Z becomes Z =
∏N

i=1 Zi, where Zi = ey2
i /4xZ(x, yi), and

Z(x, y) =
∞∑

i=0

1
n!

exp
[
−x
(
n − y

2x

)2]
. (15.4)

we calculate Z(x, y) by a Fourier transform to the variable t = y/2x and
summing up the series. The inverse Fourier transformation is evaluated con-
veniently by asymptotic series expansion at the saddle point, the result is

Z(x, y) = (1 + 2xeη)−1/2 exp
(

η2

4x
+ eη − ηy

2x

)
eV (d/dh)eh2/2A |h=0 , (15.5)

where η is the solution of the saddle point condition: y = η + 2xeη, and
A = 1/2x + eη. The asymptotic series given by V (ε) = eη

∑∞
n=3 (−iε)n/n! is

written formally. lnZi is conveniently expressed as a function of x and yi

ln Zi(x, yi) = xe2ηi + eηi − ln
√

1 + 2xeηi + O(e−ηi) . (15.6)

Here ηi is an implicit function of x and yi. The O(e−ηi) correction comes
from ln{exp[V (d/dh)] exp(h2/2Ai)} |h=0. In the relevant regime 2xeηi � 1
(justified below), the first order correction eηi

[
(8A2

i )
−1 − 5eηi(24A3

i )
−1
]

is of
order e−ηi . Figure 15.1 compares the results of the approximation, truncated
at the lowest and first order, with the exact numerical value. The convergence
is good at large values of t = y/2x.

The expectation values are calculated from:
〈
h2

i

〉
= − ∂

∂x ln Zi and 〈hi〉 =
∂

∂yi
ln Zi. After some algebra, we get:

〈
h2

i

〉
= e2ηi +

eηi

(1 + 2xeηi)2
+ O(e−2ηi) , (15.7)

〈hi〉 = eηi − xeηi

(1 + 2xeηi)2
+ O(e−2ηi) . (15.8)
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Fig. 15.1. The error of saddle point approximation, ln (Zexact/Zapp). Zexact is
calculated by adding the series in (15.4) up to machine accuracy. The lower three
curves (S) are calculated by using the saddle point approximation (15.5) only. The
upper three curves (C) take the first order correction into account. As can be seen,
the latter converge faster at large t

The asymptotic behavior of 〈hi〉 is clearly 〈hi〉 = eηi . We can control 〈hi〉 in
the simulation by allowing it to run for a certain time so that 2 × eηi � 1
is satisfied to ensure the self-consistency. Combining (15.8) and saddle point
condition, we have yi(〈hi〉) = ln 〈hi〉+2×〈hi〉 asymptotically, which implies:
(�iθj)/(�jθi) = (〈hi〉 / 〈hj〉)γ〈hi〉−〈hj〉. Apart from a prefactor 〈hi〉 / 〈hj〉),
the ratio of density of states is reflected by the difference of histogram. This
prefactor is a negligible weak correction, especially when the simulation runs
for a long time, resulting in a “flat” histogram (hi/hj → 1), although the
difference 〈hi〉 − 〈hj〉 is maintained.

The standard deviation σ2(hi) =
〈
h2

i

〉
− 〈hi〉2 of the histograms is calcu-

lated directly from (15.7) and (15.8). Keeping only the O(1) term, we find
σ(hi) = 1/

√
ln γ when 2xeηi � 1. Because σ(hi) is finite, the length of the

sequence M =
∑

i hi also has a finite standard deviation independent of 〈M〉.
This property confirms the resemblance of our artificial ensemble with real
computer simulations. The standard deviation of ln �i given by a single his-
togram is approximately σ(ln �i) = σ(hi) ln γ =

√
ln γ. By using γ → 1, the

resolution of the algorithm is improved: δ�i/�i → 0. However, the improve-
ment in the asymptotic regime is somewhat slower than one could have hoped
for, being dependent on

√
ln γ. On the other hand, the relative insensitivity

of the error to γ suggests that relatively large γ could be employed at early
stages to speed up the convergence.

The histogram hi enters the asymptotic regime of fluctuating linear
growth hi(M) = logγ(�i/θi) + M/N + ri(M) when 2xeηi � 1, where ri(M)
is a random number which has zero mean and standard deviation 1/

√
ln γ.

This behavior is illustrated in Fig. 15.2, which shows three snapshots of the
histograms calculating the density of states of a two-dimensional Ising model.
We have used γ = e4 in this simulation to reveal the fluctuation of the his-
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Fig. 15.2. Snapshots of the histogram of a simulation of two-dimensional Ising
model on a 32 by 32 lattice with γ = e4. Three parallel curves are histograms of
three lengths labeled in the figure. The fourth curve is �′(E) calculated from the last
histogram (M = 76950), which overlaps with the exact �(E) within the accuracy
of the width of the line in this figure

togram. The simulation visits energies with high density of states first, then
extends the histogram to the whole spectrum. Once the whole spectrum is
visited, the histogram grows uniformly with small fluctuation.

Two important consequences follow. Firstly, a flat histogram is not re-
quired for convergence; the histogram is ready for evaluating �i in the as-
ymptotic regime when the flat growth is seen. Secondly, the statistical error
can be reduced by averaging over multiple results obtained with the same γ.
Our strategy for a single iteration simulation is to run until a minimum num-
ber of visits have been accumulated (hi > 1/ ln γ for i = 1, . . . , N), followed
by measurements separated by a short simulation which decorrelates ri(M).
Usually 1/

√
ln γ visits on each category is enough. With K measurements,

the statistical error in ln �i is reduced to ci

√
(ln γ)/K, where ci is an O(1)

prefactor that appears in a real simulation.
To summarize, we have analyzed the convergence of the WL algorithm

based on an artificial ensemble which mimics the simulations very closely, and
find: (i) the density of states is encoded in the average histogram; and (ii)
the statistical error caused by fluctuations in the histogram is proportional
to

√
ln γ, which can be reduced by averaging over multiple measurements.

Though the artificial ensemble (15.3) contains some implicit hypotheses, we
have recently formulated a direct proof of flat growth of the histogram, which
leads to the same conclusions, and will be presented elsewhere [7].
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Abstract. We present a new algorithm, combining cluster updates with Wang–
Landau sampling and compare the performance to local updates.

16.1 Introduction

With the development of the Wang–Landau algorithm [1], a scalable and easy
implementation of the multicanonical ensemble [2] has been achieved and has
seen widespread use. A recent investigation [3] has however shown, that the
multicanonical ensemble does not show the N2 scaling of the autocorrelation
times expected for an unbiased Markovian random walk over N energy levels,
but performs slower due to the slowing down of the random walk around
the critical energy. Two approaches can be taken to remedy this: changing
the ensemble [4], or using cluster updates as proposed for the multibondic
representation of the Ising model [5], or for quantum systems [6]. Here we will
show that a combination of cluster updates with Wang–Landau sampling, as
used for quantum systems [6] can also be used for classical systems and we
will arrive at a generalization of the multibondic ensemble [5, 7].

We start the treatment as general as possible. We deal with the partition
function of a classical model on a lattice with a Hamiltonian

H[C] = −
∑
ij

hij [Ci, Cj ] . (16.1)

We write C for the configuration of the system and Ci for the configuration
at site i. The energies of the Hamiltonian are shifted so that hij [Ci, Cj ] ≥ 0
for all configurations. The partition function of a classical system is usually
expressed through the density of states ρ(E) as

Z =
∑
C

e−βH[C] =
∑
E

ρ(E) e−βE . (16.2)

We can also write the partition function in (16.2) as a Taylor series in the
inverse temperature β

Z =
∑
n≥0

g(n)βn , (16.3)
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with g(n) =
∑

C(−H[C])n/n!, which can be sampled using a flat histogram
method in the order n with local configuration and order updates. In a practi-
cal computation, the sum over n will be truncated at some cutoff Λ restricting
the largest inverse temperature that can be reached to βmax ∼ Λ/N [6]. To
implement cluster updates for the configurations we use

e−βH[C] =
∏
ij

eβhij [Ci,Cj ] . (16.4)

Expanding the exponentials we obtain

Z =
∑

{nij≥0}

∑
C

∏
ij

hij [Ci, Cj ]nij

nij !
β
∑

nij (16.5)

=
∑
n≥0

⎡
⎢⎣ ∑
{nij |
∑

nij=n}

∑
C

W (C, {nij})

⎤
⎥⎦βn . (16.6)

We have extended our state space from the configuration C to a configuration–
order pair (C, {nij}) with a local nij for each bond. The weight of a state
(C, {nij}) is given by

W (C, {nij}) =
∏
ij

hij [Ci, Cj ]nij

nij !
=
∏
ij

wij(Ci, Cj , nij) . (16.7)

This representation can be viewed as the classical limit of the stochastic
series expansion method for quantum systems [8]. Two types of updates are
needed: updates in the {nij} and updates in the configuration C. Applying
a flat histogram method in the total order n, an order update {nij} → {n′

ij}
(usually n′

ij = nij ± 1 for one ij is a good choice) will be accepted with
probability

Paccept = min

⎧⎨
⎩1,
∏
ij

(
hij [Ci, Cj ]n

′
ij−nij

nij !
n′

ij !

)
ĝ(
∑

nij)
ĝ(
∑

n′
ij)

⎫⎬
⎭ , (16.8)

where ĝ(n) is an estimate of g(n). In a local update scheme, a configuration
update C → C ′ (usually a change in the configuration of a single site Ci →
C ′

i) at fixed {nij} will be accepted with probability

Paccept = min

⎧⎨
⎩1,
∏
ij

(
hij [C ′

i, C
′
j ]

hij [Ci, Cj ]

nij
)⎫⎬
⎭ . (16.9)

16.2 Cluster Updates

Because the weight of a state factors into bond weights, cluster updates can
now be performed on the configurations using a cluster update scheme such
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as the Swendsen–Wang [9] or Wolff algorithm [10]. The only difference to the
canonical cluster algorithms is in the probability to insert a Swendsen–Wang
bond connecting two sites. Denoting by wij the weight of a bond before a
flip and by w′

ij the weight after a flip of one of the sites, the connection
probability in the cluster update is given by

Pconnect = 1 − min
{

1,
w′

ij

wij

}
, (16.10)

which in the case of a canonical ensemble simulation of the Ising ferromagnet
reduces to the well known 1 − exp(−2βJ) for parallel spins. In the series
representation the connection probability becomes

Pconnect = 1 − min

{
1,

(
hij [C ′

i, C
′
j ]

hij [Ci, Cj ]

)nij
}

. (16.11)

A direct consequence is that Swendsen–Wang bonds forming a cluster can
be inserted only onto bonds with nij > 0. In contrast to the Wang–Landau
sampling of the multibondic representation of the Ising model as introduced
by Yamaguchi and Kawashima [5], we cannot update the nij globally. On the
other hand, our method can be used to implement a cluster update for any
O(n) model using the Wolff embedding trick [10].

16.3 Performance

To compare the performance of single spin updates (16.9) and cluster updates
(16.11) in the sampling of the partition function, we compare the tunneling
times for both algorithms from a random state at n = 0 to a state with an
energy within 5% of the ground state energy for a one-dimensional XY model
with open boundary conditions. Because the nij updates (16.8) are the same
for both algorithms, we measure the number of spin updates needed to reach
the low energy state (τSpin), while performing many nij updates so that the
nij are equilibrated for a particular spin configuration C (in the simulations
for Fig. 16.1 only 0.1% of the updates were spin updates). The comparison of
both updates clearly shows the improved scaling of the cluster updates. The
fact that the cluster updates seem to follow the N2 scaling of an unbiased
random walk may be due to the fact that the final energy is still too high, but
even for these energies the single spin updates have an extra log(L) factor.

16.4 Conclusions

We have demonstrated that cluster updates can be used in conjunction with
flat histogram methods for classical systems by using a series representation of
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Fig. 16.1. Tunneling time τSpin to reach an energy 5% within the ground state
energy for single spin and cluster updates as described in the text. The lines are
drawn as a guide to the eye

the partition function and that the cluster updates show an improved scaling
compared to single spin updates. The algorithm can be viewed as the classical
limit of the quantum version of Wang–Landau sampling [6] and can be applied
to any classical system for which cluster updates are known. In contrast to
the multibondic cluster algorithm with Wang–Landau updates [5] however,
the bond indices {nij} cannot be updated globally leading to correlations
between between sequential {nij}. A detailed description and the relationship
of this new algorithm to the multibondic cluster algorithm for Wang-Landau
sampling will be presented in a forthcoming publication. We acknowledge
financial support of the Swiss National Science Foundation.
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Abstract. We present a new Monte Carlo algorithm, which we refer to as the
multibaric-multithermal algorithm. This algorithm allows the simulation to per-
form a random walk widely both in volume space and in potential-energy space.
From only one simulation run, one can calculate average quantities in the isobaric-
isothermal ensemble at any temperature and pressure values. We discuss the effec-
tiveness of this algorithm by applying it to a Lennard–Jones potential system.

17.1 Introduction

Monte Carlo (MC) algorithm is one of the most widely used methods of
computational physics. In order to realize desired statistical ensembles such
as the canonical [1], isobaric-isothermal [2], and microcanonical [3] ensembles,
corresponding MC techniques have been proposed. Besides the above physical
ensembles, it is now almost a default to simulate in artificial, generalized
ensembles so that the multiple-minima problem in complex systems can be
overcome. The multicanonical algorithm [4,5] is one of the most well known
such methods in generalized ensemble. In the multicanonical ensemble, a non-
Boltzmann weight factor is used so that a free one-dimensional random walk is
realized in the potential-energy space. Thus, one can obtain various canonical-
ensemble averages in a wide range of temperature T from one simulation
run by the reweighting techniques [6]. However, it is impossible to change
the volume V of the system and to specify pressure P as in experimental
environments, since the simulation is performed in a fixed volume.

In order to overcome these difficulties, we recently proposed a new MC
algorithm in which one can obtain various isobaric-isothermal ensembles from
only one simulation run [7]. We refer to this method as the multibaric-
multithermal algorithm. This MC simulation performs a random walk in
two-dimensional space: volume space as well as potential-energy space.

17.2 Methods

In the multibaric-multithermal ensemble, every state is sampled by the
multibaric-multithermal weight factor Wmbt(E, V ) so that a uniform distri-
bution Pmbt(E, V ) of potential energy E and volume V may be obtained:
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Fig. 17.1. (a) The probability distribution from the initial isobaric-isothermal
simulation and (b) that from the production run after 12 iterations

Pmbt(E, V ) = n(E, V )Wmbt(E, V ) = constant , (17.1)

where n(E, V ) means the density of states. By replacing Wmbt(E, V ) by
exp[−β0(E + P0V )] (β0 = 1/kBT0, T0 and P0 are temperature and pres-
sure at which simulations are performed, respectively), (17.1) will return to
the isobaric-isothermal distribution.

The multibaric-multithermal weight factor is, however, not a priori known
and has to be determined by the usual iterations of short simulations [8–10].
After an optimal weight factor Wmbt(E, V ) is determined, a long produc-
tion simulation is performed for data collection. We can apply the reweight-
ing techniques [6] to the results of this production run in order to calculate
the isobaric-isothermal-ensemble averages at the designated temperature T
and pressure P . Namely, the probability distribution PNPT(E, V ;T, P ) in the
isobaric-isothermal ensemble in wide ranges of T and P is given by

PNPT(E, V ;T, P ) =
Pmbt(E, V )W−1

mbt(E, V )e−β(E+PV )∫
dV
∫

dEPmbt(E, V )W−1
mbt(E, V )e−β(E+PV )

. (17.2)

The expectation value of a physical quantity A at T and P is estimated from

〈A〉NPT =
∫

dV

∫
dE A(E, V )PNPT(E, V ;T, P ) . (17.3)

Because of a random walk in the potential-energy space, we can calculate
physical quantities in a wide range of T . Similarly, due to a random walk
in the volume space, we can calculate physical quantities in a wide range of
P/T . Here, we should note that the conjugate variable for E is 1/T , that is,
T , and the conjugate variable for V is P/T , rather than P only.

17.3 Computational Details

We now give the details of our simulations. We consider a Lennard–Jones
12-6 potential system. The length and the energy are scaled in units of the
Lennard–Jones diameter σ and the depth of the potential ε, respectively. We
use an asterisk (∗) for the quantities reduced by σ and ε.
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Fig. 17.2. (a) Average potential energies per particle 〈E∗/N〉NPT by the isobaric-
isothermal MC simulation and (b) 〈E∗/N〉NPT by the multibaric-multithermal MC
simulation. Filled circles: Combination of our MC simulations with the reweighting
technique. Solid curves: Equation of states calculated by Johnson et al. [13]. Broken
curves: Equation of states calculated by Sun and Teja [14]. The areas encircled by
doted curves indicate those in which the results by the reweighting techniques agree
well with the equations of states

We used 500 particles in a cubic unit cell with periodic boundary con-
ditions. We started the multibaric-multithermal weight factor determination
from a regular isobaric-isothermal simulation at T ∗

0 = 2.0 and P ∗
0 = 3.0.

These temperature and pressure values are respectively higher than the criti-
cal temperature T ∗

c and the critical pressure P ∗
c [11]. Recent reliable data are

T ∗
c = 1.3207(4) and P ∗

c = 0.1288(5) [12]. The cutoff radius r∗c was taken to be
L∗/2. A cut-off correction was added for the pressure and the potential en-
ergy. In order to obtain flat probability distribution Pmbt(E, V ), we carried
out relatively short MC simulations of 100,000 MC sweeps. In the present
case, it was required to make 12 iterations to get an optimal multibaric-
multithermal weight factor Wmbt(E, V ). We then performed a long produc-
tion run of 400,000 MC sweeps.

For the purpose of comparisons of the new method with the conventional
one, we also performed the isobaric-isothermal MC simulations of 400,000 MC
sweeps with 500 Lennard–Jones 12-6 potential particles.

17.4 Results and Discussion

We now present the results of the multibaric-multithermal simulation of
the Lennard-Jones system. Figure 17.1a shows the probability distribution
PNPT(E∗/N, V ∗/N) from the isobaric-isothermal simulation first carried out.
It is a bell-shaped distribution. As the iteration proceeds, the probability
distribution Pmbt(E∗/N, V ∗/N) will become flat and broad gradually. Fig-
ure 17.1b shows that the multibaric-multithermal MC simulation indeed sam-
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Fig. 17.3. (a) Average volumes per particle 〈V ∗/N〉NPT by the isobaric-isothermal
MC simulation and (b) 〈V ∗/N〉NPT by the multibaric-multithermal MC simulation.
See the caption of Fig. 17.2 for details

pled the configurational space in much wider ranges of E∗ and V ∗ than the
conventional isobaric-isothermal MC simulation.

In order to investigate the T ∗ and P ∗/T ∗ ranges in which the isobaric-
isothermal and the multibaric-multithermal method can determine accu-
rately average physical quantities by the reweighting techniques, we show
〈E∗/N∗〉NPT and 〈V ∗/N∗〉NPT as functions of T ∗ at several P ∗/T ∗ values
in Figs. 17.2 and 17.3. These figures also show the curves of two equations
of states of the Lennard–Jones 12-6 potential fluid. One was estimated by
Johnson et al. [13] and the other by Sun and Teja [14]. These curves are used
as reference in the present work. The areas encircled by doted curves roughly
indicate those in which the results by the reweighting techniques agree well
with the equations of states.

One cannot calculate the ensemble averages of physical quantities cor-
rectly by combining the isobaric-isothermal algorithm with the reweighting
techniques except at T ∗ and P ∗/T ∗ very close to T ∗

0 and P ∗
0 /T ∗

0 , respec-
tively as shown in Figs. 17.2a and 17.3a. As T ∗ or P ∗/T ∗ is going far from
T ∗

0 or P ∗
0 /T ∗

0 , the error bars of any physical quantities and the deviations
from its correct value will get large. The ranges in which 〈E∗/N〉NPT and
〈V ∗/N〉NPT are correct are 1.6 ≤ T ∗ ≤ 2.5 and 1.0 ≤ P ∗/T ∗ ≤ 1.9. On the
other hand, the multibaric-multithermal simulation enables us to calculate
physical quantities in wide ranges of both T ∗ and P ∗/T ∗. Figures 17.2b and
17.3b show that the multibaric-multithermal data agree with the equations of
states well in 1.0 ≤ T ∗ ≤ 3.4 and 0.1 ≤ P ∗/T ∗ ≤ 2.8. That is, the multibaric-
multithermal simulation provides correct average quantities in the ranges of
T ∗ and P ∗/T ∗ about three times wider than the isobaric-isothermal simula-
tion. These reliable ranges of T ∗ and P ∗/T ∗ for the reweighting techniques
depend on how much effort one is willing to spend for the weight factor deter-
minations. In principle, the multibaric-multithermal simulation can provide
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various isobaric-isothermal ensemble averages at any T ∗ and P ∗/T ∗ values if
the ideal weight factor is obtained.

17.5 Conclusions

In this article, we presented a new generalized-ensemble MC algorithm, the
multibaric-multithermal algorithm. We can obtain various isobaric-isothermal
ensemble averages from only one simulation run in wide ranges of T and P/T .
Because of this advantage, we think that these new algorithms will be of use
for investigating a large variety of more complex systems.
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Abstract. We present an implementation of umbrella sampling which allows us to
sample and overcome free energy barriers. To this end, we focus on a subdivision
of relevant states into very small windows which are sampled consecutively. This
allows us to simulate without a weight function or to generate it during simulation
by extrapolating results of previously sampled windows to the neighboring window.
We argue that the efficiency of our scheme is in principle comparable to a weighted
simulation of all states without subdivision. In our case, however, we do not need
to know the weight function before the simulations starts. As a first application
we determine the phase behavior and interfacial properties of hexadecane with
a coarse-grained model. In this context, we observe a very good agreement with
experiments which is comparable to much more involved united-atom models.

18.1 Introduction

The efficient sampling of free energy barriers remains a considerable challenge
in condensed matter physics, though substantial progress has been achieved
in recent years [1,2]. In computer simulations microscopic states are sampled
and linked to thermodynamical quantities in a probabilistic fashion. The
Helmholtz free energy A of a system containing n molecules can for instance
be derived from the probability distribution P [n]: A[n] = −kBT ln P [n] +
const., where kB stands for Boltzmann’s constant and T for temperature.
Therefore, regions of low probability correspond to barriers in the free energy,
which may eventually slow down the simulation. We address this problem
with an implementation of umbrella sampling [3] and exemplify the scheme
with a study of a coarse-grained model of hexadecane.

18.2 A Coarse-Grained Model for Hexadecane

Our bead-spring model [4,5] aims at reproducing the crude structure of alka-
nes. In this spirit we map roughly 3 CH2-groups onto a coarse-grained bead
such that hexadecane is represented by a chain of five monomers. Internal
degrees of freedom are neglected, which results in a considerable reduction of
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Fig. 18.1. (a) The upper drawing corresponds to a united-atom representation,
the lower drawing depicts the coarse-grained model which was used to determine
the phase diagrams in Sec.IV. (The diameter of the spheres is σ, respectively. For
simplicity, only the stretched version of the molecules are drawn.) (b) Free en-
ergy as a function of pentamer number at T = 1.38ε/kB and V = 9 ∗ 9 ∗ 18 σ3.
The coexistence densities at temperature T is given by ρ = ng/l/V , the in-
terfacial tension γ = ∆A/2L2. Inset: Representive configuration for n = 100
pentamers

computational effort in comparison to more involved united-atom represen-
tations (Fig. 18.1).

Coarse-grained beads interact via a truncated and shifted Lennard–Jones
potential:

VLJ(r) =

{
4ε
[(

σ
r

)12 − (σ
r

)6 + 127
16384

]
if r < rc

0 else.
(18.1)

r denotes the distance between particles and rc = 2rmin = 2 6
√

2 σ the cutoff.
Adjacent beads along a chain are bonded together with an additional FENE
potential:

VFENE(r) = −33.75ε · ln
[
1 −
(

r

1.5σPP

)2
]

. (18.2)

Parameters ε and σ in (18.1) and (18.2), which describe the depth and the
radius of the interaction, are determined by equating the critical point of the
simulation (T = 1.725, ρ = 0.27/σ3) with the critical point of experiments
(T = 723 K and ρ = 0.219 g/cm).

Simulations take place in the grand canonical (µ, V, T ) ensemble. We em-
ploy periodic boundary conditions, particle insertion and deletion attempts
are realized with a grand canonical configurational bias algorithm [6]. A typ-
ical free energy landscape at coexistence is shown in Fig. 18.1b. In an un-
weighted simulation, the system would either stay in the gas or the liquid
phase because the free energy barrier between both states is too large. In
such a situation our approach becomes advantageous.
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18.3 Successive Umbrella Sampling

In successive umbrella sampling [7], the pertinent range of states is subdi-
vided into small windows which are sampled consecutively. In the easiest
implementation, we start with an empty box and allow the system to change
only between 0 and 1 particle. A histogram H(n) monitors how often each
state is visited. After a predetermined number of insertion/deletion Monte
Carlo steps, we determine the ratio H(1)/H(0), move the window to the right
(to allow 1 and 2 particles) and start all over again. After all relevant states
have been sampled this way, the probability distribution is

P (n)
P (0)

=
H(1)
H(0)

· H(2)
H(1)

· · · H(n)
H(n − 1)

. (18.3)

Free energy differences within a window are relatively small such that no
weight function is required. However, the consecutive sampling also allows
us to extrapolate P (n) into the next window which is about to be sampled.
This way we can generate an educated guess for the weight function w(n +
1) = ln(P (n + 1)) and flatten even the small differences within the windows
(Psim[n + 1] = P [n + 1] exp(−w[n + 1]) ≈ 1). The original distribution can
be regained by multiplying the weighted distribution Psim(n) with exp(w[n])
The first window is usually unweighted, w(2) is obtained from a linear and
w(n > 2) from quadratic extrapolation.

In principle (i.e., if the restiction to small window sizes does not impart
samling difficulties) our scheme is as fast as a weighted simulation without
subdivision. If the relative error of the ratio in a single window is ∆, Gaussian
error propagation of (18.3) leads to an accumulated error of order

√
n∆. To

have comparable overall errors, the error in each window needs to be smaller
by a factor of

√
n when compared to the error of a weighted simulation

without subdivision. In both cases, it takes O(n2) = n · nO(1) Monte Carlo
steps [7].

Our approach is easy to implement, does not violate detailed balance
and we do not need to know a weight function before the simulation starts.
Possible applications are manyfold and range from the study of quantum spin
models [8] to off-lattice simulations of colloidal suspensions [9] (also compare
with R.L.K Vink’s contribution in this book). For a complete error analysis
of the method and a discussion of possible limitations, the reader is referred
to [7].

18.4 Phase Behavior and Interfacial Tension
of Hexadecane

Both the simulated coexistence curve (Fig. 18.2a) and the interfacial tension
(Fig. 18.2b) are in very good agreement with experiments, which affirms our
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Fig. 18.2. (a) Coexistence curve, (b) interfacial tension of hexadecane as a function
of temperature in comparison with experiments [10,11] and united-atom simulations
[12]. The solid black lines are only “guides to the eye”. For the liquid phase of C16H34

we omitted symbols to emphasize the good agreement with experiments

initial assumption that the phase behavior of alkanes is mostly determined by
the rough structure of the molecules. The mapping of the critical points only
sets temperature and density scales, the similarity of the critical amplitudes,
however, should not be taken for granted. An extension of this analysis to
n-alkanes will be discussed in [5].
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Abstract. Flexible coding techniques are important for enabling the solution of
many problems with one application or the rapid construction of new applications
through code reuse. Generic programming offers the high-performance computing
community an excellent method for code reuse without loss of efficiency. Here,
solutions to both problems from the Ψ -Mag toolset are presented. The class EHModel
and its associated EHTerms can be used to calculate energies in a wide variety of
spin models. An allied generic programming solution for applying Metropolis Monte
Carlo to estimation of thermodynamic quantities is also given.

19.1 Introduction

In a wide variety of science and engineering topics, rapid advances in compu-
tational resources make possible calculations that were impossible only a few
years earlier. Frequently, the codes performing these calculations have been
developed by one or two scientists interested in the calculation. While such
codes may enable reuse of an entire application through flexibility in input,
these codes rarely reuse existing code fragments or even produce fragments
suitable for later reuse. Achieving better efficiency often requires the efforts
of several programmers, some skilled in computational science but not the
science investigated through the calculation. In this environment, production
of efficient codes requires development of flexible code fragments that can be
reused quickly by people who did not develop them.

Here we discuss a generic programming approach to high-performance
computing. In the definition popularized by Austern [1], generic program-
ming is an extension of object-oriented programming that focuses on “the set
of requirements” which a data type must fulfill to qualify as an implemen-
tation of a particular abstraction. The set of requirements defines a concept,
and an implemented data type which meets those requirements is called a
model of the concept. A good example of a concept is Container, which is
a collection of elements that can be iterated over. The addition of require-
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c© Springer-Verlag Berlin Heidelberg 2005



158 G. Brown et al.

ments leads to the refinement of one concept into another. Container can
be refined, for example, into concepts such as Sequence, in which elements
can only be accessed in some particular order, Random-Access Container,
in which the elements can be indexed by an integer type, and Associated
Container, in which elements can be indexed by an arbitrary type. Con-
cepts such as these, along with algorithms such as Count, Copy, and Sort
can be recognized as commonly recurring themes in computational science.
The Standard Template Library (STL) defines many such concepts and al-
gorithms. STL provides both the tools to simplify the implementation of
high-performance codes and the inspiration to solve problems in a generic,
problem-independent manner. The result is code that can easily be reused to
create new applications.

To be useful for high-performance computing, the flexibility of generic
programming must come without sacrificing efficiency or clarity. Using tem-
plates in C++ [2] is one programming paradigm in which this can be achieved.
In fact, STL was first implemented as templated C++ classes [1]. Direct com-
parison has shown that, in general, modern C++ compilers generate executa-
bles with no performance penalty with respect to procedural languages such
as FORTRAN (see, e.g., [3]). Templates, in particular, defer the specifica-
tion of types associated with a function or class until compilation, but at
no cost to execution speed. For example, a templated sorting function can
use a template parameter for the type being sorted in the same manner as
subroutines use variable arguments. Whether the type being sorted is a float-
ing point number or an integer is specified at compilation, but the resulting
machine code is not affected by the fact that a templated function was used
to generate it.

The ψ-Mag project [4] is an effort to foster a community approach to code
sharing and reuse in computational materials science. One goal of the project
is developing specifications for important concepts for computational mate-
rials science in general and computational magnetism in particular. These
concepts are then translated into implemented C++ models. Here we discuss
the effort within the ψ-Mag project that is concerned with the generic im-
plementation of Monte Carlo methods [5], which can be used in the context
of computational magnetism to quickly develop new applications.

The natural flexibility in scientific applications based on making as few
assumptions as possible is important. A thorough discussion of this point
is necessary for a proper comparison to generic programming. Applications
built with such flexibility can simulate many different problems, often with
the differences specified only in the input files. There are often significant
trade-offs between flexibility and computational efficiency, and making a few
assumptions can often greatly simplify an algorithm. Much of the art of sci-
entific programming involves optimizing among flexibility, speed, and coding
complexity.
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The flexible classes in ψ-Mag that use object-oriented programming to
describe the energy and fields associated with spin models are described in
Sect. 19.2. A set of generic-programming concepts for Metropolis-sampling
Monte Carlo is outlined in Sect. 19.3. In that section, some implementation
details particular to ψ-Mag are also discussed. Section 19.4 is a summary of
this work.

19.2 Flexible Energy Calculation

Flexibility built on avoiding assumptions is not limited to a particular pro-
gramming language and has been utilized throughout the history of com-
puter programming. Object-oriented programming facilitates this flexibility
through polymorphism [2], by which a set of types can be treated as equiva-
lent even though the members of the set implement very different behaviors.
An object-oriented approach, augmented by a trivial application of templates,
is outlined here for the calculation of energies in spin models.

The collective behavior of spin systems, such as the Ising and Heisen-
berg models, has been studied extensively, often in the context of developing
fundamental principles in statistical mechanics (see, e.g., [6]). In part, this
interest stems from the relative simplicity of the models. For example, the
Zeeman energy of a system of spins in a field is

Ez = −
N∑

i=1

MiH · si , (19.1)

where the sum is over all spins, Mi is the moment of the i-th spin, si is the
orientation of that spin, and H is the applied field. The difference between the
two models lies principally in the nature of si and H. For the Ising model
si ∈ {−1,+1}, but for the Heisenberg model si ∈ �d with the constraint
|si| = 1. Likewise, H ∈ � for the former and H ∈ �d for the latter. It is thus
possible to create one flexible C++ class to handle the Ising model and the
family of d-dimensional Heisenberg models if the class is templated on the
spin type and field type. In fact, maximum flexibility is achieved if dif-
ferent containers are allowed. Therefore, templating on the type of container
holding the orientations of the spins and the type of container holding fields
provides maximum flexibility. The types of the individual spins and fields are
then the value types of the containers.

As an example of avoiding assumptions, consider exchange interactions.
In most simple models, each spin interacts with a well-defined (often small)
subset of the other spins. If Jij is the interaction energy between the i-th and
j-th spins, then the set of all interactions for a particular problem is {Jij},
and the exchange energy is

Ex = −1
2

N∑
i=1

N∑
j=1

Jijsi · sj . (19.2)
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Frequently {Jij} can be simply constructed, e.g. nearest-neighbor interactions
on a cubic lattice. A function which uses such an assumption can calculate
the energy using a geometry-dependent rule that calculates the neighbors
{j} on the fly quite easily. However, each particular geometry will require a
separate function. A more flexible approach is to explicitly store {j} and Jij

for each spin i, so that one function can calculate the energy for any geometry.
All information about the dimension and symmetry of that lattice, as well
as boundary conditions, are conveniently incorporated into the set {j} for
which Jij are nonzero, and any other variations in exchange strength into an
explicit list of {Jij}. Such flexibility greatly enhances code reuse-ability and
decreases development time for new codes.

With these two contributions to the energy of spin models in mind, it
is possible to define a generic-programming concept of Energy. First define
orient container to be the type used to contain the orientations of an entire
system of spins, field type to be the type used to represent the direction
and strength of a field, and field container to be the type used to contain
the field at the location of each spin. The required member functions are as
follows.

1. Real energy (Real time, const orient container & spin)
calculates the total energy for the configuration of the system specified
in spin.

2. Real energy (Real time, const orient container & spin,
size type ispin) calculates the energy associated with the i-th spin for
the system configuration specified in spin.

3. void field (Real time, const orient container & spin,
field container & h) calculates the field affecting each spin in the sys-
tem. The calculated fields are added to h. The form of the field affecting
the j-th spin should be the negative of the functional derivative of the
energy with respect to sj , which enforces E(si) = −hi · si.

4. void field (Real time, const orient container & spin,
size type ispin, field type & h) calculate the field affecting only
the i-th spin. Add the calculated field to h(si).

Here Real is a floating-point type, and size type is an integer type appro-
priate for indexing (it may be nonnegative). Note that the simulation time
is made a parameter of the function call to allow for the possibility of, for
example, time-dependent applied fields H(t). Two method functions are re-
quired for calculating energies. The first one calculates the total energy of the
system, while the second calculates only the energy associated with the i-th
spin. The latter method is required for efficiency in algorithms that consider
only one spin at a time, such as the local update Monte Carlo discussed in
the next section. Note that summing the E(si) of the latter function over all
the spins in the system will not, in general, give the E of the former function.
Double counting in Ex, which is related to the two-bodied nature of exchange,
is a prime example of this fact. Methods for calculating the field at each spin
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site h(si) are also included in the concept definition. Some algorithms for
highly efficient Monte Carlo sampling, such as overrelaxation [7], and numer-
ical approaches like micromagnetics [8,9] use this field. The inclusion of both
quantities in the Energy concept is also intended to enforce the fundamental
definition Hi = −δE/δsi. The flexibility outlined here is maximized when
the inclusion or exclusion of particular contributions is not determined until
the code is executed. Outside the object-oriented paradigm, such flexibility
has been mimicked through logical flags or by setting all interactions, such
as {Jij}, to zero. Using object-oriented polymorphism is much more efficient.
The Ψ -Mag toolset contains a class EHModel which is a model of Energy, but
sums over contributions calculated by other models of the Energy concept.

Since the purpose of EHModel is to accumulate different energy contri-
butions, it is derived from a container of pointers to those contributions.
See Fig. 19.1. Since all of the pointers must be of the same type, a base class
EHTerm, which is a model of Energy, is the target of those pointers. Each par-
ticular energy contribution is constructed as a derived class which inherits
from EHTerm. For this polymorphism to work properly, the member functions
of EHTerm must be virtual functions. The key property of a virtual function is
that it actually calls the equivalent function in the derived class. For EHModel,
this means that the appropriate function will be called for each term. The
flexibility inherent in this approach is that different energy contributions can
be incorporated into EHModel’s container as the program is executed.

Templating is also required for EHModel, since different types may be
employed to represent spins and fields in different models. Since virtual
functional calls must be employed in calculating the particular energy con-
tributions, and virtual member functions cannot be templated, the classes
EHModel, EHTerm, and the derived classes must all be templated. The tem-
plating of so many classes is undesirable as it increases code-complexity, but
in this situation it is unavoidable.

EHModel and its associated classes obviously allow any number of different
contributions to the energy. In addition to the Zeeman and exchange energies
defined above, common contributions are the uniaxial anisotropy

Eu = −
N∑

i=1

Ki

(
1 − [si · n̂i]

2
)

(19.3)

where n̂i is the axis of anisotropy for the i-th spin, and Ki is the strength of
that anisotropy, and dipole-dipole interactions

Em = −1
2

N∑
i=1

N∑
j=1

MiMjsj ·
(

3r̂ij r̂ij − 1
r3
ij

)
· si (19.4)

with rij the displacement vector between the i-th and j-th spins. Extensi-
bility is easily achieved, because new derived classes can be created without
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Fig. 19.1. Schematic representation of the polymorphism used in EHModel. EHModel
is a container of pointers to EHTerm, and the various energy terms inherit from
EHTerm. Virtual function calls, with the same interface as those in EHModel, enable
EHModel to access the method functions of the derived classes

modifying the existing code. In addition to energy contributions not men-
tioned here, this can be exploited to increase the generality or the specificity
of the energy contributions. As an example of the former, the toolset already
contains an EHTerm-derived class for which Jij can be a tensor. This is ap-
propriate for anisotropic exchange. As an example of the latter, a derived
class could be created for which Jij is the same for all nearest neighbors. The
advantage of this kind of specificity is that it can enhance the efficiency of
the program. Such general or specific classes can be added to the toolset as
the need for each is identified.

While the particular class system associated with EHModel and EHTerm
outlined in the previous section is itself quite flexible, the real power of
generic programming is associated more with the Energy concept itself. A
complete class system for lattice-gas simulations (LGModel) or for Lennard–
Jones fluids (LJFluid) are also possible. With generic programming, algo-
rithms and classes that use EHModel, LGModel, or LJFluid interchangeably
are then possible.

19.3 Monte Carlo Concepts

By defining a set of generic-programming concepts associated with Monte
Carlo sampling, it is possible to create a large set of models which become
interchangeable tools and can be assembled quite easily into new Monte Carlo
simulations. This section provides one such set of concept definitions.

At its most fundamental, Monte Carlo is a technique for estimating the
integral

I =
∫

g(x)f(x)dx (19.5)

by randomly drawing N values of x with probability density function (pdf)
f(x) and evaluating the mean

E = (1/N)
N∑

i=1

g(xi) . (19.6)
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In the limit of large N , E ≈ I [5]. Monte Carlo techniques usually outperform
deterministic quadrature techniques when the dimensionality of x is large, as
is usually the case in statistical mechanics where one is interested in high-
dimensional phase spaces.

Randomly drawing values of x from f(x) is, in general, not easy. Although
it is possible to find simple algorithms for particular forms of f(x), one often
has to resort to importance sampling techniques. One important example is
a technique due to Metropolis et al. [10] which produces a Markov chain of xi

distributed proportionally to f(x). The Metropolis algorithm is based on the
idea of detailed balance, specifically that the probability of making a transition
from state x to x′ in the Markov chain must be equal to the probability of
making the transition from x′ to x. In the Metropolis approach [5]

A(x′|x)T (x′|x)f(x) = A(x|x′)T (x|x′)f(x′) , (19.7)

where T (x′|x) is the probability of “proposing” the transition from x to x′,
A(x′|x) is the probability of accepting the transition, and f(x) is the desired
pdf. This can be rearranged to give a constraint on A,

A(x′|x) =
T (x|x′)f(x′)
T (x′|x)f(x)

A(x|x′) ≡ q(x′|x)A(x|x′) . (19.8)

It is obvious from (19.8) that q(x′|x) = 1/q(x|x′). This constraint does not
completely specify A. Two commonly used forms that satisfy (19.8) are the
Metropolis acceptance probability AM = min(q, 1) and the Glauber accep-
tance probability AG = q/(1+ q). In condensed-matter physics, the situation
is often much simpler because the transitions in the Markov chain are chosen
such that T (x′|x) = T (x|x′), then q = f(x′)/f(x).

For a generic approach to Metropolis sampling, several concepts need
to be defined. The first concept covers Monte Carlo sampling in general,
and Markov-chain importance sampling in particular. In the Ψ -Mag toolset,
we define a class MetropolisSampling to implement a generic Monte Carlo
concept, labeled MCSample, as follows.

1. Real mc time(Real val): This sets the “simulation time” in the sam-
pling algorithm. The time is given in units of Monte Carlo steps (mcs).
The simulation time is frequently needed. For instance, it is needed for
measuring the correlation between the samples generated by the Metropo-
lis method, and may be employed in algorithms such as simulated anneal-
ing.

2. Real mc time() const returns the “simulation time” associated with
the sampling object in units of mcs.

3. int operator()(RNG & urng, TransitionOp & op, Weight & f,
System & x, int ntransition=1) performs ntransition Monte Carlo
steps to generate a new configuration of the system to be used in Monte
Carlo integration. The parameter x contains the initial configuration
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when the function is called and the new configuration upon return. Here
a function object f(t, x) is used to determine the weight of configuration
x at time t, with t the time (in mcs) supplied by the MCSample class.
For example, for the canonical ensemble, the weight is exp [−βE(t, x)].
The transitions associated with each mcs are accomplished via a model
of TransitionOp, and random numbers are supplied by a model of RNG.
The return value of the function is the number of accepted mcs, which
can be used to calculate the acceptance rate.

Essentially MCSample is a function object that uses one function object as a
uniform random number generator on [0, 1]) for making choices and another
function object for determining the weight f(t, x) of particular configurations.
Note that the acceptance probability A is not passed as a function parameter.
Instead it assumed to be an integral part of the sampling concept. In the
C++ implementation of Ψ -Mag it is a template parameter. MCSampling also
defines a nontrivial transition concept which can generate the sequences of
the Markov chain. The MTransition concept, with element type the type
used to represent the individual components of the system, is as follows.

1. Real step size (Real val): Set the size of change associated with each
transition. The meaning of this parameter is highly dependent on the
individual transitions being implemented.

2. Real step size() const: return the size of the change associated with
each transition.

3. size type pick dof (RNG & urng, Real time, const System & x):
choose the index of a particular degree of freedom within x. This usually
becomes the trial move.

4. Real operator() (RNG & urng, Real time, System & x, size type
idof): perform on x a transition associated with the i-th degree of free-
dom. The return value is the ratio T (x|x′)/T (x′|x), i.e. the ratio of the
probability of attempting a move from x′ to x to the probability of at-
tempting a move the other way.

5. void undo(System & x): restores x to its configuration before the last
move was made. This can only be done for the last transition, repeated
calls are not guaranteed to move the system backwards through all con-
figurations visited.

MTransition provides for selecting a degree of freedom (dof) within the sys-
tem, performing a transition associated with that dof, and undoing that tran-
sition if it is not accepted.

Based on these concepts, the core of the generic single-site-update Metro-
polis sampling code looks like

int dof = op.pick_dof(urng,time,x);
Real fPrev = f(time,x,dof);
Real tRatio = op(urng,time,x,dof);
Real fNew = f(time,x,dof);
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Real q = tRatio*fNew/fPrev;
if( urng() < A(q) )
isuccess++;

else
op.undo(x);

This algorithm should work as well for quadrature as it does for simulations
of Ising models and compressible Lennard-Jones fluids. A cluster update al-
gorithm may require a different implementation, but could be a model of
MCSample and be able to easily use the all of the concepts employed here.

In condensed-matter physics the weight function is usually a Boltzmann
factor. In spin systems frequently f(t, x) = exp [−βE(t, x)], where E(t, x) is
the energy of configuration x at time t, and β = (kBT )−1 is the inverse tem-
perature. For compressible fluids, however, f(x) = exp (−β[E(x) + PV (t, x)]),
where the pressure P and volume V (t, x) have to be introduced. Since the
weight concept only calls for a function object that takes t and x as parame-
ters, both possibilities are allowed for, but the weight concept is then refined
into two cases. The incompressible refinement requires methods for setting
and accessing the temperature 1/β and uses a model of the Energy concept to
calculate the energy associated with x. The compressible refinement requires
setting and accessing methods for both 1/β and P , and needs to supplement
the Energy concept with a way to calculate V (t, x). This can be very easily
generalized to the grand canonical ensemble, and is a prime example of the
power of generic programming.

The structure of the Boltzmann-weight functions is particularly simple.
The various functions can be coded generically using the appropriate Energy,
Volume, and Number concepts as template parameters which set the poli-
cies [11] appropriate to specific models. In fact, in this decomposition of the
importance-sampling problem, all of the system-specific details have been
pushed into the weight function. This is not a particularly large burden, care
must simply be taken that the System passed to the Metropolis sampling
object be compatible with the Energy model that is waiting for it at the
other end of the function-call sequence. If the System and Energy objects are
instantiated together in the application code, the potential for problems will
be minimized.

To this point, the discussion has focused on the generic-programming con-
cepts associated with Monte Carlo sampling. To have an actual application
code, classes that are models of these concepts must be written, instantiated,
and assembled. Schematic representations of two different applications are
shown in Fig. 19.2. Figure 19.2a represents the simulation of a Heisenberg
spin model. It indicates that R1279, a lagged-Fibonacci generator, is used for
random numbers. The simulation is done in the canonical ensemble using a
class BoltzmannWeight with EHModel, as defined in Sect. 19.2, used to actu-
ally calculate the energies. The transition model is a class that displaces a
Heisenberg spin within some sphere around its current direction. The tran-
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Fig. 19.2. Schematic representation of the particular classes used in to different
Monte Carlo simulations assembled from the Ψ -Mag toolset. (a) Simulation of a
Heisenberg model. (b) Simulation of a Lennard–Jones liquid

sition is a property of the simulation that can be expected to change most
frequently. Finally, the Metropolis form of the acceptance probability A is
used, in the Ψ -Mag toolset we have found it convenient to make the form of
A a template parameter of the MetrpolisSampling class.

Figure 19.2b represents canonical-ensemble simulations on a Lennard–
Jones fluid at constant pressure. Compared to Fig. 19.2a, the same random
number generator is used and a trivial change to the Glauber form of A has
been made. However, this simulation requires a new class for calculating the
weight f(x), and LJLiquid must therefore be capable of calculating both E
and V . Finally, since the rotation of a Heisenberg spin has no meaning in
this context, a class which displaces particles within a sphere centered on the
previous location has been used.

There is another indication of the power of generic programming tech-
niques. The schematics shown in Fig. 19.2 were inspired by a graphical in-
terface used for the Common Component Architecture (CCA) [12,13]. CCA
is based on the Scientific Interface Description Language (SIDL), and can
be used to bind together code not originally written to interoperate; even
code written in different languages. There is a very strong correlation be-
tween the SIDL and generic programming concepts. Using a simple wrap-
ping method [14], it is possible to turn the Monte Carlo classes of the Ψ -Mag
toolset into several components which can be combined easily in a graphical
format similar to that shown in Fig. 19.2.

The concepts developed here have been verified with actual simulations.
The results of simulations of a 6 × 6 × 6 Heisenberg antiferromagnet with
Ki = 0.01, n̂i = ẑ, and Jij = −1 for i and j nearest neighbors are
presented in Fig. 19.3. The squares are the staggered magnetization esti-
mated using the Monte Carlo scheme outlined here. The loss of order in-
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Fig. 19.3. Staggered magnetization, MS , for a 6 × 6 × 6 Heisenberg model with
K = 0.01 calculated at various temperatures using the scheme described here. The
implementation using MetropolisSampling and BoltzmannWeight as the model for
the Weight concept (squares) suffers from underflow at low temperatures, while an
implementation using MetropolisSamplingBoltzmann and EnergyWeight for the
model (circles) does not

dicated by the decrease in the staggered magnetization at very low temper-
atures is caused by an underflow error in the exponentiation that occurs
because in MetropolisSampling q = exp [−βE(x′)]/ exp [−βE(x)]. The cre-
ation of two new classes, one an MCSampling model that calculates using
q = exp (−β[E(x′) − E(x)]) and one that makes f(x) = E(x), solves this
problem. The error-free results are the circles in Fig. 19.3.

The results shown here highlight some cautions that must be kept in
mind. The most important is that generic programming will not enable non-
experts to naively make calculations that would have been infeasible for them
otherwise. In fact, the opposite may be true. Expertise and a thorough exam-
ination of the results may be required to validate an application assembled
in this way. It is precisely the knowledge that calculations can go wrong in
many subtle ways that makes the expertise so important.

19.4 Summary

Applications of object-oriented and generic programming to Monte Carlo sim-
ulation of spin models have been presented. Using object-oriented polymor-
phism and explicit descriptions of details such as {Jij}, flexible calculations
of the energy and fields associated with the spin models are possible. The
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concepts needed for a generic-programming implementation of Metropolis-
sampling Monte Carlo have been outlined. The Ψ -Mag toolset implements
both solutions and has been used to successfully calculate thermodynamic
properties of spin systems.
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Abstract. This chapter describes the visualization of three-dimensional classical
vector spins with the AViz atomistic visualization package.

20.1 Introduction

Ising models on a regular lattice with two different states are conceptually
trivial to visualize – a simple 0,1 representation using 0 for one state and
1 for the other conveys the physics quite accurately, especially in two di-
mensions. Such a scheme could be (and often has been) implemented for
two-dimensional systems even without a graphical screen. Three-dimensional
Ising spin systems do require some minimal graphical capabilities, although
any object that has two different shapes or can be presented in two different
colors provides a suitable representation of the two states.

Simulations relating to structural aspects of atomistic systems are also
conceptually easy to visualize – one uses colored balls for atoms and sticks to
indicate bonds. Interesting cases of atomistic simulations are often off-lattice
and three dimensional and therefore do require good graphical capability. The
Computational Physics group at the Technion has simplified visualization of
atomistic systems with their AViz package [1]. Different colors or sizes for the
balls and or sticks represent different atoms or states of the atoms. AViz has
built-in possibilities for easy implementation of such characterizations. It is
free, as well as easy to install and apply.

AViz was actually designed from the beginning to visualize either atoms
as balls or atomic spins as arrows. However, despite the success of AViz for
the ball/stick representation, visualization of vector spins with AViz was not
as straightforward. The visualization of classical spin systems described by
three dimensional spin vectors in a three-dimensional space presents both
a conceptual and a technical challenge, especially in three dimensions. The
interest is to visualize not only static equilibrium spin configurations, but also
their temporal evolution as governed by equations of motion [2]. We describe
below some first steps towards meeting this challenge. The data visualized in
this project originate from the Simulational Physics group at the University
of Georgia, and details of the physical problems and simulation methods
can be found in [3]. Technical details of the implementation can be found
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on a website [4] where detailed instructions and color examples are given.
In the present chapter we discuss conceptual issues and give some greyscale
examples.

20.2 Models

A classical Heisenberg spin model has the Hamiltonian,

−βH = ΣijJijsisj ,

where spin si on site i and sj on another site j interact with strength Jij ,
(β = 1/kT is the inverse temperature, where k is Boltzmann’s constant and
T is temperature). The spins are thought of as unit vectors pointing in the
direction of the spin-current. The sum over sites i and j is usually taken over
nearest neighbours which in the cases discussed here sit on translationally in-
variant lattices in one, two or three dimensional space. One vector is situated
at each lattice site and, in general, can point in any direction in a three dimen-
sional space. It is these vectors whose spatial structure and time-development
we wish to observe. Possible representations include arrows, cones or pins,
originating at the spatial position of the atom and pointing into the same
three dimensional space where these sites are situated. It is this double role
for the three-dimensional space that so complicates the visualization process.

20.3 AViz

The original technical development of AViz [5–7] was carried out by Adham
Hashibon and Geri Wagner. The graphics use MESA/OpenGL and the Qt
toolkit is used to prepare the GUI. The AViz homepage [1] contains examples,
sample datafiles and downloadable installation files (including rpm format for
Linux Redhat and SUSE and source tar files for general UNIX) and a manual
(prepared by Geri Wagner and Anastasia Sorkin). Sources and instructions
are freely avaliable, under a GNU General Public License, Copyright [6].

The basic concept of AViz is that the location and nature of the objects
simulated is recorded in an input file or list of files. These are visualized
either concurrently or after the simulations are completed. The interactive
interface enables selection of viewing angle, object type, color representation
etc and once the desired values are selected they can be saved for future
use. Animations of a series of states can be prepared and saved in multiple
formats.

A recent introduction to the use of AViz for atomistic simulations is given
in [7]. This article includes a discussion of the installation as well as gen-
eral guidance for the implementation of AViz for visualization of atoms, as
well as a survey of some recent implementations. The description below is a
continuation of [7] with specific consideration and examples for the spin case.
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Fig. 20.1. The selection box that pops up when AViz is initalized, with the mode
chosen as spin rather than atom

Fig. 20.2. This box is used to set the color coding for the z-coordinate of the
atomic spin

20.4 Visualizing Vector Spins

In contrast to the case of visualization of an atom by a colored ball, where
only four pieces of information (the atom type and three spatial coordinates)
are needed, when an atomic spin is visualised in three dimensions, three
additional numbers are required to indicate the direction of the spin vector.
Full details of the process of spin visualization are given on the website [4],
and we now give brief directions concerning the major points, using a two-
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Fig. 20.3. A visualization of a two-dimensional vector spin array

dimensional array of three-dimensional vector spins. The first few lines of a
typical spin datafile [8] have the format:

144
# 12x12 Heisenberg ferromagnet
Sp 1.0000 1.0000 1.0000 -0.5489 0.2497 0.7978
Sp 1.0000 2.0000 1.0000 -0.5951 0.2954 0.7474
Sp 1.0000 3.0000 1.0000 -0.4631 0.1305 0.8767
Sp 1.0000 4.0000 1.0000 -0.5206 0.0163 0.8536,

where the first row gives the total number of spins, the next row is a com-
ment and the subsequent rows, (144 of them in the full file) give the type,
three spatial and then three directional coordinates for a datafile of 12 × 12
Heisenberg spins in a two-dimensional space.

After the AViz interface is brought up, and the datafile loaded, one goes
to the mode button on the pop-up selection box, presses atom and then
selects spin from the pull-down options (see Fig. 20.1, where this interface
is illustrated). Three style types then become available – line, cone and pin.
Line is analogous to the quick first-draft dot for the atom case. We have
found that cone, with a size larger than 100% and a quality of high or final
give the best results.

Once the type is selected, there are several ways to proceed. Two sucessful
directions are either to use the shading provided by lighting from a suitable
viewpoint (see [4]) or using color gradation related to the z-component to
guide the eye. For the latter, press elements, select spins and then edit the
box as shown in Fig. 20.2.

Once these preliminaries are completed, the sample can be rotated, sliced,
snapped etc as in other AViz applications. A final picture might look like
Fig. 20.3, which has colors selected to reproduce well in greyscale and does
not correspond exactly to the selection in Fig. 20.2 above or the color version
on the website, [9]. Another useful trick to enhance visualization is to provide
a vertical stick at each site around which the spin can rotate. This requires
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“fooling” AViz by adding an additional set of line objects very close to the
origins of the real spins.

20.5 Three Dimensions

Three dimensional samples require additional thought. One must visualize
the location in three dimensions which can be confusing. Two useful ways
(examples are given in [4]) to enhance perception are:

1. Build the sample up layer-by-layer
2. Zoom in and out of the sample to show its spatial structure.

During the workshop we were happy to hear about a different, powerful ap-
proach [10] to the visualization of three-dimensional spins using stereoscopic
glasses and a power wall.
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21 The BlueGene/L Project

D. Chen

IBM T.J. Watson Research Center, Yorktown Heights, NY 10598, USA

Abstract. BlueGene/L is a partnership between IBM, US ASIC Tri-Labs and
Universities to develop and build a 360 Teraflops massively parallel supercomputer.
In this article, we first discuss the background of this project. We then describe the
detailed architecture of the BlueGene/L computer and give an update to the current
project status.

21.1 Project Background

In December 1999, IBM Research announced a multi-year initiative to build
a petaflops scale supercomputer for computational biology research [1]. The
BlueGene/L project is a first step in this effort [2]. It is a jointly funded
research partnership between IBM and the Lawrence Livermore National
Laboratory (LLNL) as part of the US Department of Energy ASCI Advanced
Architecture Research Program. The research partnership has since expanded
to ASCI Tri-Labs and multiple Universities.

BlueGene/L is a massively parallel supercomputer. Its design philoso-
phy has been influenced by special-purpose massively parallel machines ded-
icated for Lattice QCD physics simulations, for example, the QCDSP [3]
and QCDOC [4] machines. BlueGene/L leverages IBM’s system-on-a-chip
silicon technology and builds a large parallel system of up to more than
65,000 nodes, yet at a significantly lower price/performance and power con-
sumption/performance versus the conventional approach of clustering large,
expensive commercial SMP machines.

A large BlueGene/L machine with 65536 compute nodes and a peak per-
formance of 360 Teraflops is anticipated to be built at the LLNL in early
2005. A smaller, 100 Teraflops machine is expected to be built at the IBM
T.J. Watson Research Center for computational biology studies.

21.2 BlueGene/L Architecture

A BlueGene/L compute node consists of a single custom designed ASIC chip
and several standard DDR-SDRAM chips as local memory external to the
ASIC. The architecture of the BlueGene/L node ASIC is shown in Fig. 21.1.
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Fig. 21.1. BlueGene/L node ASIC. Each ASIC integrates two 32 bit PowerPC 440
integer CPU cores, 2 “double” floating point FP2 cores, L2 cache buffers, 4 MB
EDRAM as L3 cache, DDR-SDRAM controller for external memory, high speed
torus network logic, global tree network logic, Gigabit Ethernet and JTAG control
interface

Each ASIC chip integrates two PowerPC 440 integer cores, 2 PowerPC 440
FP2 floating point cores, 2 small L2 buffers, 4 MB embedded DRAM con-
figured as L3 cache, memory controller for external DDR-SDRAM memory,
custom designed high speed torus and tree network logic, a Gigabit Ethernet
and a JTAG control interface. The ASIC is manufactured on IBM CMOS
CU-11 0.13 micron copper technology with an 11.1 mm2 die size.

The PowerPC 440 core is a standard 32-bit integer PowerPC embedded
core product from IBM Microelectronics. It has integrated 32 KB instruction
and 32 KB data L1 caches. The 440 FP2 core is an enhanced “double” FPU
consisting of a primary unit and a secondary unit, each of which is a com-
plete FPU with their own register sets. The primary FPU supports standard
PowerPC floating point instructions. With a SIMD like instruction exten-
sion, both FPU units can be utilized to execute 2 fused 64 bit multiply-adds
per CPU cycle. The instruction extension is flexible to allow efficient dou-
ble precision complex number operations. At a target CPU clock frequency
of 700 MHz, each core can achieve a peak performance of 2.8 Gflops. The
peak speed per node is either 2.8 Gflops when one CPU does computation
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and the other CPU does communications, or 5.6 Gflops when both CPUs do
computation and communications. A floating point load/store operation can
be executed in parallel to the multiply-adds. The load/store unit supports
128 bit “quad-word” loads (stores) to (from) a pair of registers, one each from
the two FPUs.

Each of the 440 processor core is directly connected to a small 2 KB L2
cache with data prefetch capabilities, then to a shared 4 MB on-chip embed-
ded DRAM configured as the L3 cache. The L3 controller directly connects to
a DDR-SDRAM controller for external memory. Currently, 512 MB memory
per node is planned.

Th BlueGene/L ASIC integrates several custom high speed networks on
chip. The 3-d torus is the primary network for general-purpose, point-to-
point message passing operations. Each ASIC has 6 torus links build in. On
a compute node, these 6 links are connected to its 6 nearest neighbors, in +x,
−x, +y, −y, +z and −z directions, respectively. Each link is a bi-directional
serial connection with a target speed of 1.4 Gbit/s per direction. The torus
logic supports routing through the 3-d torus from a packet’s source to its
destination without any CPU intervention. A separate global tree network is
implemented to reduce the latency of global reduction operations. The tree
network also supports global broadcasts from a single node to all other nodes
as well as point-to-point messages between a pair of nodes for I/O.

In a BlueGene/L system, in addition to compute nodes, there are also
I/O nodes. An I/O node uses the same BlueGene/L ASIC. It is connected to
compute nodes through the tree network. The integrated Gbit Ethernet on
an I/O node is then connected through external Gbit Ethernet switches to
the host computer and the I/O disk farm. The ratio of I/O nodes to compute
nodes can vary. On the LLNL machine, 1 I/O node for every 64 compute
nodes is planned.

Figure 21.2 shows the steps of building the BlueGene/L supercomputer.
Each node consists of a compute ASIC and 512 MB local memory. Two such
nodes are put onto a compute card. 16 compute cards are plugged into a node
board. A BG/L cabinet contains 32 node boards, forming a 8× 8 × 16 torus
with a peak performance of 2.9/5.7 Tflops. The large BlueGene/L system
then consists of 64 cabinets connected as a 32×32×64 torus. The total peak
performance is 180/360 Tflops. The system will occupy an area of about
250 m2 including space for the host computer and the disk farm. The total
power is estimated at approximately 1.5 MW and the whole system is air
cooled.

In terms of development tools, IBM’s XL family C, C++ and FORTRAN
compilers are ported to support the PowerPC 440 instructions as well as the
“double” FPU. The GNU compiler also supports the common set of PowerPC
instructions, but it does not support the FP2 instruction extensions. A set
of highly optimized math libraries will be provided to facilitate high perfor-
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Fig. 21.2. Building BlueGene/L. A node ASIC contains 2 CPUs. 2 node ASICs
along with their associated local external memory are built onto a compute card. A
node board contains 16 compute cards. 32 node boards are then plugged into both
sides of 2 mid-plane boards in a cabinet. A large BlueGene/L system contains 64
cabinets, forming a 32× 32× 64 torus of compute nodes, with a peak performance
of 180/360 Tflops

mance application development. MPI libraries are supported as the standard
parallel programming model.

21.3 Project Status Update

During the design process, the BlueGene/L team has been doing extensive
studies of a wide variety of applications [5]. The results of these studies show
that a large class of applications should scale well on the BG/L architecture,
even to the level of 65,536 nodes.

In November 2003, a half cabinet of 512 way BlueGene/L prototype from
the 1st ASIC chip release (DD1) running at 500 MHz with a peak speed
of 2 Teraflops was ranked as the 73rd fastest supercomputer in the world
[7]. As of mid-2004, the number of nodes has been expanded. A 4096 node
DD1 (500 MHz) 16.3 Teraflops peak prototype and a second 2048 node DD2
(700 MHz) 11.4 Teraflops peak prototype have been running in IBM labs.
These two ‘small’ prototypes (compared to the final BlueGene/L machines)
are already ranked among the top 10 fastest supercomputers in the world.

With the availability of the prototypes, a lot of application benchmarks
from the BlueGene/L research partners has been run on the BlueGene/L
hardware. As an example, the IBM Blue Matter team has studied the scaling
of 3-d FFT code on the BlueGene/L prototype [8], and showed very good
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speedup up to the 512 way system, the largest system available when the
study was done.

21.4 Conclusion

BlueGene/L is a first step in IBM’s commitment to petaflops scale comput-
ing by exploring a new architecture of building massively parallel machines.
Utilizing system-on-a-chip technology and optimizing the design at the sys-
tem level, great reduction in cost, power consumption and machine size over
performance is achieved. With more computing power available, the perfor-
mance and scalability of BlueGene/L will open up new possibilities for a large
class of important scientific applications.
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Simulations of Small Atoms and Molecules

J. Shumway

Department of Physics and Astronomy, Arizona State University
Tempe AZ 85283, USA

Abstract. Imaginary-time Feynman path integrals describe quantum mechanics
at finite temperatures. Monte Carlo simulations using path integrals have many ap-
plications to nanoscale physics. Fermions introduce negative terms in the partition
function, which we remove with a fixed-node approximation. In this article, we give
an introduction to path integral Monte Carlo simulations. We focus on a difficult
problem: the direct application of fermion path integrals to light atoms and mole-
cules. Work on this problem illustrates the technical challenges facing path integral
simulations, and may lead to new ab initio methods.

22.1 Introduction: Path Integral Theory

In classical mechanics, the physical trajectory of a particle rcl(t) is the unique
function that minimizes the action,

S[r(t)] =
∫ tb

ta

1
2
mṙ2 − V (r)dt , (22.1)

where the quantity in the integrand is the Lagrangian, L = T − V . Mo-
tivated by the work of Dirac, Feynman showed that the classical principle
of least action follows from the path integral representation of the quantum
propagator,

P (r, t; r′, t′) ≡ 〈r|e−iĤ(t−t′)|r′〉 =
∫

Dr(t) exp
i
�
S[r(t)] , (22.2)

where the path integral sums all paths connecting the starting point (r′, t′) to
the ending point (r, t). The classical limit of (22.2) follows naturally from the
stationary phase approximation: the action of classical paths are much greater
than Plank’s constant �, so the phases of nearby paths fluctuate rapidly,
leaving paths near the extremum of the action to dominate the integral.

Direct application of the real-time path integral, (22.2), is usually im-
possible because of the rapidly fluctuating phase. Switching to imaginary
time solves this problem by turning all the phases into positive, real-valued
weights. Remarkably, this is a sensible thing to do, because imaginary time
path integrals give us thermal averages.
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To see the connection to thermodynamics, look at the thermal density
matrix operator, ρ̂β = e−βĤ (where β = 1/kBT is the inverse temperature),
which is central to quantum statistical mechanics. In the basis of energy
eigenfunctions {Ψi}, it is easy to see that thermal averages involve traces
over the thermal density matrix,

〈Ô〉β =
1
Z

∑
i

e−βEi〈Ψi|Ô|Ψi〉 =
1
Z

trÔρ̂β , (22.3)

where Z = trρ̂ is the partition function.
The substitution it → β turns the real time propagator e−iĤt into the

thermal density matrix ρ̂β = e−βĤ . It follows from (22.2) that the thermal
density matrix is equal to an imaginary time path integral

ρ(r, r′;β) ≡ 〈r|e−βĤ |r′〉 =
∫

r(0) = r′

r(β) = r

Dr(t) exp
(
−1

�
Sβ

E [r(t)]
)

. (22.4)

The action Sβ
E [r(t)] is the Euclidean, or imaginary-time, action,

Sβ
E [r(t)] =

∫ β

0

1
2
mṙ2 + V (r)dt , (22.5)

where the quantity in the integrand is the Euclidean Lagrangian, LE = T +V .
The trace of the density matrix is taken by setting r = r′ (closing the path)
and summing over all paths. Thus, statistical quantum mechanics may be for-
mulated as a weighted sum over closed paths [1]. This is quantum mechanics
without Schrödinger’s equation: a 3-dimensional quantum problem has been
mapped onto the classical partition function of a continuous, polymer-like
path.

The real power of the imaginary-time path integral, (22.4), is that it is
directly applicable to interacting quantum many-body systems. While the
exact solution to N interacting quantum particles might seem to require
determination of a 3N -dimensional wavefunction satisfying a 3N -dimensional
Schrödinger equation, the path integral formula turns the problem into a
computationally tractable 3N -dimensional path integral.

Bose and Fermi statistics enter naturally into the path integral formalism.
Let R = (r1, r2, . . . , rN ) represent the 3N coordinates of our particles. The
partition function for distinguishable particles is simply a sum over closed
paths, R(0) = R(β). If the particles are indistinguishable, the path integral
must be symmetrized or antisymmetrized for Bose and Fermi statistics,

ρB/F(R,R′;β) =
∑
P

(±1)P

∫
R(0) = R′

R(β) = PR

DR(t) exp
(
−1

�
Sβ

E [R(t)]
)

, (22.6)
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where P is a permutation of particle coordinates. Thus, the partition function
for identical quantum particles includes permuting paths, and these permu-
tations are responsible for Bose and Fermi effects. The minus sign that occurs
in the antisymmetrization of fermions is a distinctly quantum feature that
generally prevents exact simulations of interacting fermions.

In this paper we discuss quantum Monte Carlo (QMC) calculations using
path integrals, with an emphasis on fermion simulations. In Sects. 22.2–22.3
we summarize recent applications, and suggest reasons why all-electron cal-
culations on atoms and molecules should be studied. In Sect. 22.4 we give a
brief discussion of the simulation techniques, with an emphasis on new de-
velopments needed for atoms and molecules. The remaining sections of the
article, Sects. 22.5–22.7, describe results of some recent tests and preliminary
atomic and molecular calculations.

22.2 Recent Path Integral Simulations
on Nanostructures

The imaginary-time path integral, (22.6), can be evaluated with Monte Carlo
integration, as described in detail in the review by Ceperley [2]. For example,
bosonic simulations have determined many properties of superfluid 4He start-
ing from the interatomic potential [2]. Fermionic simulations often require an
additional “fixed-node” approximation [3–6] to remove the troublesome mi-
nus sign. For a recent review of QMC simulations in nanostructures (see [7]).
To illustrate the utility of these simulations, we give a quick summary of some
nanoscale applications.

He Nanodroplets

As a microscopic theory of 4He superfluidity [2], the path integral QMC
technique is a natural tool for studying nanoscale features in superfluid 4He
droplets. Sindzingre, Ceperley, and Klein simulated pure 4He droplets in the
late eighties [8], showing that droplets of 64 atoms are essentially superfluid.
Later experiments have confirmed these theoretical predictions, and the study
of 4He droplets has become an exciting research area. Most interesting is the
ability to suspend single molecules impurities in the superfluid drop, provid-
ing a novel environment for spectroscopy and other chemical studies. The
simulations follow Feynman’s interpretation of the Bose–Einstein transition
as a percolation of permuting bosonic paths. Permuting paths that encircle
the droplet are a direct indicator of the superfluid response. At the surface of
the molecular impurity, a layer structure is formed. Path integral simulations
can predict the superfluid response of these layers at the temperature of the
drops [9].
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Self-assembled Dots

Path integrals and related QMC techniques have been used in effective-mass
models of semiconductor quantum dots. The interest in these systems is to
directly account for the few-body Coulomb interactions between electrons
and holes in these dots. For example, the energy of an emitted photon from
an electron-hole recombination is often shifted by several meV by correlation
with other “spectator” electrons and holes in the dot [10, 11]. One of our
recent applications is a low temperature (effectively ground state) calcula-
tion of recombination rates in dots [12]. The radiative recombination rates
of interacting electron-hole pairs in a quantum dot are strongly affected by
quantum correlations among electrons and holes in the dot. Recent measure-
ments of recombination rates within biexcitons lie in the theoretically pre-
dicted range of one to two times the rate from single excitons, but the value
depends on the degree of correlation. Theoretical approaches using effective
mass wave functions have been unable to accurately determine biexciton re-
combination rates for a realistic, material-specific model. We have developed
a path-integral formulation of the problem that allows the direct evaluation
of the recombination rate, including important quantum-correlation effects.
Using Monte Carlo simulations, we have studied recombination rates for real-
istic three-dimensional models of InGaAs/GaAs, CdSe/ZnSe, and InP/InGaP
dots.

Electrons in Quantum Point Contacts

We are beginning to study electrons in quantum point contacts. The fixed-
node fermion algorithm described in Sect. 22.4.3 scales well enough with
temperature and system size that we can simulate hundreds of electrons in
a gated structure at room temperature. We are in the process of adding
Coulomb interactions and calculating correlation functions. Our goal is to
study the effects of electron–electron interaction and Fermi statistics on quan-
tum transport, especially at the onset of single-electron conductivity. The
path integral QMC technique allows us to explicitly include the interacting
two-dimensional electron gas that is present in the device contacts. This may
be a general technique for other nanoscale systems that have open boundary
conditions.

22.3 Motivation for Atomic and Molecular Calculations

There are several reasons to attempt room-temperature fermionic path in-
tegral calculations on atoms and molecules. If such calculations are feasible,
this could be a high-accuracy finite-temperature ab initio method. The ther-
mal and zero-point motion of the nuclei could be treated simultaneously
with electron sampling. In fact, even the equilibrium atomic positions could
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be thermally sampled without the explicit calculation of forces. Ultimately,
the finite-temperature many-body formulation of electronic structure calcu-
lations may be a good framework for ab initio simulations of magnetism or
superconductivity.

From a less-ambitious, skeptical point of view, atomic and molecular sim-
ulations provide a challenging test for the path integral QMC method. The
well-known energies, bond-lengths, and other properties of simple atomic
and molecular systems are good benchmarks for quantifying the accuracy
and precision of current fermion path integral simulations.

Finally, it is fun and intriguing to see if well-known atomic and molecular
properties emerge spontaneously from numerical evaluation of the ab initio
partition function, (22.6).

22.4 Monte Carlo Simulation Technique

To numerically evaluate the thermal path integral, we discretize imaginary
time into M slices of length τ = β/M . This time step has units of inverse
energy. For the atomic and molecular calculations presented here we take
τ = 0.01 Ha−1, giving M = 105 slices for room temperature (T = 0.001 Ha)
calculations. Thus, the path configuration for N particles can be stored as
N ×M points, plus N integers to represent the global permutation. Because
of the very high-dimensionality of the discretized path integral (even for a
single particle) we use Monte Carlo integration to sample the integral.

22.4.1 Monte Carlo Basics

The key equation for Metropolis Monte Carlo is the acceptance probability
[13,14],

A(S′ → S) = min
[
1,

π(S)T (S → S′)
π(S′)T (S′ → S)

]
, (22.7)

where S is the state of the system, π(S) is the probability distribution to be
sampled, an T (S′ → S) is the probability of attempting a transition from S′

to S. To use this equation: (i) initialize the state of the system, (ii) make a
trial move of the system, keeping track of the probabilities T (S′ → S) and
T (S → S′) for the forward and reverse moves, (iii) calculate the old and
new probabilities π(S′) and π(S), (iv) change the system state to the trial
move with a probability A(S′ → S) given by (22.7), (v) collect data on the
current system state, and (vi) repeat from step (ii). The collected data is
then statistically analyzed.

In practice, one wishes to construct large moves, but avoid spending too
much time on moves that will be rejected. In that case, a multilevel sampling
scheme is preferable. A move, described in steps (ii)–(iv) above, can be done
in multiple levels (k = Nlevel down to 0), each with acceptance probability,
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Ak(S′ → S) = min
[
1,

πk(S)Tk(S → S′)πk+1(S′)
πk(S′)Tk(S′ → S)πk+1(S)

]
. (22.8)

The highest level crudely (and cheaply) rejects bad steps; and, as long as all
the Tk are non-zero, the algorithm will sample π0. For path integrals, we can
sample a section of 2Nlevel − 1 beads by first sampling a permutation for the
level k = Nlevel, the midpoint of the section for level k = Nlevel − 1, then
the midpoints of the subsections for lower k, and finally the finest resolution
for k = 0. For a more detailed description of multilevel sampling of paths
(see [2, 7]).

22.4.2 The Coulomb Action

The action for has contributions from the kinetic and Coulomb energies. To
avoid problems with Coulomb singularities [15], one can define the action for
a discretized slice to be the negative log of the density matrix satisfying the
Bloch equation,

S = − log ρ(R,R′; τ); where Hρ(R,R′; τ) = −∂τρ(R,R′; τ) . (22.9)

We make a further approximation, separating the action into free particle
and pair interaction terms, S = S0 +

∑
i<j Scoul

ij , which neglects three-body
and higher order terms. The error can be controlled by decreasing the time
step τ .

To determine the Coulomb action terms, we need to find the thermal
density matrix for the Coulomb potential,(

− 1
2µij

∇2 +
qiqj

rij

)
ρcoul

ij (rij , r
′
ij ; τ) = −∂τρcoul

ij (rij , r
′
ij ; τ) , (22.10)

where µij is the reduced mass and qi and qj are the charges. Then

Scoul
ij (r, r′; τ) = − log ρcoul

ij (r, r′; τ) − S0(ri, r
′
i; τ) − S0(rj , r

′
j ; τ) . (22.11)

Much like choosing a propagator in molecular dynamics, it is essential to
have a very accurate expression for the short-time pair Coulomb action
Scoul

ij (r, r′, τ) There are several ways to numerically evaluate the Coulomb
density matrix: (i) use a semiclassical expansion or other high temperature
approximation [16], (ii) use density matrix squaring [17], (iii) expand in the
bound and continuum states of the hydrogen atom [18], (iv) use an analytic
power-series solution to the problem [19], or (v) repeatedly apply the kinetic
and potential operators to a discrete radial grid, using fast Fourier transforms
for efficiency [20]. In the present calculations, we use a careful combination of
methods (i), (iv), and (v) to tabulate and store results on a logarithmic radial
grid; this gives energies accurate to better than 0.01 Ha for one-electron ions
with Z ≤ 10 for a small timestep, τ = 0.01 Ha−1.
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22.4.3 Fixed-Node Fermion Approximation

The most crucial part of these fermionic calculations is the fixed-node ap-
proximation [3–6]. We desire the following features for our approximation

– It should eliminate the negative probability contributions to the fermionic
integral.

– It should have a variational property, so that we can determine which
approximation choices are more accurate.

– It should be improvable, in that the better we understand our system, the
more accurate we can make the calculations.

Here we present an approximation that removes negative contributions, and
may meet the other criteria. The remainder of the paper is devoted to this
fixed node approximation.

In ground state QMC calculations, one typically uses a fixed node approx-
imation [3, 4, 21] based on some trial function, ΨT , often constructed from a
Slater determinant of Hartree–Fock or Kohn–Sham orbitals. During the simu-
lation, random walks are not allowed to cross the nodes of the trial function.
The approximation removes negative contributions to the random walk, is
variational, and would be exact if we new the nodes of the true ground-state
wavefunction. For finite temperature, we no longer have a wavefunction, but
rather have a thermal density matrix. While the ground state fixed-node ap-
proximation could be applied to a path integral calculation, it is a very poor
approximation at finite temperatures [5].

With a density matrix ρT (R,R′), the restriction now must depend on two
slices, R and R′. There are different ways to apply this restriction. Ceper-
ley [5] introduced a reference slice R∗, a special slice at t = 0 that anchors
the nodal restriction. At any other slice on the path, at imaginary time t
(−β/2 < t < β/2), the quantity ρT (R,R∗; |t|) is required to be non-zero.
(Node crossing between slices is also forbidden, which can be difficult to en-
force if τ gets to large). There are three complications with this approach: (i)
The nodes must be time dependent and vary smoothly from infinite temper-
ature down to twice the simulation temperature. (ii) The restriction breaks
time translational symmetry along the path, a significant difference from the
standard fermionic path integral (22.6). This has the practical consequence
that estimators should be evaluated only at the references slice, rather than
over the entire path. (iii) The reference is a global constraint, so all successful
trial moves must refer back to the nodal slice to check for node crossing. Even
worse, moves of the reference slice become very difficult at low temperatures,
effectively preventing fermion path integral QMC applications to atomic and
molecular problems at temperatures below 5000 K [6].

Here we introduce an alternative formulation of the nodal constraint. For
any time t along the path, there is a time t′ = (t + β/2)modβ that lies
opposite of t. We require that ρT (R(t), R(t′);β/2) �= 0 for all times t along
the path. For a discretized path with finite timestep τ , care must be taken
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to ensure that the path did not cross the node between the discrete slices.
In our calculations we prevent node crossing by choosing a small timestep
τ = 0.01 Ha and including the repulsive nodal action [6]. Note that the
modulo β choice of t′ could lead to an ambiguity of a permutation in R(t′). It
turns out that only even permutations are allowed. Since the fermionic trial
density matrix ρT is invariant under an even permutation, this ambiguity in
the permutation is not a problem.

Now we consider the merits of our new nodal formulation. First it can
be seen that it eliminates the negative contributions to the fermionic in-
tegral: any negative permutation of closed paths will have some times t1
and t2 for which ρT (R(t1), R(t′1);β/2) and ρT (R(t2), R(t′2);β/2) have op-
posite sign. If ρT is the exact density matrix for the inverse tempera-
ture β/2, then the only paths that are eliminated did not contribute to
ρ(R,R;β) =

∫
ρ2(R,R′;β/2) dR′ anyway. We suspect the restriction is vari-

ational in free energy, but we do not yet have a rigorous proof. In comparison
to the formulation of Ceperley [5], we see that this new formulation is a great
simplification and is bilocal in time. This enables new calculations at room
temperatures and more efficient parallel implementations.

22.5 Examples and Tests for Non-Interacting Fermions

Since this is a new formulation of the fermion restriction, we have conducted
several tests of the nodal constraint, which we present in this section.

22.5.1 Antisymmetric States of a Harmonic Oscillator

Before treating Fermi systems, we illustrate the fixed-node constraint on a
much simpler system. A path integral simulation can easily sample the par-
tition function of a quantum harmonic oscillator, trρ(x, x′;β). Suppose you
only wanted the antisymmetric contribution, ρA(x, x′;β) = 1

2 [ρA(x, x′;β) −
ρA(−x, x′;β)]. You could explicitly antisymmetrize the path integral by al-
lowing both x = x′ or x = −x′ when taking the trace and introducing a
negative weight for the x = −x′ terms. Alternatively, you could recognize
that all antisymmetric wavefunctions are zero at the origin, and throw away
all paths that cross the origin. This restriction is equivalent to both the
ground state and the finite temperature nodal restrictions.

Now consider a two-dimensional oscillator. The first excited state is
doubly-degenerate. One could enforce a ground state restriction by placing
a node at x = 0. Then you sample a density as illustrated in Fig. 22.1a.
Alternatively, one could place the node at y = 0, resulting in the density
illustrated in Fig. 22.1b. Ground state nodes assume a unique wavefunction,
and a density matrix is needed to represent both degenerate nodal choices
equally.
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Fig. 22.1. Probability distribution for first excited state of a harmonic oscillator
using different nodal restrictions: (a) wavefunction restriction ψ1,0(r) > 0 ⇒ x > 0,
(b) wavefunction restriction ψ0,1(r) > 0 ⇒ y > 0, (c) density-matrix restriction
ρ(r(t), r(t′)) > 0 ⇒ r(t)·r(t′) > 0. The density-matrix restriction allows sampling of
both degenerate states; for finite temperature the density-matrix restriction allows
sampling of all low-energy excitations

For this two-dimensional oscillator, our density-matrix-based nodal ap-
proximatio reduces to the requirement that r(t) · r(t′) �= 0 for all t. The
densities for this case are shown in Fig. 22.1c. This Fermi constraint allows
both degenerate states to contribute equally to the simulation.

22.5.2 Free Fermi Gas

We have tested 27 spin-polarized (identical) fermions in a cubic box with side
length 10a0. We choose this density to approximate the density of valence
electrons in typical semiconductors. The results are shown in Fig. 22.2. We
have compared this to an equivalent bosonic simulation, to clearly show the
effect of the fermionic restriction. We have also indicated the classical energy
per particle, 3/2 kT , and the low temperature energy per particle of bulk
fermions at this density. We see that the energy of the fermions with the
density-matrix nodal restriction smoothly crosses over from the low temper-
ature to high temperature limits.

22.5.3 Free Fermi Gas in a Sphere

Note that the free particle density matrix is exact for free fermions at any
density. The free particle density matrix must also be appropriate for systems
with slowly varying density. Next we tested the applicability of the free par-
ticle density matrix for an inhomogeneous system of free particles confined in
a sphere. For 10 fermions (5 up and 5 down) confined in a sphere with radius
2a0, we should find a ground state energy of 25.915 Ha. Our path integral
calculations with τ = 0.01 gives 24.30 ± 0.36 Ha. The error is about what
we expect from the finite time step and the hard spherical confinement, a
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Fig. 22.2. Test of nodal restriction on 27 free particles. We plot the energy per par-
ticle for bosons and fermions and compare with the classical equipartition theorem
energy, 3/2kBT . These data show that this fermion restriction smoothly crosses over
from the high-temperature classical to low-temperature regime. Low temperature
curve is the thermodynamic limit for free fermions at this density

trend supported with a second calculation with a smaller timestep. We will
need to rerun the system with a more accurate action and conduct time-step
analysis to quantify magnitude of the fixed node error for this system. For
now we know that the error is smaller than the fermionic shell structure in
this system.

22.6 Calculations on Atoms

We have performed calculations on atoms from H to Ne at room temperature.
These test of fixed-node path integral electronic structure can be directly
compared to well-known ground state results from Hartree-Fock, fixed-node
diffusion QMC, density functional theory, and experiments.

22.6.1 Atomic Simulation Issues and Strategies

When testing calculations on atoms, several issues arise. First, the Coulomb
action must be accurately tabulated, as we noted earlier. As a necessary
condition for accuracy, we require that calculations of single electron ions
reproduce the analytical energies E = −0.5 Z2 Ha and V = −Z2 Ha to
within at least 5 mHa. We also tested the energy of He to similar accuracy.
Future calculations may require even higher accuracy.
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Table 22.1. Ionization potentials calculated by PIMC with comparison to exper-
imental ionization energies from [22]. The 2s electrons in Li and Be (appearing
in Li-I, Be-I, and Be-II) are significantly underbound in the free-particle nodal
restriction used in the PIMC calculations

Spectrum

Element I II III IV

H PIMC: 0.499(11)

exp.: 0.4997

He PIMC: 0.9053(8) 2.000

exp.: 0.9038 1.9998

Li PIMC: 0.117(10) 2.781(12) 4.494(8)

exp.: 0.1982 2.7796 4.5000

Be PIMC: 0.111(40) 0.518(40) 5.657(17) 7.985(7)

exp.: 0.3426 0.66924 5.6555 8.0008

Second, we must consider entropic ionization. To avoid the infinite entropy
of the extended vacuum, we have put the atoms in small spherical hard-walled
enclosures, with radii ranging from five to eight Bohr radii. While eight Bohr
radii should be sufficient to prevent room temperature ionization for most
atoms, fixed node errors can exasperate the ionization problem. That is, the
fixed node approximation may cause the ionization energies to be artificially
low, leading to partial ionization and significant departure from ground-state
behavior, even at room temperature.

Finally, we note that relaxation of the paths to thermal equilibrium may
be accelerated by first relaxing the energy at high-temperature using a small
confinement radius, then restarting the simulation at a lower temperature and
larger confinement radius. Note that the form of our fixed node restriction is
such that dropping the temperature by factors of two by duplicating relaxed
paths in imaginary time will always satisfy the nodal constraint.

22.6.2 Results for Atoms

We quickly tested the method on atoms from H to Ne. We found a serious
10% error in total energy that underestimates the binding. Plots of path
distributions revealed that the outer shell electrons were weakly bound and
have a tendency to ionize. We believe the 10% errors are too large for most
applications, since Hartree–Fock (HF) and the local density approximation to
density function theory (LDA-DFT) have total energy errors that are closer
to 3%.

To establish the source of these total energy errors, we have conducted
careful room-temperature (T = 0.001 Ha) calculations on atoms and anions
with Z = 1–4. Our calculated total energies are listed in Table 22.1, along
with the experimental values. The columns indicate the electron being re-
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Table 22.2. Total energies, in Hartrees. The PIMC calculations are restricted
with free-particle and Hartree–Fock nodes. We find that the Hartree-Fock nodes
give better results for Li and Be that are similar to FN-DMC with Hartree-Fock
nodes

EPIMC

Element Free Nodes HF Nodes ELDA EHF EFN−DMC Eexact

H −0.499(11) −0.499(11) −4.7867 −0.4997 −0.4997 −0.4997

He −2.9053(8) −2.9053(8) −2.8348 −2.8617 −2.9040(13) −2.9037

Li −7.404(12) −7.467(20) −7.3440 −7.4327 −7.4780(11) −7.4781

Be −14.280(17) −14.615(17) −14.4472 −14.5730 −14.6579(14) −14.6673

moved, i.e., column I is the energy to remove the first (outermost) electron.
The diagonal of the table is the energy of the one electron ion. We see first of
all that the energies of the ions with only 1s electrons are in excellent agree-
ment with the experiments. (Note that the experimental data show some
small relativistic effects that enhance bonding for Li and Be 1s states – these
relativistic effects are not included in our simulations.) In contrast, the 2s
electrons in Li and Be are bound too weakly, with binding energies about
one-half the experimental value. We believe the source of this error is our
choice of free particle nodes.

To test this hypothesis, we performed total energy calculations on Li and
Be using Hartree–Fock nodes. The spherical symmetry of the Li and Be atoms
reduces the Hartree–Fock nodal surface to the simple condition |r1| = |r2|,
where r1 and r2 are the positions of two like-spin electrons relative to the
nucleus. We have also performed fixed node calculations with a ground state
method, fixed node diffusion Monte Carlo (FN-DMC). In Table 22.2 we see
that the Hartree–Fock nodes improve the total energy to about the value
found in single-determinant FN-DMC calculations, suggesting that it the free
particle nodal surfaces were the source of error. For comparison, we have also
listed the LDA-DFT, HF, and exact total energies in Table 22.2. Our con-
clusion is that free particle nodal restriction is too severe an approximation
for most applications.

22.7 Calculations on Molecules

Molecules allow tests of an important question: can fixed-node path integral
calculations determine geometric structure, such as optimal bond lengths?
While failings of free-particle fixed nodes on atoms must be resolved before
one expects accurate bonding calculations, we have run some preliminary
tests on LiH and CH4.
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Fig. 22.3. Scatter plot of a path configuration from a simulation of an LiH molecule
at room temperature. The relative sizes of the large H cation and smaller Li anion
are apparent, as the quantum thermal wavelength of the Li and H nuclei

22.7.1 Molecular Simulation Issues and Strategies

The question of geometry and structure can be independent of total energy
calculations. For example, LDA-DFT makes significant errors in total energy
and band-gaps of bulk Si, yet calculates the equilibrium structure and phonon
dispersion curves quite well. Thus tests of geometry calculation are important
even if total energy calculations fall below chemical accuracy. Another reason
for early tests on molecules is to get an idea about structure optimization
ability: if we are able to improve our fixed-node approximation, will thermal
simulations efficiently relax to equilibrium geometries?

One new strategy we tried was to speed up the initial equilibration process
by starting from electrons already relaxed to a closed shell configuration. For
example, we initialized our CH4 simulations by starting from Ne atom paths,
then changing the Ne nucleus to C and placing four bare protons at the edge
of the electron cloud. Such strategies work well and may be useful in future
calculations on larger molecular systems.

22.7.2 Results for Molecules

Our first calculations on LiH and CH4 failed, but we think the method shows
promise. We started our calculations away from equilibrium and allowed our
nuclei to move. We found that the electrons and nuclei moved toward the ex-
pected structures, but eventually ionized and fell apart. In Fig. 22.3 we show
a scatter plot of a path configuration of a room temperature LiH simulation.
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We note the following correct features: (i) the molecule is highly ionic with
a large H cation and smaller Li anion, (ii) the extended paths of the Li and
H molecule (reflecting the thermal wavelength λβ = h/

√
2πmkBT ) show the

significance of zero-point motion in addition to thermal vibrations, (iii) quan-
titative measurement of bond lengths and dipole moments were within about
10% of the expected values, but they failed to converged, and eventually the
molecule fell apart, and (iv) the paths can exchange between molecules, which
is a feature of our fixed-node formalism not present in single-determinant
ground state nodes. Calculations on CH4 indicated that the simulations re-
lax to the tetragonal symmetry, but again the system falls apart for long
simulation times. The ionization and dissociation seems consistent with the
weak binding of 2s electrons we found in our atomic test. We plan to study
molecular calculations more once we have improved or nodes beyond the free-
particle formalism. In summary, we think that converged room temperature
calculations of molecules with geometry optimization are feasible, but free-
particle fixed node errors prevent accurate and converged calculations on our
test cases.

22.8 Conclusion and Future Work

We have developed a new formulation for fixed node constraints, and have
used it for test calculations on atoms and molecules at room temperature.
Initial tests on atoms from H to Ne and on LiH and CH4 molecules indi-
cate that the method does not yet have the accuracy for practical atomic
and molecular calculations. We wish to stress that 1s states are essentially
correct, and we believe that current H and He high-temperature simulations
are reasonably accurate [23], especially when improved nodes are used [24].
Our careful tests on ionized states of Li and Be indicate that the n = 2 shell
electrons are too weakly bound to the atom. The free particle nodes are the
likely source of this error, and tests with Hartree-Fock nodes support this
hypothesis.

The next step in this research will be to introduce effects of Coulomb
interactions into the nodal structure. Since our free-particle nodes lead to
bound 2s states, it may be possible that perturbative corrections to the nodes
that account for Coulomb interactions are accurate enough to advance the
method. Establishing practical constraints for nodal choices will require fur-
ther systematic tests, similar to the Li and Be ion study presented here. We
propose as a target to judge success of new nodal strategies for path integrals
the determination of LiH, CH4, and H2O molecule geometries at or above
LDA-DFT accuracy.
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Abstract. The free-energy extrema governing the magnetization-reversal process
for a model of an iron nanopillar are investigated using the projective dynamics
method. Since the time evolution of the model is computationally intensive, one
could question whether sufficient statistics can be generated, with current resources,
to evaluate the position of the metastable configuration. Justification for the fine-
grained discretization of the model that we use here is given, and it is shown that
tractable results can be obtained for this system on realistic time scales.

23.1 Introduction

Magnetic nanopillars can be fabricated [1], which offer interesting opportuni-
ties for direct comparison with numerical models. In the application discussed
here, the pillars are grown perpendicular to a surface. For an applied field
parallel to the long axis of the pillar, there exists a stable free-energy min-
imum when the field is parallel to the average magnetization of the pillar,
and a metastable minimum for the antiparallel orientation. Magnetization
reversal involves a transition from the metastable minimum to the stable
minimum across a saddle point in the free energy. It is the free-energy differ-
ence between the saddle point and the metastable minimum that determines
the switching time of the pillar. While determining the magnetization of the
metastable minimum is comparatively easy, the magnetization of the saddle
point is more difficult to determine. Projective Dynamics (PD) is a technique
that has proven capable of finding the saddle point in other magnetization-
reversal systems [2, 3].

23.2 Model and Numerical Results

In order for the proper dynamics to emerge, the magnetization of the sim-
ulated pillar must be discretized on a sufficiently fine scale. Pillar models
that have previously been studied by projective dynamics consisted only of
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a one-dimensional chain of spins [3]. This model lacks richer dynamics, such
as magnetization curling modes, that are seen in experiments and in more
realistic models. In addition, the dependence of the switching field on the
angle of misalignment between the pillar axis and the applied field observed
in the one-dimensional model [4] does not correspond to that seen in the
experimental pillars [5–7].

To achieve more realistic dynamics, a model pillar with physical dimen-
sions 10×10×150 nm was discretized onto a 6×6×90 cubic lattice. The model
parameters were chosen to be consistent with bulk iron: exchange length of
2.6 nm and magnetization density of 1700 emu/cm3. The temperature was
fixed at 20 K.

The dynamics of the system are governed by the Landau–Lifshitz–Gilbert
(LLG) equation [8],

dM(ri)
dt

=
γ0

1 + α

(
M(ri) ×

[
H(ri) −

α

Ms
M(ri) × H(ri)

])
, (23.1)

which describes the time evolution of the magnetization in the presence of a
local field. Here γ0 is the electron gyromagnetic ratio with a value of 1.67 ×
107 Hz/Oe, and α is a phenomenological damping parameter, chosen as 0.1 to
give underdamped behavior. M(ri) is the magnetization density at position
ri, with a constant magnitude Ms, and H(ri) is the total local field at ri. The
latter contains contributions from the dipole-dipole interactions, exchange
interactions, and the applied field.

A reversal simulation begins with the magnetization oriented along the
long axis of the pillar in the +z direction. It is allowed to relax in the presence
of a field +B0ẑ before the field is quickly switched to −B0ẑ, where B0 =
1125 Oe has been chosen smaller than the coercive field.

Projective dynamics involves analyzing the probability of growing toward
the stable equilibrium or shrinking away from it, as a function of a single
variable that measures the progress of the reversal process. To collect growing
and shrinking statistics here, the z-component of the total magnetization of
the pillar, Mz, was recorded at each integration step. In addition, the change
in this value from the previous integration step, ∆Mz, was also recorded.
The magnetization axis was discretized into bins into which the collected
data were sorted. The bin size was determined such that the discretized
∆Mz would only involve changes between adjacent bins. The growing and
shrinking probabilities were calculated by counting the number of times that
∆Mz would cause the magnetization to change bins. Define G as the number
of times the magnetization hopped to the next bin in the direction toward
equilibrium, and S as the number of hops in the direction back toward the
metastable state. If N is the total number of visits to the starting bin, then
the growing and shrinking probabilities for each bin, PG and PS , can be
written respectively as

PG =
G

N
, PS =

S

N
. (23.2)
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Fig. 23.1. Growing and shrinking probabilities versus the magnetization along the
z-axis for a 6×6×90 pillar. Grow/shrink data were collected into 6000 bins, which
span the entire magnetization axis, [−1, 1]. The simulation was run at 20K, 1125 Oe,
and the applied field was directed along the long axis of the pillar, antiparallel to the
initial magnetization. The continuous curves represent nine-point running averages

The crossings of the growing and shrinking probabilities give information
about the locations of the metastable free-energy minimum and the saddle
point. Where the two probabilities are equal, the system has no preferred di-
rection of magnetization evolution, indicating that the free-energy landscape
is flat in this region. This is the location of an extremum. The right-hand
intersection in Fig. 23.1 corresponds to the metastable free-energy minimum,
where the system spends most of its time. At the saddle point, the grow-
ing and shrinking probabilities are also equal, as indicated by the left-hand
crossing. The region between these two crossings shows a higher probability
for shrinkage than growth, corresponding a preference for moving toward the
metastable minimum.

Previous simulations performed on a one-dimensional chain of seventeen
spins exhibited Stoner–Wohlfarth behavior for the angular dependence of
the switching field [4]. This is not representative of experimental data [5–7].
However, a full three-dimensional model qualitatively produced the proper
angular dependence [4]. This is not surprising, given that the full three-
dimensional model allows for magnetization curling modes which are simply
not allowed in the one-dimensional model. PD has previously been applied to
the one-dimensional spin chain [3], but several thousand switches had to be
performed in order to accumulate sufficient statistics to reveal the free-energy
extrema [3]. With typical switches taking around 1500 CPU-hours for the full
three-dimensional model, it was not clear that sufficient statistics could be
generated.



23 Projective Dynamics in Nanomagnet Models 199

Figure 23.1 shows the results collected from only 20 switches for the full
model. The estimated PG is shown as circles, and PS as crosses. Scatter in
these data is primarily due to the counting statistics and the small number
of samples in each bin. Nine-point running averages are used to reduce the
scatter and improve estimates of the crossings of PG and PS . The running av-
erages are represented by curves and are sufficient to determine the locations
of the extrema with an uncertainty of about 1 × 10−3 in the magnetization.
For the one-dimensional model the estimated curves representing PG and PS

are almost parallel near the saddle point, making it difficult to locate cross-
ings of the growing and shrinking probabilities (see Fig. 1 of [3]). Since they
cross at a significant angle for the model studied here (see Fig. 23.1), it is pos-
sible to find an estimate for the magnetization of the free-energy saddle point
from far fewer switches than were needed for the one-dimensional model.

23.3 Summary and Conclusions

The projective dynamics method was used to produce growing and shrinking
probabilities during the magnetization reversal of a realistic model nanopillar.
These probabilities can be used to locate the magnetization of the free-energy
extrema. In particular, the magnetization of the saddle point is revealed.
Compared to the one-dimensional model, far fewer switches are needed to find
the location of the extrema in the three-dimensional model. In the future, a
study of the dependence of the saddle point on temperature and misalignment
between the pillar and the applied field are planned.
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Abstract. An Ising ferromagnetic model on a one-dimensional lattice with small-
world bond connections is studied by Monte Carlo simulations. The small-world
bond connections are built with Ising spins with the same bond length as the
starting one-dimensional lattice. A certain number of the longest of these small-
world connections are, however, set to length one. This corresponds to a folded
one-dimensional lattice. Results for the fourth-order cumulant are presented for
folded and unfolded lattices. It is seen that the number of folds can dramatically
change this cumulant, with ramifications for the critical behavior of the system.

24.1 Introduction

Our technological society is possible due to the unique characteristics of dif-
ferent classes of materials. Most materials are classified by the dimension d of
their fixed point, d = 3 for bulk systems, d = 2 for thin films, and d = 1 for
quasi-one-dimensional materials. Ferromagnetic Ising models can be formed
for lattice systems in each of these dimensions and studied using Monte Carlo
simulations [1].

Recently there has been a great interest in networks that are not regular
lattices. One example is the small-world network [2], usually obtained from
social or economic networks. Ising and other statistical mechanical models
have been studied on such networks (see [3–5] and references therein).

Recently Novotny and Wheeler [6] have asked whether a small-world con-
nected d = 1 Ising model with physical atoms making up the small-world
links is a model with a finite-temperature phase transition. The result was
not a finite-temperature phase transition, but a model where the ‘critical
temperature’, Tc, approached zero very slowly as the system size L increased.
Here we study using Monte Carlo simulations the same model, except we fold
the d = 1 chain a finite number of times. We examine how the fourth-order
Binder cumulant for the magnetization behaves for this case.

24.2 Models and Methods

The ferromagnetic Ising Hamiltonian for the model is
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Hsp = −J1

L∑
i=1

σiσi+1 − J2

′∑
i

σiσsw(i) , (24.1)

where J1 is the ferromagnetic nearest-neighbor interaction constant along
the d = 1 chain and σ = ±1. Spin i is connected through the small-world
connections described below to spin sw(i) with ferromagnetic bond strength
J2. The second sum includes all spins in the d = 1 lattice (single counted, as
the ′ denotes), as well as added spins to make up the small-world connections.
The d = 1 system has L spins with periodic boundary conditions, and the
entire system has Ntot spins.

The small-world connections are constructed randomly, with spins paired
together at random so that every spin belongs to one and only one pair of
spins. These pairs are constructed independent of the location of the spins.
The lengths of these small-world connections are then calculated. The longest
M� of these small-world connections are connected with a single bond of
strength J2. This is equivalent to folding and connecting the d = 1 chain.
For the rest of the small-world connections, a number of spins given by |i −
sw(i)| + 1 are connected as a d = 1 lattice with all bonds of strength J2. In
this way, one obtains a system with all bond lengths the same – a system
which can be built, in theory, from atoms.

24.3 Results

We have calculated the fourth-order Binder cumulant of the magnetization
for the case with a fixed number of short-cuts. This cumulant is given by [1]

U4 = 1 −
〈
m4
〉

3 〈m2〉2
. (24.2)

Figure 24.1 shows the cumulant U4 for two different systems sizes. The left-
most curves are for no short-cuts in small-world connections, while the right
curves are for all possible short-cuts in the small-world connections. Note
that the left-most curves do not cross, indicating that there may be no finite-
temperature phase transition. The right-most curves do cross, showing that
there is a finite-temperature phase transition.

The effect of adding short-cuts is to change quantitatively the curves for
U4 for a given system size. This is shown in Fig. 24.2 for L = 64 for a number
of short-cuts between the minimum and maximum.

The effects on crossings of U4 is shown in Fig. 24.3 for L = 64 for a number
of short-cuts between the minimum and maximum values.

24.4 Summary and Conclusions

As seen in the three figures, changing the number of short-cuts in the small-
world lattice interpolates between a system with no phase transition and one
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Fig. 24.1. The fourth-order Binder cumulant for the model is shown as a function
of temperature for L = 64 (thin curves) and L = 32 (thick curves). The left-most
curves correspond to no short-cuts in the small-world connections. The right-most
curves correspond to all small-world bonds being short-cuts in the small-world
connections

Fig. 24.2. The fourth-order Binder cumulant for the model is shown as a function
of temperature for L = 64 for different numbers of short-cuts. The left-most curve
corresponds to no short-cuts in the small-world connections. The right-most curve
corresponds to all small-world bonds being short-cuts in the small-world connec-
tions. The number of short-cuts in the small-world connections increases by 4 for
each curve, from zero for the left-most curve to the maximum value of 32 for the
right-most curve

with a phase transition. In most models there is a unique way to take the
thermodynamic limit L → ∞. However, for these small-world connections
with short-cuts, there is not a unique way to take this limit. Taking the limit
in different ways should allow for different behavior in terms of whether or
not there is a finite-temperature Tc. Keeping the number of short-cuts fixed
as L → ∞ will not give a finite-temperature Tc. Keeping the number of
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Fig. 24.3. The fourth-order Binder cumulant for the model is shown as a function
of temperature for L = 64 (thin curves) and L = 32 (thick curves). The left-most
curves correspond to no short-cuts in the small-world connections. The right-most
curves correspond to all small-world bonds being short-cuts in the small-world
connections. The number of short-cuts in the small-world connections increases by
4 for each curve for each L, from zero for the left-most curve to the maximum value
of L/2 for the right-most curve

short-cuts a fixed ratio with L as L → ∞ will give a finite-temperature TC.
It is possible to take the limit with a power-law relationship between the
number of short-cuts and L. The effect this will have on Tc is a topic for
future investigation.
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Abstract. An empirical many Potential Energy Function (PEF) incorporating
two-plus-three body atomistic potential derived by fitting experimental data per-
taining to bulk nickel, and palladium has been applied to study the structural sta-
bility and energetics of the trimers, tetramers, and pentamers microclusters of Ni
and Pd. A constant temperature Molecular Dynamics (MD) technique is employed
in the simulation. It has been found that the energetically most stable structures
for the trimers, tetramers and pentamers are all identical in the final optimized
distorted geometry with a different bond length distances, binding energies, with
palladium microclusters as the most stable.

25.1 Introduction

There has been a continuing interest in research on clusters in general and
small metallic clusters in particular in the last decades from experimental
and theoretical prospectives, because such species play a fundamental role in
homogeneous nucleation, crystal growth, structure of amorphous materials,
atmospheric chemistry, epitaxy and surface science in general [1–13].

Geometrical structure of transition metals clusters is an important factor
determining their physical and chemical properties. Such atomic species con-
taining two to a few hundred atoms are now known to exhibit novel electronic,
magnetic, optical and chemical behaviors when they change size [1, 14].

Owing to the importance of nickel as a catalyst, and a ferromagnetic
solid nickel have been widely studied by both theoreticians and experimen-
talists [1, 3–5, 14–23]. Clusters of palladium are especially of great interest
since palladium is employed as catalysts in hydrogenation reactions due to
the large hydrogenation energies of such element [24]. Such metal, which
form hydrides, can be used for hydrogen storage and is interesting because
properties such as conductivity or transparency change with the hydrogen
concentration [25]. Palladium, particles supported on oxide surfaces play the
role as active components in the control of automotive pollution [26].

In the present work, we focus our attention on studying the ground state
and energetically low lying structures of Nin, and Pdn (n = 3–5) clusters
using MD simulations based on the use of an empirical many body Poten-
tial Energy Function (PEF) and Nordsieck–Gear algorithm, a field of current
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Table 25.1. Calculated interatomic distances in (Å) between the i− j atom index
for the clusters, shown in Fig. 25.1. The ∗ indicates the value is not taken in the
average bond length calculation, apex to apex atom in the trigonal bipyramid

i − j Ni3 Ni4 Ni5 Pd3 Pd4 Pd5

1–2 2.198688 2.189574 2.158147 2.569987 2.569528 2.578145

1–3 2.241405 2.214381 2.143275 2.581338 2.576214 2.569499

1–4 2.245574 2.236004 2.581518 2.584206

1–5 2.339133 2.575817

2–3 2.205809 2.204008 3.577597∗ 2.570044 2.569848 2.572945

2–4 2.267131 2.251268 2.583576 2.572929

2–5 2.272096 4.214275∗

3–4 2.216046 2.234010 2.573801 2.571848

3–5 2.251630 2.600595

4–5 2.203067 2.573144

Average 2.215 2.223 2.232 2.574 2.576 2.578

Table 25.2. Calculated energies in (eV) for Nin, and Pdn (n = 3–5) clusters. Φ
represents the total energy of the cluster and Φn is the average energy per atom in
the cluster

Energy Ni3 Ni4 Ni5 Pd3 Pd4 Pd5

−Φ 1.635200 2.996330 4.356740 2.052750 3.810940 5.524580

−Φn 0.545067 0.749083 0.871348 0.684250 0.952735 1.104916

interest. The bond length distance between the atoms in each cluster, bind-
ing energies per atom will be calculated, and optimized geometries will be
obtained. The present PEF has been used successfully to simulate the struc-
tural stability and energetics of Al clusters [27], bulk and surface properties
of Al [28], Ag clusters [29], and for Au clusters [30]. We begin with a brief de-
scription of the method used. Finally, we discuss the results of our simulations
and compare between them with the available literature data.

25.2 The Potential Energy Function

We employed a molecular-dynamics technique based on the Nordsieck–Gear
algorithm [31], to study the energetics and the structural stability of Nin and
Pdn microclusters. The PEF has been discussed elsewhere [23, 32]. A set of
different initial configurations were considered; energetically the most stable
structure for each set is shown in Fig. 25.1, the corresponding interatomic
distance, the average bond length, and the interaction energies are shown in
Tables 25.1 and 25.2 respectively.
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Fig. 25.1. The energetically most stable cluster geometries of Nin, and Pdn, (n =
3–5) respectively

Fig. 25.2. Variation of the average interaction energy per atom vs. Cluster size for
Nin (triangle down), and Pdn (Square) for (n = 3–5) respectively

The cluster structures presented in this work are the snap-shots of the last
molecular-dynamics step for each nickel and Palladium cluster. The variation
of the average interaction energy per atom, namely Φn = Φ/n, as a function
of the cluster size is plotted in Fig. 25.2. The clusters studied are discussed
and compared with the available literature data in the next section.

25.3 Calculations and Discussion

In this section we will review and report the different methods and results
of the experimental and theoretical work available in Tables 25.3 and 25.4 to
keep the scope of the proceedings as short as possible.

It would be interesting to compare the relative stabilities of the Nin, and
Pdn clusters (n = 3–5) from the consideration of their binding energies per
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Table 25.3. calculated properties of Nin clusters. The symbols BE/n is the binding
energy per atom in (eV), BL is the bond length in Å, and the calculated results of
this work using (MD), other symbols are explained below the table

Cluster Symmetry −BE/n BL (Å) Method Ref.

Ni3 D∞h 1.134 2.50 LSMOA [1]
D∞h 0.50 2.38 ECP-SCF [3]
C2v UV visible Absorption [4]
D3h 0.40 CNDO [5]
C2v 1.960 2.148–2.185 LCAO-MO [14]
D3h 1.436, 1.40, 1.547 2.122, 2.233.2.202 CEM, MD/MC-CEM, DF [15]
D3h 1.66 2.30 TBMD [16,19]
D3h MD [18]
D3h 1.750 2.280 EH [20]
D3h 0.550 2.220 EM [23]
D∗

3h 0.545 2.215 (average) MD ∗)
Ni4 D4h 1.150 2.60 LSMOA [1]

D4h 0.58 ECP-SCF [3]
D4h 1.15 Semi-empirical [5]
D2d, D4h 2.34 2.10 LCAO-MO [14]
Td 1.875, 2.333, 2.433 2.16, 2.323, 2.249 CEM, MD/MC-CEM, DF [15]
D4h 1.870 2.260 TBMD [16]
Td MD, NH4 Experiments [18,21]
D4h 1.870 2.260 TBMD [19]
D2d 2.250 2.310 EH [20]
Td 0.750 2.250 EM [23]
T∗

d 0.750 2.223 (average) MD ∗)
Ni5 D5h 1.320 2.70 LSMOA [1]

C4v 0.710 ECP-SCF [3]
D5h 1.320 Semi-empirical [5]
D3h 2.83 2.233–2.286 LCAO-MO [14]
D3h 2.102, 1.948 CEM, MD/MC-CEM [15]
Td 2.16 2.42 TBMD [16,19]
D3h N2-Uptake Experiments [17]
D3h MD [18]
D3h 2.40 2.33 EH [20]
Td or D3h NH4 Uptake Experiments [21]
D3h G, FS, LJ, M Potentials [22]
D3h 0.88 2.26 EM [23]
D∗

3h 0.87 2.232 (average) MD ∗)

Acronyms used refer to the methods LSMOA: Low Spin Molecular Orbital Ap-
proximation, ECP-SCF: Effective Core Potentail-Self Consistent Field, UV: Ul-
tra Violet, CNDO: Complete Neglect of Differential Overlap, LCAO-MO: Lin-
ear Combination of Atomic Orbitals-Molecular Orbital, CEM: Corrected Effective
Medium, MD/MC-CEM: Molecular Dynamics/Montecalro-CEM, TBMD: Tight
Binding Molecular Dynamics, MD: Molecular Dynamics, EH: Extended Hkel, EM:
Energy Minimization, G: Gupta, FS: Finnis-Sinclair, LJ: Lennard-Jones, EAM:
Embedded Atom Method, TBM: Tight Binding Method, HF: Hartree Fock
∗) This work
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Table 25.4. Same as in Table 25.3, but for Pdn clusters

Cluster Symmetry −BE/n BL (Å) Method Reference

Pd3 D3h 0.685 2.575 EM [23]

D3h 0.80 3.30 EH [2]

2.50 MD, EAM, TBM [34]

D∗
3h 0.684 2.574 (average) MD This Work

Pd4 Td 1.463 MD/MC-CEM [15]

Td 0.954 2.583 EM [23]

Td ECP [5]

Td 0.74 2.10 EH [2]

3.30 HF [33]

2.70 MD, EAM, TBM [34]

T∗
d 0.953 2.576 (average) MD This work

Pd5 D3h 1.678 MD/MC-CEM [15]

D3h 1.107 2.586 EM [23]

D3h 0.67 2.30 EH [2]

2.850 MD, EAM, TBM [34]

D∗
3h 1.105 2.578 (average) MD This work

Table 25.5. Experimental and theoretical binding energies (eV) per atom of Nin,
and Pdn clusters from [35], and the calculated results of this work using (MD).
Experimental binding energies are within Parentheses

n Nin MD Pdn MD

3 (0.9626) 0.5450 1.1834 0.6843

4 (1.0995) 0.7491 1.4050 0.9527

5 (1.4096) 0.8713 1.3960 1.1050

atom and the average bond length distance in each cluster. On the basis of the
total binding energies of Pdn (n = 3–4) clusters as presented in Table 25.5.

Its quite evident that the stability of the cluster increases with increasing
size. The experimental and theoretical results as presented in Table 25.5. also
supports this trend. The results of the Ni cluster differ from Pd clusters, which
are the most stable, as shown from Table 25.5 and Fig. 25.2 in two respects.
First, the Ni clusters have substantially smaller binding energies compared to
Pd clusters. This trend could be attributed to the relativistic effects that are
substantially larger for palladium. The other major difference between Ni and
Pd clusters lie in the respective order of stability of the two metal clusters.
The binding energy per atom of the Nin (n = 3–5) cluster is found to be
0.5450, 0.7491, and 0.8713 eV as shown in Table 25.5 respectively for Ni3, Ni4,
and Ni5 clusters, whereas in Pdn (n = 3–5), the order of stability increases
monotonically with the cluster size. Our results has a smaller binding energies
compared to the experimental and theoretical work which could be due to
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the thermodynamic state that describes the experiment or the different level
of theory that is utilized to compute the binding energies by other authors.

Figure 25.2 contains the plots of the binding energies per atom of Nin and
Pdn, respectively with respect to cluster size (n). The results of Ni clusters
indicate that they are less strongly bound than the Pdn (n = 3–4) clusters.
An interesting feature that emerges from this plot is that there is increased
stability among the smaller clusters for n = 4. Thus this cluster size (n = 4)
could be considered as a local magic number for group 8B metal clusters (Ni,
Pd, and Pt). Another point worth mentioning concerning the lower binding
energies in Nin (n = 3–5) clusters with respect to Pdn (n = 3–5) clusters is
the concept of less participation of the d orbitals in bond formation Majumdar
et al. [35]. Concerning the bond length distance as for Pdn clusters, the
calculated average bond length distance is 2.574, 2.576, and 2.578 Å for Pd3,
Pd4, and Pd5 respectively. A comparison of these distances of the present
work with the corresponding values of Ni reveals that they are considerably
larger than Ni counterparts 2.215, 2.223, and 2.232 Å respectively for Ni3,
Ni4, and Ni5. The Pd–Pd distances for Pd3, and Pd4 reported by Majumdar
et al. [35] is found to be 2.67, and 2.69 Å respectively. In the case of Pd5

the ground state geometry is a tetragonal pyramid with a Pd-Pd distance of
2.611 Å for the tetragonal base. The Pd–Pd distance for the other bonds is
2.84 Å. Our results are qualitatively in agreement with Majumdar et al. [35]
results regarding Ni and Pd clusters.

25.4 Conclusion

The main drawn conclusions from this study are as follows:

1. Most ab initio methods results obtained for Ni and Pd clusters, while sat-
isfactorily describing trends in the variation of various cluster properties
with the cluster size, fail to agree among themselves and with experiment.
As a consequence of these difficulties the ab initio calculations even when
considering optimization, limit themselves to symmetry restricted geome-
tries with n > 3.

2. With the present method the most stable microclusters of Nickel and
Palladium particles are in three dimensional distorted compact forms
with average bond length distance around (2.215–2.232 Å) for Ni and
(2.574–2.578 Å) for Pd.

3. The calculated binding energies of Nin (n = 3–4) clusters are less strongly
bound than the Pdn (n = 3–4) clusters as experiments shows.

4. In comparison between experiment and theory the role of temperature
and kinetics should be remembered. The global minimum is only rig-
orously the equilibrium structure at zero temperature. At higher tem-
perature other structures may become more stable due to the entropic
effects. Furthermore, it is not always clear whether equilibrium has been
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achieved under experimental conditions, especially for clusters formed at
low temperature.

In conclusion semi-empirical methods can play a major role especially with
MD technique to predict the most stable structures, bond distances and other
properties for a molecular system. An analysis of various structures confirms
the short range of the effective interatomic interactions in metals, and thus
lends strong support to semiempirical methods [36], which describe the ener-
getics of interatomic interactions in terms of only first and possibly second-
neighbor interactions.

References

1. A.B. Anderson: J. Chem. Phys. 64, 4046 (1976); 66, 5108 (1977)
2. E.L. Muetterties, T.N. Rhodin, E. Band, C.F. Burcker, W.R. Pretzer: Chem.

Rev. 79, 91 (1979)
3. H. Basch, M.D. Newton, J.W. Moskowitz: J. Chem. Phys. 73, 4492 (1980)
4. W. Weltner Jr., R.J. Van Zee: Ann. Rev. Phys. Chem. 35, 291 (1984)
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26 Usage of Pattern Recognition Scheme
in Kinetic Monte Carlo Simulations:
Application to Cluster Diffusion on Cu(111)

C. Ghosh, A. Kara, and T.S. Rahman

Department of Physics, Cardwell Hall, Kansas State University
Manhattan, KS 66506, USA

Abstract. We have invoked a simple pattern recognition scheme in kinetic Monte
Carlo simulations of post-deposition evolution of two dimensional islands on fcc(111)
surfaces. On application of the technique to the diffusion of small Cu clusters (8–
55 atoms) on Cu(111) we find that, at room temperature, clusters with certain
magic numbers show stick-slip type of motion with striking patterns rather than
the random paths followed by the others. At higher temperatures all clusters dis-
play random motion. The calculated diffusion coefficients show dependence on size
and temperature with an effective barrier ranging between 0.64 eV and 0.71 eV.
Small asymmetries in diffusion barriers lead to a large difference in the frequencies
of adatom diffusion along the two types of microfacetted steps on Cu(111) leading
to consequences in their shape evolution. The pattern recognition scheme revealed
forty nine basic periphery diffusion processes whose activation energy barriers were
calculated using the nudged elastic band technique and interatomic potentials from
the embedded atom method.

26.1 Introduction

An important constituent of nanostructuring of material is the process of epi-
taxial growth which is intimately related to the diffusion, evaporation, con-
densation and related phenomena of atoms and atomic clusters on surfaces.
Experimental studies of the diffusion of adatoms and small atomic clusters
on metal surfaces using Field Ion Microscopy (FIM) have already provided a
number of unexpected events such as the concerted motion of atoms [1] and
the collective sliding motion of clusters [2]. These studies, together with the
availability of reliable computational techniques, motivated a number of com-
putational and theoretical scientists to examine in more detail the possible
paths for the diffusion of adatom and vacancy clusters on metal surfaces and
calculate their energetics and dynamics. Rapid developments in the technique
of Scanning Tunneling Microscopy (STM) have further exposed interesting
characteristics of the dynamics of large (a few hundred) adatom and vacancy
islands. In fact, it was from the STM measurements of Ag/Ag(100) [3] and
Ag/Ag(111) [4] that large two-dimensional islands were found to be signifi-
cantly mobile. Furthermore, the mobility of large vacancy islands was found
to be comparable to that of the adatom islands [5]. These and related observa-
tions led to a series of papers [6–9] with speculations about the microscopic
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mechanisms that cause these large islands to move. Of particular interest
here are the competing mechanisms of adatom periphery diffusion, evapora-
tion/condensation, and terrace diffusion. Statistical mechanical calculations
based on solid-on-solid (SOS) models predict specific scaling of the diffusion
coefficient with the island diameter, depending on the preponderance of one
of these three mechanisms. Since these dependencies are not unequivocally
extracted from experimental data, because of the large error bars involved,
the issue is not yet completely settled, although the bias is towards periphery
diffusion. Molecular dynamics simulations of Ag vacancy island on Ag(111),
on the other hand, have shown a preference for periphery diffusion, while in
the case of the elastic-continuum models the three mechanisms lead to charac-
teristic decays of the time and space correlation functions. Several questions
about the elastic-continuum based models, however, remain as shown by Bog-
icevic et al. [10] who find that the exponents in the power law dependence
of the diffusion coefficient on island size were themselves temperature de-
pendent and material specific, unlike predictions of the simpler earlier model
calculations. While the work of Bogicevic et al. points to the simplicity of
the previous calculations, it also begs the question whether the atomistic
model used by them truly brings out the inherent complexity of the system.
Our reference here is the small number of diffusion processes that appear to
be included in [10]. While we agree that the kinetic Monte Carlo technique
(KMC) can provide a linkage between information at the atomic scale and
simulated behavior at the mesoscopic one, the evolution of the system could
be prejudiced by the usage of an insufficient set of atomic processes arising
from a narrow local consideration.

The main point of departure in the present paper is the usage of a pat-
tern recognition scheme in KMC simulations and the provision of a suffi-
ciently large set of possible single atom processes that the system might
undertake. The activation energy barriers for these processes are calculated
using reliable interaction potentials and calculation schemes. While for the
applications presented here, these interatomic potentials are based on the
embedded atom method (EAM) [11], they could also be obtained from ab
initio methods if sufficient computational resources are available. After pre-
senting a framework for carrying out such KMC calculations we apply it
to examine the diffusion of two-dimensional (2D) atomic clusters of sev-
eral sizes and shapes on a fcc(111) surface. Our specific system here is
Cu/Cu(111), as described by EAM potentials. In the following, we present
summary of the theoretical technique in Sect. 26.2, followed by a descrip-
tion of the model system in Sect. 26.3, and a list of diffusion processes
and activation energies in Sect. 26.4. The results for cluster diffusion are
presented and discussed in section V, while some conclusions are offered
in Sect. 26.4.
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Fig. 26.1. Illustration of the 3-shell scheme for an (111)fcc 2D system

26.2 Theoretical Details

We use standard lattice gas model (solid on solid) with hexagonal symmetry
which maps the fcc111) surface. In this model only occupancy of fcc sites
is allowed which is in general agreement with experimental observation on
several metal surfaces. A typical sample consists of a 3-layer slab with periodic
boundary conditions in the XY plane, parallel to the surface. The topmost
layer is formed by the system that we are studying, be it an adatom island,
a vacancy island or any other nanostructure. The two bottom layers of the
sample are fixed. Thus only in plane (2D) motion of the surface layer is
considered.

The goal of kinetic Monte Carlo (KMC) is to mimic real experiments
through sophisticated simulations. For these simulations to be realistic, one
has to implement increasingly complex scenarios requiring intensive use of
state-of-the art software and hardware. At the heart of a KMC simulation of
the time evolution of a given system lie the mechanisms that are responsible
for determining the microscopic events to be performed at any given time.
To illustrate the point, consider a system containing N particles at a given
time with Ne possible types of events. Let us also associate with each event-
type (i) ni the number of particles in the system that are candidates for this
event-type. We also associate with the event-type (i), the activation energy
Ei and a pre-factor νi. The microscopic rate associated with event (i), within
Transition State Theory (TST), is then, ri = νi exp(−Ei/kbT ), with kb the
Boltzman factor and T the temperature. The macroscopic rate associated
with event (i) is simply Ri = niri. The total rate is given by

R =
∑

Ri .

In KMC simulations, the acceptance of a chosen event is always set to one.
The choice of a given event is, however, dictated by the rates. First, an event-
type is chosen according to its probability Pi = Ri/R and then a particle is
randomly chosen from the set ni. For simplicity, we assume that any event in
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Fig. 26.2. Schematic representation of the labeling procedure in the 3-shell scheme,
with 1 for occupied and 0 for unoccupied sites

Fig. 26.3. Three shells of nearest neighbor atoms around the active atom (atom
selected to move) and the pattern recognition scheme

this system can be described by a 3-shell scheme containing a central atom
surrounded by three shells of neighbors, as illustrated in Fig. 26.1.

The labeling of the surrounding atoms is done in binary and a base ten
number is subsequently associated with the first shell configuration. The same
procedure is followed for the second and third shell. Hence, for an atom in
the system to be active (i.e. central atom for a given event), it should have a
vacancy in its first shell (or an occupancy number less than 63) as illustrated
in Fig. 26.2.

In identifying the active atoms according to the above the labeling scheme
for the diffusion of adatom clusters on fcc(111) surface, forty-nine basic
processes (and their equivalents obtained by applying the symmetry oper-
ations for a hexagonal lattice) are found for single atom peripheral diffusion.
Furthermore at every MC step the active atoms are classified according to
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Fig. 26.4. Flowchart for a kinetic Monte Carlo simulation

the processes they may perform within the 3-shell scheme. The macroscopic
rate for every process is thus computed and the corresponding probability
determined. The interval between zero and one is then divided into intervals
with widths corresponding to the probabilities of all the active processes. A
first random number selects the process to be performed and a second se-
lects the atom to be moved from the list belonging to the selected process.
Not all the surrounding 36 atoms are used in the classification of an active
atom. Instead a “minimum configuration” scheme is invoked in which we
take into account (from the 36 atoms) only those sites (vacant or occupied)
that uniquely determine the process that is associated with a given atom.
In Fig. 26.3, as an example, we show the minimum configuration associated
with diffusion along step A. Step A signifies a (100) microfacetted step while
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Fig. 26.5. Fractal-like starting configuration for the cluster

step B signifies a (111) microfacetted step. For this process, the conditions
to be met are: (i) sites 4, 5, 17 (in black) must be filled and (ii) sites 0, 1, 2,
3, 6, 7 (in white) must be vacant. The rest of the sites could be either filled
or vacant (grey). The simulation procedure described above is summarized
in Fig. 26.4.

For the interactions between the atoms in the systems studied here, we
use the embedded atom method (EAM). This is a semi-empirical, many-body
interaction potential [11]. The EAM was very successful in reproducing many
of the characteristics of the bulk and the surfaces of Cu, Ag, Pd, Pt, Au and
Ni [11]. We have also found the EAM potentials to be reliable for examining
the temperature dependent structure and dynamics of the low Miller index
surfaces of Ag and Cu [12], and for describing the energetics and dynamics
of Cu, Ag and Pd vicinals [13, 14], and self diffusion on the Ag, Cu, and Ni
flat surfaces [15].

The activation energies associated with the different processes are cal-
culated using the nudged elastic band method [16]. This method has been
shown to be efficient for finding the (minimum energy path) MEP between
given initial and final states of a process. The MEP is found by constructing
a set of images of the system, thirty in our case, between the initial and final
states. A spring type interaction potential between adjacent images is added
to ensure continuity of the path. A minimization procedure for the forces
acting on the images brings the images to the MEP. This method determines
the activation energy with a typical error of about 10 meV for the processes
involved in the studies presented here.

The diffusivity of the islands was studied by following the trace of the
center of mass (CM) with time and quantitatively by calculating the mean
square displacement (MSD) of the CM as function of time. While calculating
the mean square displacement, we first divided our data into equidistant
steps with respect to time having the corresponding CM coordinates at that
time instant. From this set of data the mean square displacement and hence
the diffusion coefficients were obtained by correlating these equidistant data
points.
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26.3 Model Systems

We have studied the dynamics of sixteen Cu islands containing between 8
and 55 atoms on Cu(111). We have classified these islands into four categories
depending on the number of atoms they contain: (i) compact hexagon (19,
37); (ii) compact hexagon +1 (8, 20, 38); (iii) 6n + 3 (9, 15, 21, 27, 33); and
(iv) general (10, 12, 14, 18, 26, 55), where n is an integer. The last category
contains all those islands not fitting in categories (i), (ii) and (iii). Each KMC
simulations started with an arbitrary (fractal like) shaped cluster (Fig. 26.5)
in which all atoms are connected.

26.4 Diffusion Processes and Activation Energies

At the outset of the simulation for each active atom (shell label less than
63), all possible peripheral moves were recorded and the database checked
for their activation energies. If the activation energy was not found, it was
calculated as discussed above and stored in the database. In this manner
49 different peripheral diffusion processes were found. On the application of
symmetry operations, these correspond to 294 possible processes.

In this section we present a summary of the forty nine processes involved in
2D island diffusion on fcc(111) surface. These processes represent all possible
events that could be encountered in the hopping of periphery atoms from one
fcc site to another. The set of 49 figures (Fig. 26.6) illustrates these processes
with the arrow showing the transition from the initial to the final state. The
activation energy as determined by the NEB method is also recorded in the
figure. As can be noted the EAM potential used here present a systematic
difference in the energetics of processes along step A and step B. For example,
the diffusion along step A has an activation energy 43 meV lower than that
along the step B. A similar observation is made for the process involving kink
detachment along a step. These asymmetries in the energetics will ultimately
dictate the probabilities associated with the available processes during the
simulation, as we will show later in this section. We would also like to point
that some processes necessitate more than one step as our pattern labeleing
dictates motion from an fcc site to another fcc site. Hence, the rounding of
an AA or a BB junction is done in three stages while that of an AB or a BA
junction is performed in two.

26.5 Results

In the following we first present the results for the motion of the center of
mass of each cluster. This is followed by a summary of the calculated mean
square displacement and diffusion coefficients. Several tables showing the
frequencies of the 49 events are included in the end of the section.
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Step Edge Diffusion

Kink detachment along step edge

Kink Incorporation

Kink detachment out of step

Falling into kink
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Kink Rounding

KESE

Corner rounding at AA junction – 3 stages

Corner rounding at BB junction – 3 stages

Corner rounding at AB junction – 2 stages
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Corner rounding at BA junction – 2 stages

Step attachment

Detach from step and fall into kink

Detach from atom and attach to step

Detach from atom and fall into kink
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Rounding a chain

Kink detach along step (small)

Detach from atom and attach to step (small)

Detach from 5 nn to vacancy at 6th nn

Reverse of above process-Detach from 6th nn to vacancy of 5 nn
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Move to a vacancy within a closed shell

Detach from an AB corner into 5 nn vacancy

Reverse of above process – Detach from 5 nn to a vacancy at 6th nn AB corner

Detach from a step to a vacancy above

Reverse of the above process – Detach from 5 nn to a vacancy on the step
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Kink Incorporation (small)

Fig. 26.6. Energy barriers for key diffusion processes for Cu/Cu(111) – NEB.
Initial position, final position

26.5.1 Trace of the Center of Mass

The diffusion of the above mentioned islands was monitored by recording
the center of mass motion. We have used a substrate containing 480 atoms
(20 × 24) with the island initially placed at the center of the template. In
order to use our pattern recognition scheme without any complications, we
shift the island back to the center of the substrate whenever an atom of
the island reaches the border of the template. The shift is then recorded to
recover the real diffusion path of the center of mass. In the following figures,
we show the trace of the CM for 5 islands, containing 10 atoms (general),
18 atoms (general), 19 atoms (compact hexagon), 21 atoms (6n + 3) and 26
atoms (general). We choose these islands because the physical time elapsed
during 100 million MC steps are comparable: 2686, 3634, 2291, 3753 and
3854 s respectively.

We focus here on a qualitative description of the diffusion of these five
islands. For the 10 atom island (Fig. 26.7a), the trace of the CM covers an area
of about 60 × 80 nm and appears to be random and resembles the diffusion
path of a single atom.

The 18 atom island (Fig. 26.7b) also shows a large area of about 30×25 nm.
Note that in this case one can see some dark areas separated by thin paths
indicating a sort of stick slip motion, which is still random. Both these islands
belong to the general category.

The 19 atoms island belongs to the compact hexagon category and one
can see from Fig. 26.7c that the center of mass hardly moved during the
100 million MC steps corresponding to 2291 s. The center of mass clearly
experiences a stick slip motion but with a very long residence time during
the stick phase. The trace of the center of mass is regular and is close to a
hexagon. The difference between the 18 and the 19 atoms islands is only one
atom, which will make the detachment/attachment of atoms very important
in the diffusion of these islands. One can imagine a scenario when a 19 atom
island starts to diffuse very rapidly because of loss of a peripheral atom, and
inversely, a rapidly diffusing 18 atom island may be brought to a halt by



228 C. Ghosh et al.

incorporation of a diffusing single atom. Note that in these simulations the
atoms are not allowed to detach from the cluster.

Another case of slowly diffusing island is the 21-atom cluster (category
6n+3) as illustrated in Fig. 26.7d. Here again, the stick slip motion is obvious
with a very long stick residence time. The trace of the CM during the stick
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Fig. 26.7. (a) Trace of CM for a 10 atom cluster at 300 K for 100 million MC
steps. (b) Trace of CM for a 18 atom cluster at 300 K for 100 million MC steps. (c)
Trace of CM for a 19 atom cluster at 300K for 100 million MC steps. (d) Trace of
CM for a 21 atom cluster at 300 K for 100 million MC steps. (e) Trace of CM for
a 26 atom cluster at 300 K for 100 million MC steps

phase present a 6-sided star and the area covered during these 3753 s (100
million MC steps) is only about 1 × 1 nm.

The slow diffusion of these islands is not due to their large size as one
would expect, but is rather due to the fact islands with magic numbers diffuse
slowly. The 26 atoms (with category “general”, meaning no magic number)
is larger than the 19 and the 21 atom ones but diffuses much more rapidly as
one can see qualitatively in Fig. 26.7e. The area covered by this island during
the 3854 s is about 10× 10 nm, considerably larger than the 1× 1 nm covered
by the 19 and 21 atom islands. It can also be noted that the trace is made of
densely packed dark spots indicating stick-slip motion but with a very short
stick residence time. But the overall trace is like a random walk.
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Fig. 26.8. (a) Plot of MSD vs. time for a 10 atom cluster at 500 K. (b) Plot of
MSD vs. time for a 19 atom cluster at 500 K. (c) Plot of MSD vs. ime for a 100
atom cluster at 500K

26.5.2 Mean Square Displacement and Diffusion Coefficient

Since our KMC simulation scheme has a very high speed of performance and
can run for several hundreds of millions of Monte Carlo steps in about one
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day of CPU time on a 2 GHz chip, we have performed simulations in the
range of 500 million MC-steps at different temperatures.

Since the physical time elapsed at each MC-step is governed by the rate of
the process, they are unequal in length. Thus, to calculate the mean square
displacement of the center of mass, we filter our data to a set of almost
equidistant MC-step along with the corresponding center of mass coordi-
nates. This filtration is easily possible, due to the large number of iterations
(100–500 million) that we perform in the simulations, which enable us to ex-
tract enough data points that are almost equidistant in time. From this new
filtered data set we calculate the mean square displacement using correlations
between these time intervals. We find that if we consider an overlap between
the time intervals in order to obtain better averaging, the plots of MSD vs.
time appear as a soft parabola. This indicates that overlap in the time inter-
vals can lead to certain dependency effects of data points with their previous
values. To rectify this problem, we performed our MSD calculations without
an overlap in the time intervals. These plots clearly show a linear behavior.
A representative plot of the MSD for three different clusters at 500 K are
presented in Fig. 26.8.

For the cases of the magic cluster sizes, which here contain 19, 21, and 38
atoms, we have already seen from the plots of their traces that they hardly
move at 300 K in our simulations of 108 MC steps. Thus, we cannot extract
the MSDs at this temperature. This is not the case at higher temperatures for
which the diffusion coefficient has been extracted from the MSD plot shown
in Fig. 26.8b. The plot of the MSD for a 100 atom cluster at 500 K, again
illustrate the mobility of these clusters. The diffusion coefficients of clusters
of various sizes calculated at three temperatures is summarized in Table 26.1.
Here, we have also included the case of the 100 atom compact cluster, to get
some preliminary ideas of scaling with size. As compared to a 10 atom cluster,

Table 26.1. Diffusion coefficient of clusters as a function of temperatures

Cluster size Diffusion Coefficient D (Å2/s)

(atoms) Temperature of simulation

300 K 500 K 1000 K

10 40 1.12 × 106 1.62 × 109

14 6.0 2.0 × 105 4.35 × 108

18 3.8 1.09 × 105 2.32 × 108

19 – 1.29 × 104 3.08 × 108

21 – 9.49 × 103 1.59 × 108

26 0.48 2.24 × 104 1.54 × 108

38 – 2.22 × 104 7.61 × 107

100 – 3.2 × 103 4.7 × 106
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Fig. 26.9. Arrhenius plot with the effective barriers for the 10 atom, 14 atom, 18
atom and 26 atom clusters

we find that the diffusion coefficient of a 100 atom cluster to be three orders
of magnitude slower at temperatures of 500 and 1000 K.

The above Arrhenius plot (Fig. 26.9) drawn for clusters in the general
category is interesting since it yields values of their effective energy barriers
which may also be extracted from experiments. From our simulations the
10, 14, 18 and 26 atom clusters have effective barriers of 0.64, 0.66, 0.65
and 0.71 eV, respectively. As can be observed, there is a slight increase in
the effective barrier for the 26 atom cluster as compared to the 10, 14 and
18 atom clusters which have almost the same value. We need to carry out
further investigations of the microscopic details of the diffusion processes to
draw definite conclusion in this regard.

Some insights into the microscopic details of the cluster size and tem-
perature dependencies of the diffusion processes may be obtained from the
frequencies of the various events as recorded in our KMC simulations. Ta-
ble 26.2 shows a comparison of the frequencies of events for specific examples
from each of the four categories of clusters at 300 K. A common feature for
clusters in all four categories is that diffusion along step edge A dominates
that along step edge B. Of course, this also implies larger occurrence of step A
as compared to step B, the rationale for which is in turn related to the corner
rounding processes. Several subtle differences can be found for the frequen-
cies of processes involving kink incorporation, corner rounding, etc., for the
four types of clusters considered. At 300 K, these small differences manifest
themselves in quite striking differences in the traces of the center of mass
motion of the clusters. Note that of the 49 processes, only a handful actually
participates in the diffusion.

In Tables 26.3–26.6 the frequencies of events executed by a representa-
tive cluster from each of the four types, as a function of temperature, are
presented. It is observed that the corner rounding processes show a higher
count in the more diffusive clusters and their count rises for the magic clus-
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Table 26.2. Comparison of frequency of processes in the 4 cluster categories –
300K

Cluster Type Energy 10 atom 19 atom 21 atom 38 atom

Processes Barrier (eV) (General) (Hexagon) (6n + 3) (Hexagon+1)

Step EdgeA 0.252 0.63 0.62 0.71 0.72

Step EdgeB 0.295 0.13 0.17 0.14 0.20

Kink Detach along Step A 0.519 0.0 0.0 0.0 0.0

Kink Detach along Step B 0.556 0.0 0.0 0.0 0.0

Kink Detach along Step (small) A 0.608 0.0086 0.026 0.017 0.0

Kink Detach along Step (small) B 0.680 0.0 0.0016 0.0010 0.0

Kink Incorp.A 0.220 0.0 0.0 0.0 0.0

Kink Incorp. B 0.265 0.0 0.0 0.0 0.0

Kink Incorp. (small) A 0.0075 0.0081 0.025 0.017 0.0

Kink Incorp. (small) B 0.0810 0.0 0.0 0.0 0.0

Kink Detach out of Step A 0.658 0.0 0.0 0.0 0.0

Kink Detach out of Step B 0.590 0.0 0.0 0.0 0.0

Kink Fall into Step A 0.074 0.0 0.0 0.0 0.0

Kink Fall into Step B 0.0069 0.0 0.0 0.0 0.0

Kink RoundingA 0.656 0.0 0.0 0.0 0.0

Kink RoundingB 0.678 0.0 0.0 0.0 0.0

KESEA 0.374 0.0 0.0 0.0 0.0

KESE B 0.402 0.0 0.0 0.0 0.0

Corner Rounding at AA stage 1 0.313 0.033 0.0 0.0031 0.0

Corner Rounding at AA stage 2 0.143 0.0 0.0 0.0 0.0

Corner Rounding at AA stage 3 0.0096 0.031 0.0 0.0031 0.0

Corner Rounding at BB stage 1 0.374 0.0033 0.0 0.0 0.0

Corner Rounding at BB stage 2 0.038 0.0024 0.0 0.0 0.0

Corner Rounding at BB stage 3 0.052 0.0012 0.0 0.0 0.0

Corner Rounding at AB stage 1 0.317 0.066 0.066 0.045 0.029

Corner Rounding at AB stage 2 0.0839 0.0042 0.0053 0.0029 0.0021

Corner Rounding at BA stage 1 0.396 0.0043 0.0047 0.0027 0.0021

Corner Rounding at BA stage 2 0.0148 0.066 0.067 0.045 0.029

Rounding a chain A 0.0626 0.0030 0.0 0.0 0.0

Rounding a chain B 0.0191 0.0023 0.0 0.0 0.0

ters as the temperature is increased. Also note that the frequency of the
motion against step A is between 60–70% at 300 K for all clusters. Although
at higher temperatures this frequency decreases, it still remains the domi-
nant one compared to the other processes. This can be explained by looking
at the barriers for the corner rounding at the AB and BA junctions, where
we can see that the barrier to go from the tip of the corner towards step A
(BA stage 2) is much lower than that from tip of corner towards step B (AB
stage 2). As a result the atom prefers to diffuse along the step edge A.
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Table 26.3. Frequency of processes for the 10 atom cluster (general) at different
temperatures

Temperature Energy 300 K 500 K 1000 K

Processes Barrier (eV)

Step Edge A 0.252 0.63 0.38 0.19

Step Edge B 0.295 0.13 0.14 0.11

Kink Detach along Step A 0.519 0.0 0.0 0.0072

Kink Detach along Step B 0.556 0.0 0.0 0.0044

Kink Detach along Step (small) A 0.608 0.0086 0.019 0.031

Kink Detach along Step (small) B 0.680 0.0 0.0035 0.013

Kink Incorp. A 0.220 0.0 0.0 0.0059

Kink Incorp. B 0.265 0.0 0.0 0.0035

Kink Incorp. (small) A 0.0075 0.0081 0.017 0.027

Kink Incorp. (small) B 0.0810 0.0 0.0026 0.010

Kink Detach out of Step A 0.658 0.0 0.0 0.0

Kink Detach out of Step B 0.590 0.0 0.0 0.0

Kink Fall into Step A 0.074 0.0 0.0 0.0

Kink Fall into Step B 0.0069 0.0 0.0 0.0

Kink Rounding A 0.656 0.0 0.0 0.0

Kink Rounding B 0.678 0.0 0.0 0.0

KESE A 0.374 0.0 0.0020 0.0051

KESE B 0.402 0.0 0.0 0.0039

Corner Rounding at AA stage 1 0.313 0.033 0.049 0.054

Corner Rounding at AA stage 2 0.143 0.0 0.0025 0.011

Corner Rounding at AA stage 3 0.0096 0.031 0.042 0.041

Corner Rounding at BB stage 1 0.374 0.0033 0.013 0.028

Corner Rounding at BB stage 2 0.038 0.0024 0.011 0.025

Corner Rounding at BB stage 3 0.052 0.0012 0.0059 0.014

Corner Rounding at AB stage 1 0.317 0.066 0.11 0.12

Corner Rounding at AB stage 2 0.0839 0.0042 0.023 0.055

Corner Rounding at BA stage 1 0.396 0.0043 0.023 0.055

Corner Rounding at BA stage 2 0.0148 0.066 0.11 0.12

Rounding a chain A 0.0626 0.0030 0.010 0.018

Rounding a chain B 0.0191 0.0023 0.0086 0.017

We have extended the simulations to a set of larger clusters containing
223, 409, 612 and 1003 atoms, to gain further information on the scaling
of the diffusion coefficient with size. Table 26.4 summarizes our results for
the diffusion coefficients at 500 K. As expected, there is a decrease in the
value of D with the size of the cluster. Figure 26.10 below shows a plot of
Log D vs. Log N , where D is the diffusion coefficient and N is the size of
the cluster. The scaling exponent that we obtain for the larger cluster sized
ranging from 55 atoms to 1003 atoms is close to −0.6. Values of the exponent
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Table 26.4. Frequency of processes for the 19 atom cluster (Hexagon) at different
temperatures

Temperature Energy 300 K 500 K 1000 K

Processes Barrier (eV)

Step Edge A 0.252 0.62 0.42 0.23

Step Edge B 0.295 0.17 0.24 0.15

Kink Detach along Step A 0.519 0.0 0.0020 0.019

Kink Detach along Step B 0.556 0.0 0.0 0.012

Kink Detach along Step (small) A 0.608 0.026 0.012 0.043

Kink Detach along Step (small) B 0.680 0.0016 0.0023 0.019

Kink Incorp. A 0.220 0.0 0.0020 0.018

Kink Incorp. B 0.265 0.0 0.0 0.011

Kink Incorp. (small) A 0.0075 0.025 0.011 0.037

Kink Incorp. (small) B 0.0810 0.0 0.0012 0.012

Kink Detach out of Step A 0.658 0.0 0.0 0.0013

Kink Detach out of Step B 0.590 0.0 0.0 0.0027

Kink Fall into Step A 0.074 0.0 0.0 0.0016

Kink Fall into Step B 0.0069 0.0 0.0 0.0023

Kink Rounding A 0.656 0.0 0.0 0.0011

Kink Rounding B 0.678 0.0 0.0 0.0

KESE A 0.374 0.0 0.0011 0.0078

KESE B 0.402 0.0 0.0 0.0066

Corner Rounding at AA stage 1 0.313 0.0 0.0 0.014

Corner Rounding at AA stage 2 0.143 0.0 0.0 0.0050

Corner Rounding at AA stage 3 0.0096 0.0 0.0 0.012

Corner Rounding at BB stage 1 0.374 0.0 0.0 0.0079

Corner Rounding at BB stage 2 0.038 0.0 0.0 0.012

Corner Rounding at BB stage 3 0.052 0.0 0.0 0.0049

Corner Rounding at AB stage 1 0.317 0.066 0.11 0.11

Corner Rounding at AB stage 2 0.0839 0.0053 0.024 0.055

Corner Rounding at BA stage 1 0.396 0.0047 0.023 0.051

Corner Rounding at BA stage 2 0.0148 0.067 0.12 0.11

Rounding a chain A 0.0626 0.0 0.0 0.0053

Rounding a chain B 0.0191 0.0 0.0 0.0054

from earlier work are found to be around −1.5 [10, 17, 18]. Our results thus
imply that the calculated decrease in D with cluster size is slower than that
found in earlier works. This could be attributed to the inclusion of a larger
number of processes in our database, some of which have very low energy
barriers allowing the atoms of the cluster to fluctuate in a smaller region
of phase space and hence leading to lower diffusivity of the center of mass.
It could also be that some of the activation energy barriers calculated from
EAM potentials are not accurate. It would thus be worthwhile to carry out
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Table 26.5. Frequency of Processes for the 21 atom cluster (6n + 3) at different
temperatures

Temperature Energy 300 K 500 K 1000 K

Processes Barrier (eV)

Step Edge A 0.252 0.71 0.48 0.24

Step Edge B 0.295 0.14 0.19 0.15

Kink Detach along Step A 0.519 0.0 0.0018 0.021

Kink Detach along Step B 0.556 0.0 0.0 0.012

Kink Detach along Step (small) A 0.608 0.017 0.029 0.046

Kink Detach along Step (small) B 0.680 0.0010 0.0054 0.020

Kink Incorp. A 0.220 0.0 0.0018 0.019

Kink Incorp. B 0.265 0.0 0.0 0.011

Kink Incorp. (small) A 0.0075 0.017 0.026 0.039

Kink Incorp. (small) B 0.0810 0.0 0.0029 0.013

Kink Detach out of Step A 0.658 0.0 0.0 0.0016

Kink Detach out of Step B 0.590 0.0 0.0 0.0033

Kink Fall into Step A 0.074 0.0 0.0 0.0019

Kink Fall into Step B 0.0069 0.0 0.0 0.0032

Kink Rounding A 0.656 0.0 0.0 0.0017

Kink Rounding B 0.678 0.0 0.0 0.0012

KESE A 0.374 0.0 0.0027 0.0086

KESE B 0.402 0.0 0.0020 0.0071

Corner Rounding at AA stage 1 0.313 0.0031 0.0063 0.014

Corner Rounding at AA stage 2 0.143 0.0 0.0 0.0050

Corner Rounding at AA stage 3 0.0096 0.0031 0.0062 0.012

Corner Rounding at BB stage 1 0.374 0.0 0.0016 0.0081

Corner Rounding at BB stage 2 0.038 0.0 0.0019 0.011

Corner Rounding at BB stage 3 0.052 0.0 0.0010 0.0052

Corner Rounding at AB stage 1 0.317 0.045 0.090 0.10

Corner Rounding at AB stage 2 0.0839 0.0029 0.019 0.050

Corner Rounding at BA stage 1 0.396 0.0027 0.018 0.046

Corner Rounding at BA stage 2 0.0148 0.045 0.09 0.10

Rounding a chain A 0.0626 0.0 0.0011 0.0052

Rounding a chain B 0.0191 0.0 0.0013 0.0054

ab initio calculations for some of the key processes using electronic structure
calculations. However, since there is still ambiguity about the scaling of D
with size from experiments, we are not in a position to comment on the
validity of these results.
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Table 26.6. Frequency of processes for the 38 atom cluster (Hexagon+1) at dif-
ferent temperatures

Temperature Energy 300 K 500 K 1000 K

Processes Barrier (eV)

Step Edge A 0.252 0.72 0.53 0.33

Step Edge B 0.295 0.20 0.25 0.42

Kink Detach along Step A 0.519 0.0 0.012 0.021

Kink Detach along Step B 0.556 0.0 0.0046 0.014

Kink Detach along Step (small) A 0.608 0.0 0.0098 0.032

Kink Detach along Step (small) B 0.680 0.0 0.0017 0.013

Kink Incorp. A 0.220 0.0 0.012 0.021

Kink Incorp. B 0.265 0.0 0.0044 0.014

Kink Incorp. (small) A 0.0075 0.0 0.0094 0.030

Kink Incorp. (small) B 0.0810 0.0 0.0010 0.014

Kink Detach out of Step A 0.658 0.0 0.0 0.0038

Kink Detach out of Step B 0.590 0.0 0.0013 0.0077

Kink Fall into Step A 0.074 0.0 0.0 0.0

Kink Fall into Step B 0.0069 0.0 0.0011 0.0072

Kink Rounding A 0.656 0.0 0.0 0.0

Kink Rounding B 0.678 0.0 0.0 0.0

KESE A 0.374 0.0 0.0012 0.0020

KESE B 0.402 0.0 0.0 0.0020

Corner Rounding at AA stage 1 0.313 0.0 0.0 0.0026

Corner Rounding at AA stage 2 0.143 0.0 0.0 0.0

Corner Rounding at AA stage 3 0.0096 0.0 0.0 0.0022

Corner Rounding at BB stage 1 0.374 0.0 0.0 0.0014

Corner Rounding at BB stage 2 0.038 0.0 0.0 0.0023

Corner Rounding at BB stage 3 0.052 0.0 0.0 0.0

Corner Rounding at AB stage 1 0.317 0.029 0.062 0.011

Corner Rounding at AB stage 2 0.0839 0.0021 0.013 0.0080

Corner Rounding at BA stage 1 0.396 0.0021 0.012 0.0064

Corner Rounding at BA stage 2 0.0148 0.029 0.063 0.013

Rounding a chain A 0.0626 0.0 0.0 0.0

Rounding a chain B 0.0191 0.0 0.0 0.0

26.6 Conclusions

In summary, we have performed a kinetic Monte Carlo study of the diffusion
of small Cu clusters on Cu(111) surface, using a unique pattern recognition
scheme and allowing only single atom peripheral motion. A database of 49
key processes is used in the simulations and the range of MC steps is from
100–500 million. The temperatures used in the simulation are 300, 500 and
1000 K. At 300 K, three types of magic clusters with sizes forming a perfect
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Fig. 26.10. Scaling of diffusion coefficient D with size of cluster N . The plot of
the KMC simulation is for the larger cluster sizes ranging from 55–1003 atoms. The
slope gives the scaling exponent as −0.6

Table 26.7. Diffusion coefficient for large clusters at 500 K

Cluster size (atoms) Diffusion coefficient D (Å2/s)

55 4.0 × 103

100 3.2 × 103

223 2.12 × 103

409 1.14 × 103

612 0.92 × 103

1003 0.69 × 103

hexagon, 6n + 3 and hexagon+1, are found to exhibit non random motion
with striking paths traced by the center of mass. At higher temperatures,
all four types of clusters display random motion of their center of mass.
This is attributed to the fact that many other processes are executed by the
atoms at higher temperatures, thus enhancing their motion. The frequency
list of the processes executed show that diffusion against step edge A is the
most frequently executed process accounting for 60–70% of the total count at
300 K, about 45% at 500 K and about 25% at 1000 K. This can be explained
by looking at the barriers for the corner rounding at the AB and BA junctions,
where we see that the barrier to go from the tip of the corner towards step A
(BA stage 2) is much lower than that from tip of corner towards step B (AB
stage 2). Atoms thus prefer to diffuse along the step edge A. The corner
rounding processes have a high count in the cases of general clusters and
also for all clusters at elevated temperatures, especially the count at the AA
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and BB junctions increases with temperature and this could be a key factor
for the enhanced diffusivities at these temperatures. We also find that the
diffusion coefficient D shows a difference of 3 orders of magnitude in the
diffusivities between a 10 atom and a 100 atom cluster. The shapes of the
clusters during growth and post deposition are strongly dependent on the
number of atoms in the cluster, whether they fall under any of the above
mentioned magic categories or the general category. The clusters evolve with
time and try to achieve a compact shape which is close to hexagonal, or
an irregular hexagon. We have also found that at higher temperatures of
1000 K, vacancies begin to form within the cluster interior. This could lead
to the locking of the CM of the cluster to within a few angstroms, since
peripheral atoms in such a configuration have fewer options for motion. The
disagreement between our scaling behavior and previous results suggests that
more accurate studies of the activation energy barriers is in order. A point
missing for this and previous similar calculations in the literature is the role
of the diffusion pre-exponential factor which we, like others, have taken to
have the same generic value for all processes. This assumption is bound to
have its limitations. Future work should address this particular issue.
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Abstract. Phase transformations in 2xxx series aluminium alloys (Al-Cu-Mg) are
investigated with an off-lattice atomistic kinetic Monte Carlo simulation incorpo-
rating the effects of strain around misfitting atoms and vacancies. Vacancy diffusion
is modelled by comparing the energies of trial states, where the system is partially
relaxed for each trial state. Only a limited precision is required for the energy of
each trial state, determined by the value of kBT . Since the change in the relax-
ation displacement field caused by a vacancy hop decays as 1/r3, it is sufficient to
determine the next move by relaxing only those atoms in a sphere of finite radius
centred on the moving vacancy. However, once the next move has been selected, the
entire system is relaxed. Simulations of the early stages of phase separation in Al-
Cu with elastic relaxation show an enhanced rate of clustering compared to those
performed on the same system with a rigid lattice. However on a flexible lattice
vacancy trapping by Mg atoms in the ternary Al-Cu-Mg system makes clustering
slower than the corresponding rigid lattice calculation.

27.1 Introduction

The mechanical properties of commercial aluminium alloys are manipu-
lated by the process of ageing the supersaturated solid solution. In the Al-
4 wt.% Cu system, copper atoms cluster together on {200}Al host planes to
form metastable particles known as Guinier–Preston (GP) zones. On further
ageing the GP zones undergo a change of structure before transforming even-
tually into the thermodynamically stable θ phase CuAl2, which is incoherent
with the host. In the 2xxx series of alloys, magnesium is added and the pre-
cipitation sequence changes. First coherent GPB zones form as 〈100〉 rods,
which ripen into laths of the orthorhombic S phase Al2CuMg [1–5].

While the observed structures of GP zones are well established [6–8],
and the effects of the addition of certain trace elements have been studied
experimentally [9–11], modelling the effect of trace elements on kinetics is a
difficult problem. Their influence may stem from the formation of complexes
with vacancies, which will reduce the rate of diffusion and of phase separation.
It is also possible that large trace element atoms may be attracted to small
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solute atoms by the concomitant reduction in strain energy of the system,
and in this way promote the formation of a co-cluster. Apart from reductions
in the total strain energy of the system through such an association there
may also be much shorter-range gains in bond energies. It follows that the
influence of trace elements is inherently atomistic in nature, in that it stems
from discrete atomic interactions with point defects such as vacancies and
other solute atoms. However, misfitting atoms and vacancies interact over
large distances compared with a bond length through their elastic fields. It
is the requirement to treat both discrete atomic interactions and long-range
elastic fields on an equal footing in dilute alloys that makes the modelling of
the influence of trace elements so challenging. Our aim has been to develop
a methodology to meet this challenge. Since our methodology treats atomic
vacancies explicitly we are able to include the possibility that vacancies may
become trapped at interfaces surrounding second-phase particles, which may
lead to Brownian motion of particles as described in [12,13].

A vacancy is a centre of tensile dilation, and so it will be attracted to
regions of compressive stress. The pattern of compressive stress will follow
the underlying local composition of the system, enhancing the time spent
by a vacancy in some areas, while reducing it in others. If the pattern of
compressive stress is enhanced along particular crystallographic directions,
owing to elastic anisotropy, the increased probability of finding a vacancy in
these regions may be expected to influence the mobility of solute atoms there,
which in turn may influence the morphology of the second-phase particle.

There are three principal steps we have taken to enable us to model dif-
fusional processes atomistically with elastic interactions. Firstly we have im-
proved the kinetic Monte Carlo algorithm used to select each vacancy hop,
by developing an efficient combination of the stochastic first and second or-
der residence algorithms which outperforms the n-fold way for this problem.
This is described in detail elsewhere [14]. Secondly we have developed an iter-
ative scheme based on the Lanczos method to tridiagonalise a matrix, which
appears particularly suited to relaxing the system following a vacancy–atom
exchange. Finally, although the relaxation propagates to the boundaries of
the system, we have found that the majority of the change of the elastic
energy due to a vacancy-atom exchange can be recovered by relaxing only
those atoms in a near field region.

We demonstrate the importance of considering elastic stress effects when
performing kinetic Monte Carlo simulations. We show that the harmonic
lattice approximation is insufficient for accurately prediciting the difference in
energy between trial Monte Carlo states. However, an approximation based on
relaxing those atoms within a small sphere centred on the vacancy is enough
to determine the next move, provided that eventually the whole system is
relaxed after each move. Simulations of diffusion performed in the Al-Cu
binary alloy system show that for a fixed number of vacancy- atom exchanges,
larger clusters grow on a flexible lattice owing to the reduction in elastic
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strain energy this can provide. However, it is also found that since vacancies
are preferentially attracted to compressive regions, they can become trapped
within emerging magnesium-rich regions in an Al-Cu-Mg ternary alloy, and
this can have the opposite effect of slowing the growth rate of second-phase
particles.

27.2 Computational Method

27.2.1 Kinetic Monte Carlo

In our example of vacancy diffusion, adjacent atomic configurations are linked
by a single vacancy-atom exchange event. Kinetic Monte Carlo [14–17] en-
ables us to associate a meaningful time with simulated stochastic events.
The probability that any one of these events will be the next to occur is
proportional to the rate at which the event occurs. We have used Flynn’s
approximation [18] derived from dynamical theory to determine a rate for
the transition based on the difference in internal energy between states. The
rate of migration from state i to state j is given by

ri→j =
(

3
5

)1/2

νD exp
(
−< c > Ω∆2

kBT

)
exp
(
−Ej − Ei

2kBT

)
, (27.1)

where Ei is the energy of the system in state i when the system is fully re-
laxed, νD is the Debye frequency and Ω the volume of the migrating atom.
We have assumed a constant Debye frequency equal to that of pure alu-
minium, taken to be 1.19 × 1013 Hz. The parameter ∆ is the displacement,
expressed as a fraction of the bond length, at which the force on the mi-
grating atom is a maximum, and is taken to be the constant value 0.316.
1/ < c > is an effective elastic compliance. For fcc crystals it is given by
1/ < c >≈ 2/15(3/c11 + 2/c11−c12 + 1/c44). Only 1/2〈110〉 hops are consid-
ered. Saddle points for exchanges with the next-nearest neighbour shell of
atoms are around 2 eV higher in energy and so are assumed too infrequent
to affect the kinetics.

We have constructed a set of relatively short-ranged Finnis–Sinclair po-
tentials [19] for this study, described fully in [14]. They have been parame-
terised to reproduce elastic constants, the cohesive energy and lattice para-
meters of the pure metals, and we use a simple interpolation scheme for the
parameters of the potentials for interactions between dissimilar atoms.

27.2.2 Lanczos Method for Relaxation

An efficient algorithm for finding relaxed states is required because there may
be many millions of configurations generated during a kinetic Monte Carlo
simulation of the early stages of diffusional phase separation by a vacancy
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mechanism. Consider first the harmonic lattice approximation. The energy
may be expanded as a Taylor series about the current configuration which
may be represented by a vector x0 describing the positions of each of the N
atoms in the system:

E (x0 + u) = E (x0) +
∂E

∂x

∣∣∣∣
x0

· u +
1
2
u · ∂2E

∂x∂x

∣∣∣∣
x0

u . (27.2)

The vector u is a displacement from the current configuration x0, which is
assumed to be small in magnitude. We identify the first derivative of the en-
ergy as (minus) the 3N dimensional force f = − ∂E/∂x|x0

and the second as
the matrix of force constants D = ∂2E/∂x∂x

∣∣
x0

. These two derivatives are
evaluated analytically at the current configuration x0 using the interatomic
potentials.

Equation (27.2) has a minimum with respect to u given by

u = D−1f . (27.3)

The change in energy brought about by making this displacement from the
current configuration is obtained by substituting (27.3) into (27.2), giving
∆E = −1/2f · D−1f .

For the aluminium-copper alloys of interest to this study the displace-
ments of atoms near a vacancy are relatively large and sensitive to the local
atomic structure. We have found the difference in energy between harmoni-
cally relaxed states to be in error, compared to fully relaxed states, by the
order of 0.1 eV. Since this is the same order as the total energy difference be-
tween states, counting both chemical bond energy changes and elastic energy
changes, the harmonic relaxation approximation is seen to be unsuitable for
this study.

To implement an anharmonic relaxation we have found that significant
computational gains may be made if an algorithm derived from the Lanc-
zos method of tridiagonalizing a matrix [20] is employed. The strategy is
to find an approximate solution to (27.3) and displace atoms through this
vector. The force and force constant matrix elements are then recalculated
and further displacements constructed until the system energy has converged
to an acceptable tolerance. Restarting the calculation in this way not only
prevents error accumulation, allowing a machine precision solution if desired,
but also side-steps the known problems associated with keeping the Lanczos
basis vectors orthonormal.

The Lanczos method is perhaps most familiar in solid state physics in the
context of calculating local densities of electronic or vibrational states [21].
Our use of the method here is quite different, namely we are generating
an approximate solution for u in (27.3) for which ∆E has converged. The
method constructs a new orthonormal basis set of vectors. After m such basis
vectors have been generated, the subspace they span is known as the Krylov
subspace: Km(D,f) = {f ,Df , . . . ,Dm−1f}.
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The representation of D in this basis is the tridiagonal m×m matrix T m.

define T m : T m ≡ ΦT
mDΦm =

⎛
⎜⎜⎜⎜⎜⎜⎝

α0 β1

β1 α1 β2

β2 α2
. . .

. . . . . . βm−1

βm−1 αm−1

⎞
⎟⎟⎟⎟⎟⎟⎠

, (27.4)

where the columns of the 3N × m matrix Φm are the m generated basis
vectors {φ0,φ1, . . . ,φm−1} each of dimension 3N . This matrix spans the
same subspace as Km(D,f).

The coefficients α and β and the basis vectors φ are found by the Lanczos
algorithm, which is an iterative process (see, e.g, [20]) requiring only matrix-
vector multiplies:

φ−1 = 0 , φ0 =
1
|f |f , βm+1φm+1 = Dφm − αmφm − βmφm−1 ,

where αm = φm · Dφm and βm =
{

φm−1 · Dφm , m > 0
|f | , m = 0 . (27.5)

We may obtain approximate solutions for ∆E and u in the subspace
Km(D,f). The predicted relaxation energy at this stage is

∆Em = −1
2
|f |2
[
T−1

m

]
00

, (27.6)

[T−1
m ]00 is the element in the top left hand-corner of the inverse of the matrix

T m. The predicted displacement at this level is um = |f |ΦmT−1
m e0, where

e0 is the m-dimensional unit vector [1, 0, 0, . . . 0]T . The iterative procedure of
(27.5) can be halted when ∆Em has converged, and then the displacement
vector may be found.

We note that the displacement vector may be constructed directly from
(27.5) as the basis vectors are constructed, in a manner analogous to that
used by the method of Conjugate Gradients. However, we use an alternative
method for calculating the displacement vector which is an iterative scheme
using the change in energy at level m. Our method does require storing the
basis vector set Φm, but we believe this extra cost to be offset by the im-
provement in convergence available by the method of Sect. 27.2.3. We expand
the displacement in the m generated basis vectors: um =

∑m−1
j=0 γjφj . The

orthonormality condition of the basis vectors φm and (27.5) gives

γ0 = −2∆Em

β0
, γ1 =

β0 − γ0α0

β1
, γk = −γk−2βk−1 + γk−1αk−1

βk
.

(27.7)

As seen in (27.5), the initial vector φ0 is a unit vector in 3N dimensional
space in the direction of the force f . Each successive multiplication by D in
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(27.5) enables the relaxation to spread further from the centres where the
forces in f are located. Since the change in the relaxation energy associated
with a vacancy hop decays rapidly with distance from the vacancy, a rapidly
convergent estimate of the relaxation energy may be obtained, together with
a good approximation to u. Thus there is a sound physical basis for our
choice of the Lanczos method to relax the system for each trial vacancy-atom
exchange.

27.2.3 Improving the Solution

We have found that the efficiency of the convergence of the Lanczos proce-
dure can be improved by storing and reusing information generated during
previous relaxations. The values of α and β found during the tridiagonali-
sation process can improve the estimate of the energy change after only m
levels have been performed. By substituting this improved energy into (27.7),
the displacement vector is also improved.

The change in energy after m levels can be written as a continued fraction
(see, e.g., Heine in [21]). From (27.6) we write

∆Em =
−1/2β2

0

α0 −
β2

1

α1 −
β2

2

...
αm−1 − β2

m

(27.8)

Going to another level m+1 does not affect the previously found coefficients
α and β, but can improve the energy estimate by adding to the end of the
continued fraction. It would be possible to improve the estimate of the energy
change if we could terminate the continued fraction at level m with some-
thing which better represents the tail of the fraction. It is found numerically
that averages a and b constructed from the coefficients α and β converge
to constant values, but that even after thousands of levels the values for α
and β rapidly oscillate about these averages. As a first choice, a quadratic
terminator constructed from the averages could be used to replace the tail
of the continued fraction at level m, by substituting β2

m in (27.8) with β2
m/t,

where

a =
1
m

m−1∑
j=0

αj , b =
1
m

m∑
j=1

βj , t = a − b2

t
=

a

2

⎛
⎝1 +

√
1 −
(

2b

a

)2
⎞
⎠ .

(27.9)
The form for the quadratic terminator in (27.9) is valid because the discrim-
inator is always positive.

While it is possible to ensure convergence in these averages by going to
enough levels, we are looking for a displacement vector estimated from only
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the first few basis vectors. Too many levels of the procedure gives a well-
converged solution only to the harmonic problem of (27.3). We find ∆Em

has typically converged to 0.1% when T m is constructed to level m = 6 to
12. Note that the numerical errors at this level remain small. This is why we
have no need for renormalisation of the basis set Φm. We are trying to find
a displacement vector which will minimise the system energy on a weakly
anharmonic potential energy surface. To converge to the true minimum we
calculate the force and matrix elements at the current atom displacement,
call the Lanczos procedure of (27.5) to generate a better solution and move
the atoms. Starting from an initial position x0, this produces a succession of
estimates for the local energy minimum x0,x0 + ũ(0),x0 + ũ(0) + ũ(1), . . .,
where ( ) denotes an approximated value. The displacement vectors are gen-
erated by

D|x0ũ
(0) ≈ f |x0

D|x0+ũ(0)ũ(1) ≈ f |x0+ũ(0) (27.10)
. . .

We are using the Newton-Raphson method to approach the solution, so the
input forces f |x0 ,f |x0+ũ(0) , . . . diminish in magnitude quadratically. How-
ever, the input matrices D|x0 ,D|x0+ũ(0) , . . . change only slightly as the the
position of the atoms is updated, reflecting the weakly anharmonic nature of
the potentials near the minimum position.

As a function of the number of levels m, information about the extreme
eigenvalues converges faster than information about the eigenvalues in the
middle of the spectrum [21]. Therefore, it is possible to estimate the limits of
the eigenvalue spectrum from a finite number of values of α and β. Long-range
elastic interactions are determined by the properties of the lower limit of the
spectrum. The short-range displacement field around a vacancy is determined
primarily by the first few levels of the continued fraction. By attaching a
terminator to the continued fraction not only are we able to describe long-
range elastic interactions but we also embed a finite cluster centred on the
vacancy in an infinite medium characterised by average elastic properties.
This embedding also influences the short-range displacement field around
the vacancy.

The values of the coefficients α and β to level m′ are stored, and they
are over-written by new values as they are generated until the criterion for
convergence of the relaxation energy is satisfied. Subsequently we wish to
calculate the change in the relaxation energy when a vacancy is exchanged
with a neighbour. Convergence of the change in the elastic relaxation energy
is attained with a smaller number, m, of exact levels. To calculate the change
in the elastic relaxation we use the following continued fraction, where we
note that the first m pairs of coefficients α and β are those computed for the
displaced vacancy, the remaining m′ − m pairs of coefficients α and β are
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those stored and not over-written, and t is the terminator of (27.9), averaged
over all m′ coefficients:

∆Ẽm =
−1/2β2

0

α0 −
β2

1

...

αm−1 −
β2

m

αm − β2
m+1

...

αm′−1 −
β2

m′

t

(27.11)

The improved estimate for the energy change calculated using (27.11) is sub-
stituted in (27.7) to get an improved estimate for the displacement vector.
Note that since the values of α and β are exact to level m, the projection of
this new estimate on the true solution to (27.3) is greater than that available
previously, even though it is within the same Krylov subspace Km(D,f).

This algorithm can be efficiently coded in parallel. A domain decompo-
sition is used to construct the elements of D. The matrix elements do not
then need to be broadcast to perform the matrix-vector multiply in (27.5).

27.2.4 Short-Range Relaxation Region

The displacement field around a point defect scales in magnitude as 1/r2 ,
where r is the distance from the defect. Starting from a fully relaxed system of
atoms, a single atom-vacancy exchange is performed to construct a new trial
configuration. The additional displacement field introduced by this exchange
will be dipolar, and so scale as 1/r3. This displacement is short-ranged and
so the greatest contribution to the elastic energy change due to an exchange
will come from the minor corrections of the positions of the atoms close to
the exchange event.

As we are undertaking a Monte Carlo simulation, it is necessary that
the energies be accurate only to within a fraction of the thermal energy.
At 300 K, this energy is 0.025 eV. We need an approximation method which
can reliably make estimates of the energy difference between states to within
about 1 meV.

A good approximation to the elastic energy change is found by pinning all
atoms more than a fixed radius R distant from the original vacancy location,
and only relaxing those within. If this is done, after relaxation only those
atoms immediately exterior to the sphere will still have a finite net force
acting on them. The error in the elastic energy will be due to the failure of
the embedding external medium to respond to the change in shape of the
interior and vice-versa. This energy error will be positive, and scale as 1/R3.
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However, if a second virtual state is considered, it too will have an error
of roughly the same size. All virtual states will therefore have a systematic
component to the error due to the non-propagation of the force dipole to
infinite range. An additional error component will be due to the coupling of
the inhomogeneities in the far field and the force dipole. As larger near field
regions are assumed, this error component will tend to zero. As this error
must be kept small compared to the thermal energy, we have determined our
cut-off range R to be three times the range of the potential, covering a sphere
of 754 lattice sites plus the original vacancy position.

The systematic error component may be removed without affecting the
statistical likelihood of selecting a given state. This error will appear in the
free energy as a constant additional term, and so in the rate as a constant mul-
tiplier. If after the move the system is allowed to relax fully, then a comparison
may be made between exact and approximate energies. This difference can
be ascribed to the systematic error, and so the rates may be corrected. If the
system is relaxed after every move, the energy of the previously visited con-
figuration will always be stored exactly, so that the rates may be corrected
even before the exchange is made.

The difference in energy between elastically relaxed states made using
the short-range approximation is shown in Fig. 27.1. It can be seen that if
a sufficiently large relaxation region is chosen the magnitude of the energy
error can indeed be made sufficiently small. Note that our relaxation region is
larger than that used previously [22–24], and that we can achieve very small
errors in the energy difference by ensuring that the whole system is relaxed
before each move is performed. We have chosen to use a relaxation region of
754 atoms about the original vacancy location, which produces errors in the
energy of the order of 1 meV.

27.3 Clustering in the Al-Cu and Al-Cu-Mg Systems

The alloy compositions we have studied are listed in Table 27.1. We have
chosen a supercell of 10976 atoms (14×14×14 fcc unit cells) run for at least
one hundred thousand vacancy exchanges. The traces for the flexible lattice
calculations each took about one month of computation on four Sun Ultra-
SPARC III 900-MHx Processors. For this reason these simulations were done
once only. We have modelled natural ageing, that is to say ageing at room
temperature (300 K) as opposed to artificial ageing at elevated temperatures.
This is to provide a large driving force for clustering. We have also chosen to
use a single vacancy in these diffusion simulations.

27.3.1 Effect of Elastic Strain on Vacancy Diffusion

Only one type of transition, a nearest neighbour vacancy-atom exchange, is
permitted in this simulation. The time taken for the same number of vacancy
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Fig. 27.1. Errors introduced using the short-range relaxation region, with cut-
off regions encapsulating 248 and 754 atom sites centred on the original vacancy
position. The vertical axis shows the frequency of errors. It is seen that the proba-
bility of the difference in energy between relaxed states being in error by more than
0.00 1eV becomes very small with the larger cut-off region

Table 27.1. Aluminium alloy compositions

alloy aluminium copper magnesium

at.% (wt.%) nAl at.% (wt.%) nCu at.% (wt.%) nMg

1 98 (95.4) 10755 2 (4.6) 220

2 97.8 (95.2) 10733 2 (4.6) 220 0.2 (0.2) 22

3 97.5 (95.0) 10700 2 (4.6) 220 0.5 (0.4) 55

4 96 (91.1) 10536 4 (8.9) 439

5 95.8 (90.9) 10514 4 (8.9) 439 0.2 (0.2) 22

6 95.5 (90.6) 10481 4 (8.9) 439 0.5 (0.4) 55

7 94.0 (86.9) 10316 6 (13.1) 659

moves with and without atomic relaxation is shown in Fig. 27.2. In the case
of the Al-Cu alloys, we find that running the simulation on a flexible lattice
increases the real time taken for a given number of exchanges. On a flexible
lattice, the real time simulated is roughly 10–20% greater over 100,000 ex-
changes, reflecting a commensurate decrease in the mean vacancy hopping
rate. In more familiar terms the mobility of the vacancy is reduced on a
flexible lattice. The origin of this reduction must be that the relaxations in
a flexible lattice produce a greater variability in the configurational energy
of the system as the vacancy migrates. In a flexible lattice the vacancy is
attracted to certain sites, where it spends longer periods of time.
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Fig. 27.2. Effect of performing the simulation on a flexible lattice on the real time
simulated. Times shown are the simulated real time (in s) for a sequence of 100,000
vacancy moves

In the case of Al-Cu-Mg alloys, the time differences in the flexible and
rigid lattices are even more pronounced, with the time simulated being 5
times greater with 0.2% Mg (alloys 2,5), and around 10 times greater with
0.5% Mg (alloys 3,6). Note that steep steps in the plot are seen in the flex-
ible lattice calculation when Mg is present, indicating that the vacancy is
trapped temporarily. In the rigid lattice calculation these steps are absent in
these early stages, although steps do appear later when there is significant
clustering [14].

27.3.2 Effect of Elastic Strain on Clustering

Al-Cu

We now consider the short-range ordering of copper atoms. We know from
separate Monte Carlo simulations using the same potentials that L10 and
L12 type intermetallic structures, rather than the θ phase, are preferentially
generated. There are nCu copper atoms in the system. At any time, there will
be a certain number of pairs of copper atoms into pairs separated by a 〈100〉
vector, n〈100〉. Our short-range order parameter, sroCu, measures how close
we are getting to this low energy intermetallic phase Al3Cu, with structure
L12: sroCu = n〈100〉/((1/2) × 6 × nCu).

We can investigate how the clustering is affected by the lattice being flex-
ible by plotting this short-range order parameter as a function of the real
time simulated. In Fig. 27.3 we plot the evolution of the short-range ordering
of copper atoms in Al-Cu on a flexible and on a rigid lattice. The traces
corresponding to the rigid lattice calculations are much less computationally
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Fig. 27.3. Ordering in the Al-Cu system. These simulations were performed with
a single vacancy in a periodic supercell of 10976 lattice points, with zero external
stress, at a simulated temperature of 300 . The simulations comprised approximately
200,000 vacancy moves for alloys 1 and 7 and 250,000 moves for alloy 4. The order
parameter is defined in the text. The lines are to guide the eye

expensive than those on a flexible lattice, and so have been generated by av-
eraging over five independent simulation runs. The order parameter is found
as the average over fixed time intervals, evenly spaced on the logarithmic real
time scale.

It is clear that at all three alloy compositions simulated there is a marked
increase in the rate of ordering of copper atoms on a flexible lattice, despite
the reduction of the vacancy mobility seen in Fig. 27.2. The speed of dif-
fusing copper atoms is determined by the product of the vacancy mobility
and the force driving their motion. Therefore there must be an additional
driving force for clustering on a flexible lattice as compared with a rigid lat-
tice. Once clustering has initiated somewhere in the system it will bias the
motion of other copper atoms towards the cluster along lobes of compressive
stress surrounding the cluster. The additional driving force must more than
compensate the reduction of the vacancy mobility to produce the increased
rate of ordering of copper atoms on a flexible lattice.
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Al-Cu + 0.2 at.% Mg

Copper atoms are expected to be centres of tension, and magnesium atoms
centres of compression in an aluminium matrix. Therefore, there will be an
attractive elastic interaction between Cu and Mg atoms on a flexible Al lat-
tice. We might therefore expect to see Cu atoms segregating to Mg rich
regions. However, the rate at which such a process occurs may be reduced by
vacancies becoming trapped by Mg atoms. This trapping may be expected to
occur more effectively on a flexible lattice where the motion of vacancies is
biased by the elastic fields of Mg atoms, and more stable vacancy-Mg atom
complexes may form through elastic relaxation.

In Fig. 27.4 we examine the effect of adding microalloying quantities of
Mg atoms to Al-Cu alloys on the clustering of Cu and Mg atoms. The de-
gree of clustering of magnesium atoms may be followed by defining an order
parameter for the evolution of close packed clusters of magnesium atoms:
sroMg = n〈(1/2)(1/2)0〉/((1/2) × 12 × nMg) where n〈(1/2)(1/2)0〉 is the number
of (Mg − Mg)〈(1/2)(1/2)0〉 pairs, and nMg is the number of magnesium atoms
present in the system. It can be seen that the rate of ordering of copper atoms
is still enhanced on a flexible lattice in the presence of 0.2 at.% Mg. But, the
rate of clustering of magnesium atoms is reduced on a flexible lattice until
later times.

Al-Cu + 0.5 at.% Mg

In Fig. 27.5 the effect of adding a higher concentration of Mg is simulated.
With the higher Mg content it is no longer the case that the rate of ordering
of copper atoms on a flexible lattice is enhanced.

It is seen that again the Mg atoms are clustering at a later time when the
simulation is run with a flexible lattice. However, when it occurs the degree
of clustering of Mg is enhanced at this higher Mg concentration.

27.3.3 Association of Vacancies with Mg Atoms

The number of magnesium atoms surrounding each vacancy is plotted as a
function of time for rigid and flexible lattices in Fig. 27.6. On a rigid lattice
we see that the number of magnesium atoms around a vacancy increases with
time, but that this is not the case on a flexible lattice, at least for real times
of up to 1000 s. On the rigid lattice, magnesium clusters are forming, and the
vacancies are associated with these clusters.

27.4 Conclusions

We have presented a method to rapidly evaluate transition rates for possible
vacancy moves incorporating atomistic elastic relaxation, by approximating
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Fig. 27.4. Ordering in the Al-Cu-0.2% Mg system. These simulations used the
same parameters as those in Fig. 27.3, and the traces were generated in the same
way. The degree of clustering of Mg atoms is measured by the short range order
parameter defined in the text. We see that there is some clustering of Mg atoms,
and ordering of Cu atoms, present on both rigid and flexible lattices. The rate
of ordering of copper atoms is significantly increased on the flexible lattices. The
clustering of magnesium atoms seems to occur at later times on a flexible lattice as
compared with a rigid lattice

the saddle points as a function of the internal energy of the initial and final
states. We found that the harmonic lattice approximation was insufficient for
measuring the tiny difference in the elastic relaxation energy between possible
vacancy moves. However a scheme based on relaxing only the local region
around the vacancy was capable of reducing errors in the system energy
to an acceptable fraction of the thermal energy. This short-range scheme
was found to be successful for evaluating the transition energies for possible
vacancy moves, although a full atomistic relaxation was required after the
move was decided.

The Lanczos method is particularly suitable for atomic relaxation after a
single vacancy move, as each iteration effectively spreads the relaxation region
further from the atoms experiencing a force around the vacancy. Although
the relaxations remain time- consuming, our use of this relaxation scheme has
enabled us to model hundreds of thousands of vacancy moves while keeping
the system atomistically relaxed.

The rate at which phase separation can occur in alloys is proportional to
the mobility of vacancies and to the driving force for diffusion. Both of these
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Fig. 27.5. Ordering in the Al-Cu-0.5%Mg system. These simulations used the same
parameters as those in Fig. 27.4, and the traces were generated in the same way.
Again the magnesium atoms are seen to cluster at later times on a flexible lattice
than were seen on the rigid lattice. However, here the clustering of Mg atoms is
more extensive, and the clustering of copper atoms reduced

may be affected by performing the simulation on a rigid lattice rather than
on a flexible lattice. We have seen in Fig. 27.2 that the vacancy mobility is
quite different on flexible and rigid lattices. Vacancies may be attracted to
impurities through long-range elastic fields, and may form complexes that are
more stable on a flexible lattice than on a rigid lattice. As a result the vacancy
mobility may be reduced significantly on a flexible lattice. The exclusion of
elastic relaxation in a rigid lattice has the effect of smoothing the configu-
rational potential energy surface, especially in those regions of configuration
space where vacancies would have become trapped if elastic interactions had
been included.

However, we also saw in Fig. 27.3 that the rate of ordering of copper atoms
is lower in a rigid lattice than in a flexible lattice. The apparent paradox is
resolved by noting that there is a reduced driving force for ordering of copper
atoms on a rigid lattice, where bonds are constrained to remain longer than
they would be in a relaxed lattice, and this more than outweighs the greater
vacancy mobility in a rigid lattice.

A small concentration (0.2–0.5 at.%) of magnesium atoms added to the
system are rapidly precipitated out of solution in a rigid lattice, owing to the
very high energy compressed bonds around each Mg atom. In a flexible lattice
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Fig. 27.6. The proportion of atoms surrounding the vacancy which are magnesium.
On a rigid lattice (left) the number of magnesium atoms surrounding a vacancy
increases with time. This, together with the clustering of magnesium atoms seen in
Figs. 27.4 and 27.5 shows that on a rigid lattice magnesium clusters are forming,
and the vacancies are associated with them. On a flexible lattice (right) the number
of magnesium atoms around a vacancy is not increasing

the solubility of Mg is enhanced somewhat, and instead their principal action
is to reduce severely the vacancy mobility. Mg atoms are especially trapping
in a flexible lattice as the compression in the lattice around each atom is
alleviated by the formation of a Mg–vacancy pair.
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28 Br Electrodeposition on Au(100):
From DFT to Experiment

S.J. Mitchell and M.T.M. Koper
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Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands

Abstract. In recent years, the accuracy and technical sophistication of electro-
chemical surface models has dramatically increased. We report on the most recent
advances in which DFT calculations are used to obtain the necessary parameters
for the construction of an off-lattice Monte Carlo model for Br electrodeposition
on Au(100). Previous Monte Carlo methods have been applied to the study of
Br/Ag(100), which displays only commensurate ordered phases, thus suggesting
that a lattice-gas treatment of the adlayer is sufficient. However, since Br/Au(100)
displays an incommensurate ordered phase, the use of a lattice-gas model is not
justified. Since an off-lattice model requires many additional parameters to that
of a lattice-gas model, DFT calculations have been used. Much effort has been to
extract the best possible parameters from the DFT calculations, and the model is
justified by the remarkable similarities to experiment.

Previously, electrochemical applications of Monte Carlo simulations have fo-
cused on systems for which a lattice-gas model is reasonable [1]. Among these
studies, halide adsorption stands out as the most easily understood. For a
review of experiments, see [2]. Bromine adsorption on Ag(100) stands out
as one of the most extensively studied examples, both experimentally and
theoretically [3–14] However, no development of computational techniques
would be complete without an investigation of a system for which a lattice-
gas model is not sufficient. We therefore extend the study of halide adsorption
to include Br/Au(100), which is known to display an incommensurate phase
transition [15–17]. A more complete theoretical study of Br/Au(100) can be
found in [18].

The details of the grand-canonical off-lattice Monte Carlo simulation
method are far too complex to present here. We refer the reader to [11]
which has all of the necessary details, corrections, and relevant historical ref-
erences for the off-lattice model presented here. It is sufficient to understand
that the surface model includes a two dimensional square surface region with
periodic boundary conditions. Adsorbates enter and leave this surface via
grand-canonical Metropolis moves, and adsorbates move laterally with the
2D surface via continuous displacement Metropolis moves. The interactions
include adsorbates interacting with each other, adsorbates interacting with
the surface corrugation potential, and an effective interaction with the chem-
ical or electrochemical potential, µ̄.

Springer Proceedings in Physics, Volume 103
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c© Springer-Verlag Berlin Heidelberg 2005
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All DFT calculations were performed using the Vienna Ab Initio Simu-
lation Package (VASP) [19–21] using a plane-wave basis set, a periodic slab
geometry, the generalized gradient-corrected exchange-correlation functional
(GGA, PW91) [22], Vanderbilt ultra-soft pseudopotentials [23], and a cut-
off energy of 400 eV. All slabs contained three metal layers separated by six
vacuum layers, each vacuum layer being the equivalent thickness of a metal
layer. To examine possible coverage dependence, supercells of two different
sizes were examined, a 2(2.97) × 2(2.97) × 12.6 Å cell (denoted as 2 × 2),
containing 4 surface Au atoms, and a 3(2.97)×3(2.97)×12.6 Å cell (denoted
as 3 × 3), containing 9 surface Au atoms. The nearest-neighbor separation
for the Au(100) surface atoms was a = 2.97 Å, as determined by our own
calculations. The k-point mesh was generated using the Monkhorst method
with a 7× 7× 1 grid for the 2× 2 cells and a 5× 5× 1 grid for the 3× 3 cells.

The off-lattice model requires us to determine essentially three different
behaviors, the corrugation potential or surface binding energy as a func-
tion of the lateral position, U(x, y), the long-range dipole-dipole interactions,
and the short-range interactions. Each of these was determined by repeated
analysis of a series of DFT configurations, and although configurational re-
laxations were performed for both the substrate and the adlayer, in general,
these relaxations had little effect, unless surface buckling was observed. When
buckling of the Au(100) was seen after relaxation, anomalously large surface
dipole moments were observed, which would seem to suggest a very different
surface model, which would not be expected to reproduce the experimentally
observed coverage isotherm. For this reason, no relaxations of the substrate
were performed for the results reported here.

Figure 28.1 shows an analytic sinusoidal approximation for the corruga-
tion potential,

U(x, y) = ∆1

[
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)
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[
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)
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(
2πy
a

)]
2

, (28.1)

where ∆1 = 274 meV and ∆2 = 234 meV. This approximation was created
by examining the DFT total energy results as the binding site of a single Br
adsorbate was varied across the 3×3 surface in steps of a/4 in both the x and
y directions. For each lateral position, the surface normal, z, position of the
adsorbate was relaxed. Equation (28.1) reproduces the DFT results in the
vicinity of the preferred binding region, the bridge and hollow site areas, but
the analytic approximation is less accurate near the top site. However, since
the top site is energetically unfavorable, this difference is not expected to
significantly effect the Monte Carlo results. Note that (28.1) reproduces the
experimentally observed binding site and has a symmetry consistent with that
expected for the experimentally observed commensurate to incommensurate
phase transition.
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Fig. 28.1. Analytic sinusoidal corrugation potential, U(x, y). The grid lines indi-
cate the boundaries between surface unit cells, and the underlying substrate atoms
are labeled. The grayscale image in the central square shows U(x, y), where black
indicates the lowest value, 0 meV, and white indicates U(x, y) = 137 meV. The gray
shading is truncated above U(x, y) = 137 meV, and the contour lines as labeled in
the plot with units of meV. The diagonal line indicates the compression direction
for the experimentally observed incommensurate phase

Next, we must determine the lateral interactions between adsorbed Br. To
do this, we consider six configurations, each with four-fold symmetry, where
the Br are constrained to bridge site adsorption. Four of the six configurations
are shown in Fig. 28.2, each of which corresponds to a physically realistic
coverage. However, to determine the short-range excluded volume interaction,
two additional configurations were examined, with coverage Θ = 1 and Θ =
2, corresponding to every other bridge site occupied and every bridge site
occupied, respectively. When the DFT total energy is corrected for binding
energy, different numbers of adsorbates in the cell, and the residual energies
due to the substrate and adsorbate itself, one can determine the interaction
energy per adsorbate, Φ/N , where N is the number of adsorbates in the DFT
cell (see Fig. 28.3). From this short-range behavior, we can extract the short-
range interactions necessary for the Monte Carlo model. Note that the DFT
total energy calculations do not seem to be sensitive to the long-range dipole–
dipole interactions, although an analysis of the electron density clearly shows
a surface dipole moment associated with the Br/Au(100) bond.

Finally, we must calculate the dipole moment of the Br/Au(100) system,
which can easily be calculated by integrating total charge density, including
both electrons and nuclear ionic cores. Such an analysis indicates a surface
dipole moment, s = 0.3 eÅ, where the full dipole moment is assumed to be
s = sẑ. For all configurations shown in Fig. 28.2, this is true.
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Fig. 28.2. Four of the six adlayer configurations used in the DFT calculations.
The small gray circles indicate surface Au(100) atoms while the larger white circles
indicate adsorbed Br. The DFT cell configurations have been repeated in each
lateral direction. The arrows indicate the Br-Br nearest neighbor distance, aBr, for
each cell

Fig. 28.3. The lateral interaction energy derived from DFT calculations for the four
configurations shown in Fig. 28.2 plus two additional configurations with Θ = 1 and
Θ = 2. The approximate analytic form, found by a non-linear fit to 1/r6, suggests
the functional form of the short-range interactions

To see the surface polarization more clearly, we define the charge transfer
function as

∆ρ(x) =

{
ρ(x)NBr-Au(100) −

∑
i ρi(x)Br − ρ(x)Au(100)

}
N

= −

{
ρe(x)NBr-Au(100) −

∑
i ρei(x)Br − ρe(x)Au(100)

}
N

, (28.2)
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Fig. 28.4. The charge transfer function, ∆ρ(z), for the four adlayer configurations
shown in Fig. 28.2. The surface polarization is clearly seen. The straight horizontal
line indicates ∆ρ(z) = 0, and the two vertical lines indicate the surface Au(100)
location and the Br adlayer location, ztop = 4.2 Å and zBr = 6.4 Å respectively

where ρ(x)NBr-Au(100) is the full charge density of the adlayer system with
N adsorbed Br in the cell, ρi(x)Br is the full charge density of a single Br
atom at the same position as that in the Br-Au bonded system, i indexes
the N adsorbed Br, ρ(x)Au(100) is the charge density of the Au(100) slab
with all atoms at the same positions as in the Br-Au bonded system, and the
subscripts “e” denote electron only densities, having the sign convention that
positive indicates greater electron density. The charge transfer function is cal-
culated using only charge densities for the same size cells. The charge transfer
function is shown in Fig. 28.4 for each of the configurations of Fig. 28.2.

Having derived all of the necessary parameters for the off-lattice model
from DFT calculations, a grand-canonical off-lattice Monte Carlo simulation
can now be performed using the corrugation potential of (28.1), the short-
range 1/r6 repulsions shown in Fig. 28.3, and the long-range 1/r3 dipole-
dipole repulsions due to the surface polarization shown in Fig. 28.4. The re-
sults of the Monte Carlo simulation for average coverage vs electrochemical
potential are shown in Fig. 28.5. The simulations are quite slow, requiring
approximately 6 weeks of computing time on a single GHz processor PC.
The simulation results agree quite well with the observed experimental re-
sults, except the experiments see only one incommensurate phase, whereas
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Fig. 28.5. The results of the grand-canonical off-lattice Monte Carlo simulation
for a surface of 32 × 32 Au surface atoms. Three different ordered phases of the Br
adlayer are seen in the simulations as coverage plateaus. From left to right, a disor-
dered commensurate phase, an ordered commensurate phase, and two apparently
different incommensurate ordered phases

the simulations seem to suggest two incommensurate phases. The observa-
tion of two incommensurate phases in the simulation results is most likely an
artifact of the small system size and the strain placed on the adlayer from
trying to fit an essentially hexagonal adlayer into a square simulation volume.

Future work should consist of larger simulations to try and eliminate the
“extra” observed incommensurate phase. However, since much of the simu-
lation time involves a very slow relaxation to equilibrium, some clever proce-
dures will be necessary to overcome the slow equilibration times. Additionally,
it is known that the electrochemical experiments proceed in the presence of
water. However, neither the DFT calculations nor the Monte Carlo simula-
tions include water. Future work should concentrate on including water into
the simulations.
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29 Simulation of ZnSe, ZnS Coating
on CdSe Substrate:
The Electronic Structure
and Absorption Spectra
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Department of Physics, Pohang University of Science and Technology
Republic of Korea

Abstract. The electronic structure and absorption spectra are computed for ZnSe,
ZnS coating on CdSe substrate-CdSe/ZnSe/ZnS. In CdSe(0001) coated with ZnSe,
the energy of zincblende(ZB) ZnSe(111) epilayers on CdSe(0001) is about 80 meV
lower and more stable than hexagonal wurtzite (WZ) ZnSe(0001) epilayers on
CdSe(0001). Coating CdSe(0001) layers with ZnSe(111) and ZnS(111) introduced
large red-shift and enhanced peak amplitude of the imaginary part of dielectric
function. This peak is due to the topmost ZnSe or ZnS 3 epilayers contribution.

29.1 Introduction

Since the low dimensional structures of semiconductors have unusual prop-
erties compared to those of bulk materials, they have recently ttracted con-
siderable interest [1]. These differences are due to the quantum confinement,
surface effects and so on. As the size of the crystal of the semiconductor
decreases from the bulk crystal to atomic level, many kinds of fundamen-
tal properties are altered significantly. Therefore, one can improve and tailor
desired properties by controlling the size of a material for one’s purposes [2].

Owing to these properties of low dimensional structures of semiconduc-
tors, they have been considered as promising materials for many applica-
tions. Their nonlinear optical properties and wide band gap can be used
to develop photonic applications such as ultrafast optoelectronic switches,
short-wavelength light-emitting diodes and laser diodes. In addition, they
also can be used to get information for understanding of quantum confine-
ment and surface effect of low dimensional structures of the semiconductors.
Semiconductor nanocrystals embedded in many different media have been
investigated for this reason in these days.

Other outstanding applications are biological labeling and nanoscale topo-
graphic localization of probes in biological systems [3–8]. Luminescence, sec-
ond harmonic generation and linear fluorescence optical properties connected
with a near-field scanning optical microscopy have showed the interesting
possibility of creating multicolor labeling and dynamic three-dimensional
nanoscale optical imaging. The nanostructures, surface-passivated quantum
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dots used to labeling DNA or living cells, are highly stable against photo-
bleaching and have a bright, narrow and symmetrical emission [5–8]. For
the perfect realization of these potential applications, a better understand-
ing of nonlinear or linear optical properties of low dimensional structures of
semiconductors are still necessary. In this paper, the electronic structure and
absorption spectra (imaginary part of dielectric function) are investigated for
ZnSe, ZnS coating on CdSe-CdSe/ZnSe/ZnS.

29.2 Calculation Details

DFT calculation, as implemented in the Vienna Ab-initio Simulation Package
(VASP) [9,10], is performed using the plane-wave-basis within the local den-
sity approximation (LDA) as parameterized by Ceperly and Alder. The ionic
potential was treated with the projector augmented wave (PAW) method [11],
and the cut-off energy of plane wave basis was set to 280.0 eV. Real space
mesh was used for non-local potential. For calculation of the imaginary part
of dielectric function, oscillator strength method was used as described in [12].

We consider the substrate CdSe(0001) with eight-atomic layers and 10
vacuum layers. In the bottom layers Cd and Se are fixed at the bulk position
and their dangling bonds are terminated by H atoms. Six epilayers (6 ELs) of
ZnSe are coated on CdSe (0001) in various ways; CdSe (0001)/ZnSe (0001)-
6 ELs, CdSe (0001)/ZnSe (0001)-3 ELs+ZnSe((111)-3 ELs, CdSe (0001)/ZnSe
(111)-3 ELs+ZnSe (0001)-3 ELs and CdSe (0001)/ZnSe (111)-6 ELs. In addi-
tion we considered ZnS (111)-3 ELs coating on CdSe (0001)/ZnSe(111)-6 ELs.
All epilayers are fully relaxed with the exception of the bottommost five lay-
ers of CdSe(0001). (15× 15× 1) meshes of k points in the first Brillouin zone
generated in the scheme of Monkhorst–Pack are used for the calculation of
all structures and energy, and (23 × 23 × 1) meshes are used in absorption
spectra calculation. The error in energy was limited to 1 meV (δE ∼ 1 meV).

29.3 Results and Discussion

CdSe(0001)/ZnSe(0001) and CdSe(0001)/ZnSe(111)

Bulk crystals of CdSe, ZnSe and ZnS have two structures, hexagonal wurtzite
(WZ) and zincblende (ZB) structures. Experimentally all ZnSe epilayers

Table 29.1. Total energy of CdSe/ZnSe: (a) CdSe(0001)/ZnSe(0001)-6 ELs
(b) CdSe(0001)/ZnSe(0001)-3 ELs+ZnSe((111)-3 ELs (c) CdSe(0001)/ZnSe(111)-
3ELs+ZnSe(0001)-3 (d) CdSe(0001)/ZnSe(111)-6 ELs

(a) (b) (c) (d)

−98.368 −98.399 −98.428 −98.452 (eV)
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Fig. 29.1. Imaginary part of dielectric function: (a) CdSe(0001)/ZnSe(0001)-6 ELs.
(b) CdSe(0001)/ZnSe(0001)-3 ELs+ZnSe(111)-3 ELs. (c) CdSe(0001)/ZnSe(111)-
3ELs+ZnSe(0001)-3. (d) CdSe(0001)/ZnSe(111)-6 ELs. The inserted plot is joint
density of states

grown on the wurtzite CdSe substrate do not have the wurtzite structure
but only the zincblende structure. This indicates that wurtzite ZnSe epilay-
ers could not be grown even on the wurtzite CdSe epilayers [?,14]. Therefore,
it is theoretically important to investigate which of two structures, WZ or
ZB of ZnSe on CdSe(0001), is preferred and more stable. The calculated
total energies of each case are summarized in Table 29.1. It shows that
CdSe(0001)/ZnSe(111)-6 ELs is 80 meV lower than CdSe(0001)/ZnSe(0001)-
6 ELs. Therefore, the ZB ZnSe epilayers on the WZ CdSe epilayers are more
stable than the WZ ZnSe epilayers on the WZ CdSe epilayers. This is con-
sistent with experimental results [13, 14]. In Fig. 29.1 linear optical absorp-
tion spectra (imaginary part of dielectric function) and joint densities of
states (JDOS’s) are plotted for the four structures of ZnSe listed in Ta-
ble 29.1. Imaginary part of dielectric function from ≈ 0.2 eV to ≈ 0.75 eV
in all cases is not due to the bottommost CdSe 8 layers but the top-
most ZnSe 3 epilayers. CdSe contribution appears over ≈ 0.75 eV. The
amplitude of the first peak of CdSe(0001)/ZnSe(111)-6 ELs is remarkably
increased than CdSe(0001)/ZnSe(0001)-6 ELs. Although CdSe (0001)/ZnSe
(111)-3 ELs+ZnSe(0001)-3 ELs is more stable than CdSe(0001)/ZnSe(0001)-
3 ELs+ZnSe(111)-3 ELs, the amplitude of the first peak of former is lower.
Therefore, the intensity of optical absorption is modified by the type of ZnSe
epilayers. JDOS’s show compatible results with imaginary part of dielectric
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Fig. 29.2. Imaginary part of dielectric function: (a) CdSe(0001). (b) CdSe(0001)/
ZnSe(111)-3 ELs. (c) CdSe(0001)/ZnSe(111)-6 ELs. (d) CdSe(0001)/ZnSe(111)-
6ELs/ZnS(111)-3 ELs. The inserted plot is joint density of states

function. Finding the variation of optical property according to the thickness
of ZnSe and ZnS on CdSe, we calculated the imaginary part of dielectric
function for structure of CdSe(0001), CdSe(0001)/ZnSe(111)-3 or 6 ELs and
CdSe(0001)/ZnSe(111)-6 ELs/ZnS(111)-3 ELs.

Figure 29.2 shows the imaginary part of dielectric function and JDOS’s
for four cases mentioned above. As CdSe(0001) is coated with ZnSe(0001) and
ZnS (0001) epilayers, the red-shift and amplitude of the first peak are greatly
increased. In bare CdSe(0001) the photon energy range from ≈ 0.5 eV to ≈
1.2 eV is due to the topmost CdSe(0001) 3 layers. In CdSe(0001)/ZnSe(111)-
3 ELs, the photon energy range from ≈ 0.5 eV to ≈ 0.8 eV is caused by the
topmost ZnSe 3 layers and the CdSe contribution appears over ≈ 0.8 eV. In
CdSe(0001)/ZnSe(111)-6 ELs, the contribution of the topmost ZnSe 3 lay-
ers is dominant in the range from ≈ 0.2 eV to ≈ 0.8 eV and the contribu-
tion of CdSe make an appearance gradually over ≈ 0.8 eV. In the last case,
CdSe(0001)/ZnSe(111)-6 ELs/ZnS(111)-3 ELs, the contribution of the top-
most ZnS 3 layers is superior to the contribution of CdSe in the range from
≈ 0.1 eV to ≈ 0.6 eV. The first peak in all cases is mainly due to the topmost
ZnSe 3 layers and ZnS 3 layers, that is, unusual peaks are caused by the sur-
face of ZnSe and ZnS. Although our models are not quantum dots but thin
films and we calculated not photoluminescence spectra but absorption spec-
tra, the trend is similar to the experimental result for photoluminescence of
CdSe/ZnSe/ZnS-core/shell quantum dots(QDs). The CdSe/ZnSe/ZnS QDs
exhibit higher fluorescence efficiency than CdSe QDs and CdSe/ZnSe QDs [8].



29 Absorption spectra of CdSe/ZnSe/ZnS 269

29.4 Conclusion

We investigated the absorption spectra of multi-layer structures CdSe/ZnSe/
ZnS. On the CdSe(0001) substrate, the most stable structure of ZnSe epilayers
is not hexagonal wurtzite but zincblende. As CdSe(0001) layers are coated
with ZnSe(111) and ZnS(111), large red-shifts and enhanced peak amplitude
of the imaginary part of dielectric function are found to occur. This peak is
due to the topmost ZnSe or ZnS 3 layers contribution.
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Abstract. A classical hybrid MC-MD algorithm is applied to study physically
interesting phenomena, such as island stability and formation of dimer-vacancy
structures, on Si/Ge-covered Si(001). The method introduces collective moves into
the standard MC algorithm to allow the system to escape from metastable states.
Simulation results are found to be in good qualitative agreement with experiments.

30.1 Introduction

Understanding the properties of thin layers on semiconductor surfaces is cru-
cial for the development of new fabrication methods for a wide variety of
nano-structure and optoelectronics applications. The Ge/Si(001) system is
an ideal model for studies of heteroepitaxial growth where structural modi-
fications, such as step-edge evolution or formation of defect structures, play
a central role in determining the large-scale morphology of the surface.

Structural changes often involve propagation of long-range elastic effects.
Studying such phenomena requires not only sufficiently large system sizes but
also efficient simulation methods which can produce large configurational
changes in the system. Semiconductor surfaces are often characterized by
extremely complicated energy landscapes. In simulations of such systems,
conventional algorithms become inefficient in dealing with long time-scale
processes associated with escape from metastable states.

In order to overcome these problems, we have developed a new hybrid
Monte-Carlo Molecular-Dynamics algorithm which uses collective moves of
several atoms to produce large-scale changes in the system. The version pre-
sented here is intended for the study of Si(001) systems, but the idea itself
is quite general and could potentially be applied to other semiconductor sur-
faces. In the current version, the method is based on introducing long-range
dimer displacements into the standard MC algorithm which significantly
speed up the evolution of the system by allowing the system to overcome
the large energy barriers associated with dimer diffusion. In this paper, we
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apply this method to study two physically interesting phenomena, namely
the relaxation of islands and the formation of vacancy structures.

30.2 Simulation Method

In this work, off-lattice constant-pressure Monte Carlo simulations [1] are
used to model temperature-dependent structural properties of the Si- or Ge-
covered Si(001) surface. The Si-Si, Si-Ge and Ge-Ge interactions are modeled
using the classical Stillinger–Weber (SW) [2, 3] potential which we have re-
cently tested for use in finite-temperature simulations involving the Si(001)
surface [4]. The system is modeled using slab geometry such that the unit cell
is constructed along the [110], [11̄0] and [001] directions and periodic bound-
aries are applied in the x and y directions. The simulation slab consists of 20
atomic layers with the surface size varying from 20×20 to 40×40 atoms. The
method is not limited to these system sizes but can be used to treat much
larger systems (over 105 atoms).

In the standard constant-pressure Metropolis MC algorithm, two kinds of
trial moves are attempted: small random displacements of individual particles
(single-atom moves) and random variations of the sides of the simulation cell
(volume variations) in order to keep the pressure constant at P = 0. In both
cases, the acceptance probability is given by the Metropolis form [5]. More
details can be found from [3,4].

The Si(001) surface consists of rows of dimerized atoms (2×1 reconstruc-
tion) which induces significant displacements of the atoms in the underlying
layers. The potential barrier for a jump of a single dimer from one binding
site to a neighboring site is extremely high, and therefore such events never
occur if only small displacements of individual atoms are attempted in the
simulation. Moreover, breaking a dimer bond would require a large amount of
energy, which means that the two atoms must move simultaneously without
breaking the bond. For this reason, traditional algorithms become inefficient
in relaxing the system.

In order to overcome these problems we have developed a hybrid MC-MD
algorithm [6,7] which introduces large dimer displacements to circumvent the
high potential barrier between two binding sites. In this so-called dimer-jump
algorithm, two atoms comprising a dimer undergo the same displacement
(translation and a small rotation) which typically allows the particles to move
a distance comparable to the Si lattice constant (a0,Si = 5.43 Å).

Let us now consider the arrangement of atoms in the underlying layers.
Figure 30.1 shows a snapshot of a typical step edge on Si(001). We see that the
four nearest atoms under a dimer have relaxed to near-tetrahedral positions,
whereas those atoms which are not directly under the step are themselves
dimerized. If we now displace one of the upper-layer dimers by an amount
corresponding to the average distance between binding sites, the dimer lands
in a position where its nearest neighbors are either too close or too distant.
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Fig. 30.1. Snapshot of a typical SB step edge on the Si(001) surface after relaxation
at 700K. The open and solid circles are lower and upper terrace atoms, respectively

Moreover, the configuration at the initial site has become unfavorable to those
atoms which were previously under the dimer. Consequently, the dimer jump
will result in a very high-energy configuration which will almost certainly be
rejected in the Metropolis trial.

In order to achieve a much better acceptance rate, we have introduced a
scheme in which the the local environments around the initial and the landing
site are relaxed prior to the acceptance test. The dimer itself is also included
in this group of atoms. The relaxation is performed using standard Molecular
Dynamics with Velocity Verlet for integrating the equations of motion. Ini-
tial velocities are assigned from the Maxwell-Boltzmann distribution at the
simulation temperature and constant-temperature conditions are maintained
using velocity rescaling. In most cases, a relaxation of 7–10 MD steps using
a time step of 10−15 s is enough for achieving a good acceptance rate.

30.3 Relaxation of Islands and Step Edges

As the first application example of the metjod described above, we investigate
the relaxation of islands and step edges on Si(001). We begin the simulations
with a square Si island on the Si(001) surface, which enables us to study both
the SA and SB steps at the same time (see Fig. 30.2 for an illustration of the
different step edges). The system is allowed to evolve using the dimer-jump
algorithm until equilibrium is reached, and no further qualitative changes in
the configuration are then observed.

Figure 30.2 shows typical snapshots of an island at two different temper-
atures. Looking first at the island on the left, we notice that the shape of the
island has changed to a slightly anisotropic form. The SA and SB steps have
evolved in a very different manner: the SA steps are longer and have a smooth
appearance, whereas the SB steps are clearly more rough and irregular. This
behavior is consistent with STM images of Si islands and step edges which
all show very similar features as observed in our simulations (see e.g. [8, 9]).
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Fig. 30.2. Snapshots of typical Si islands on Si(001). (a) T = 700 K, after 7 ×
104 MCS. (b) T = 930 K, after 4× 103 MCS. The solid circles are adatoms and the
open circles are atoms in the first surface layer

Comparison of the two figures at 700 K and 930 K shows that island sta-
bility is clearly dependent on temperature. At 700 K, the island changes its
shape during equilibration but stays compact and well defined for very long
simulation times. In contrast, when T = 930 K, the island dissociates very
quickly. If we reduce the initial island size, we observe that the dissociation
takes place at much lower temperatures (see e.g. [6, 7]). These observations
indicate that there exists a temperature-dependent critical size beyond which
islands are stable against dissociation and smaller islands will decay. It is not
the aim of this work to address the subject in detail, but from these results
it is evident that the algorithm is suitable for such an investigation.

30.4 Formation of Vacancy Structures

Experimental studies have produced consistent evidence that dimer vacancies
(DV) are intrinsic defects of the Si(001) surface [10]. They are known to
cluster into distinctive complexes (e.g. 2, 2 + 1, 3 DVs etc.) [11], and under
certain conditions, elongated vacancy islands are also observed to form. In
the case of Ge growth on Si(001), an ordered vacancy-line pattern forms
spontaneously on the surface and the periodicity of the pattern depends on
the thickness of the Ge layer [12]. This so-called 2 × n reconstruction has a
profound influence on the large-scale morphology of the surface, leading to
e.g. a reversal of the step-edge roughness and surface stress anisotropy.

We began to investigate the vacancy-line formation by comparing the rel-
ative energy of different 2×n reconstructions. The details of the calculations
are given in [13]. The results show that the 2× n pattern is stabilized by the
Ge layer and increasing Ge coverage leads to a decrease in the optimal spac-
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Fig. 30.3. Formation of dimer vacancy structures at T = 930 K. (a) Clean Si(001).
(b) 2 ML of Ge on Si(001). In both cases, the initial configuration was a random
distribution of vacancies

ing between the vacancy lines. Our results are in excellent agreement with
experimental observations, which confirms that our classical model seems
to capture the essential features of dimer vacancies in Si(001) surfaces. As
the next step, it is interesting to ask whether the ordering process can be
simulated using the dimer-jump algorithm.

Figure 30.3 shows two snapshots from simulations using the dimer-jump
algorithm for a pure Si(001) surface and for a surface covered with 2 ML of
Ge. In both cases, we used the same initial configuration which consists of a
random distribution of dimer vacancies. All dimers are allowed to move on
the surface during the simulation, which in effect means that the vacancies
migrate. We notice that on the clean Si(001) surface, the vacancies show a
tendency to cluster together but the overall arrangement is random. On the
Ge-covered surface, on the other hand, we observe that clear segments of
vacancy lines are forming (one line passes through the whole system and two
shorter segments have also developed). Once formed, the vacancy lines are
very stable and do not dissociate.

The drawback in these particular simulations is that we were forced to use
a rather high temperature (930 K) in order to have sufficiently many dimer
jumps accepted within a reasonable simulation time. However, the equilib-
rium shape of the vacancy lines is expected to be quite kinked and disordered
at this temperature. Therefore, an approach such as parallel tempering (see
e.g. [14]) could be useful in speeding up the equilibration at lower temper-
atures. Nevertheless, even these first results are promising and suggest that
the dimer-jump algorithm gives the possibility to perform atomic-scale simu-
lations of large systems such that experimentally accessible length scales are
within reach.
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30.5 Conclusion

We have used a newly developed hybrid MC-MD algorithm to study the re-
laxation of 2D Si islands on Si(001) and the formation of vacancy structures
on clean and Ge-covered Si(001). The method is designed to overcome prob-
lems related to long time and length scales in physical phenomena occurring
on semiconductor surfaces. This approach has the advantages of being suit-
able to off-lattice simulations and utilizing bulk-fitted potentials without the
introduction of any additional parameters. The simulation results are in good
qualitative agreement with experiments, and the investigation suggests that
the algorithm is also suitable for quantitative studies.
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31 Spin-Polarons in the FM Kondo Model
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Abstract. We show that holes doped into the FM Kondo model form independent
FM spin-polarons with single holes inside, instead of showing phase separation. As
a consequence there is a pseudogap in the DOS, which has been observed experi-
mentally. Phase separation does appear at vanishing coupling JAF of the corespins,
where we also observe stripe-like configurations. At large JAF and large doping, a
flux phase appears. We present the phase diagram of this model in 2d.

Manganite compounds like La1−xSrxMnO3 and La1−xCaxMnO3 exhibit a
very complex phase diagram involving, e.g., ferromagnetic (FM) metallic,
FM insulating and different combinations of FM and AF behaviour in differ-
ent lattice directions. They have been at the forefront of both experimental
and theoretical research for a number of years [1]. One of the most striking
effects is the so-called “Colossal Magneto-Resistance” (CMR), a fast change
of resistivity as a function of magnetic field which occurs in part of the phase
diagram and may lead to technical applications. The manganites have a per-
ovskite lattice structure, similar to cuprates. The rich phase diagram is due
to a complicated interplay of kinetic, spin, orbital, Coulomb, and Jahn-Teller
lattice degrees of freedom, and has been a tremendous challenge for theoret-
ical descriptions.

In Mn3+ the 3d orbitals are relevant. Three of them, called t2g, are lower
in energy and effectively form a spin-3

2 “corespin”. Only one of the two higher
eg-orbitals is occupied. The simplest model which captures an essential part
of the relevant physics is the FM Kondo model (double exchange model)

Ĥ = −t
∑
〈ij〉,σ

c†iσ cjσ − JH

∑
i

ŝi · Ŝi + JAF

∑
i

Ŝi · Ŝi (31.1)

in which lattice couplings and the second eg-orbital have been neglected. The
first term describes hopping of eg electrons, the second is the Hund coupling to
corespins, and the third the AF coupling among corespins. Because of strong
Hund coupling JH , the eg-spins like to be almost parallel to the corespins
which therefore tend to align ferromagnetically in the doped case. In the
undoped case (n = 1) the corespins are AF. This model has been extensively
investigated in the past, and has been claimed to show phase separation into a
conducting hole-rich FM region and an AF insulator [1,2]. After consideration
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Fig. 31.1. Electron filling n(µ) for 1d (left) and 2d (right). The symbols denote
MC-results

Fig. 31.2. MC snapshots of hole-density in 2d. AF-region (left), gap-region (mid-
dle), and the weakly FM-region (right)

of long range Coulomb repulsion, this gives rise to a model of “nanoscale phase
separation” at the root of CMR [1,3]. We have, however, shown recently [4,5],
that in 1d and 2d within physically relevant parameter ranges, there is instead
a separation of individual holes into tiny FM regions, so-called spin-polarons,
even without long-range Coulomb forces.

In our calculations, we first integrate out the high energy state in which
the eg electron has spin opposite to the corespin [6–8]. This is similar to
the derivation of the tJ model from the Hubbard model. It results in an
effective coupling Jeff = JAF + 1

2JH
. We can thus include effects of finite

JH without extra effort, instead of setting it to infinity as is often done. We
treat the corespins as classical, which is justified because of their size [9,10].
Ĥ is then bilinear in eg electrons and can be integrated. What remains is a
classical Monte Carlo simulation over corespin configurations [2], for which we
have used suitable updates and taken care to treat autocorrelations correctly
[4, 5, 8]. In the following, we show results for physically relevant parameter
values β = 50, JAF = 0.02, and JH = 6, with t as our unit of energy. The
calculations were performed on a lattices of size 50 in 1d and 12 × 14 in 2d.
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Fig. 31.3. Simple model for single-hole polarons in 1d (left) and 2d (right)

Fig. 31.4. Left : Dressed corespin-correlations for 1 . . . 5 holes in 1d. Lines:
model polarons with perfect order (dashed) and in UHA (solid). Inset : spin-spin-
correlation. Right : density correlations in 1d

In grand canonical simulations a jump in the electron filling n(µ) appears
close to n = 1 (Fig. 31.1). This is usually interpreted as the above mentioned
phase separation [2]. There are, however, strong indications against this in-
terpretation, as we will now demonstrate.

One piece of evidence is the distribution of fermion occupation numbers
in the simulations, which is smooth and broad in the FM region below the
gap, but which is strongly peaked at integer electron occupations within the
gap-region. Indeed, MC snapshots within the gap region (and above) do not
show phase separation, but instead separated individual holes in a small FM
corespin region, in which (in 2d) a single corespin is flipped with respect to
the AF configuration (Fig. 31.2). These FM spin-polarons do not attract each
other, but appear to occur at random positions.

We developed a simple model to describe such objects, as depicted in
Fig. 31.3. Each polaron here contains a single hole and 3–5 FM corespin sites,
embedded in an AF corespin background. In the simplest case, FM and AF
order are taken to be perfect. This can be improved by the so-called Uniform
Hopping Approximation (UHA) [8,11,12], wich uses constant angles between
corespins in the FM resp. AF phases. Within this model, single-hole polarons



31 Spin-Polarons in the FM Kondo Model 279

Fig. 31.5. Spectral function in 1d with 1 hole (left) and in 2d with 20 holes in the
gap region (middle). Right : DOS in 2d for different dopings

turn out to be energetically favored over larger objects, except at very small
JAF (see below). At the critical chemical potential µc, the addition of another
polaron costs no energy, which results in large fluctuations of the number of
holes and can explain the jump in n(µ). We generated ensembles of such
model polarons in random locations. Comparison with MC snapshots shows
strikingly good agreement [5].

More quantitative evidence for single-hole polarons is shown in Fig. 31.4.
On the left, the corespin-correlations nhole

i Si · Sj around a hole are seen
to be almost independent of the number of holes. This is similar in 2d. On
the right, the MC-data (bars) are perfectly described by single-hole polarons
(solid line), but do not match at all the behavior of a bipolaron with two
holes (dashed line).

The single-hole polaron of typically 4 sites in 1d is like a quantum me-
chanical well with just 4 states. The outermost of these states lie outside
the band of the AF background (Fig. 31.5 left). Thus as a consequence of
the small polaron, a symmetric pseudogap appears in the density of states,
which has also been observed experimentally [13–16] and in previous calcula-
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Fig. 31.6. JAF = 0. Snapshots with phase separation (20 holes, left) and a stripe
(11 holes, middle) at β = 80, both in the gap region. Closing of the pseudogap in
the DOS (right, β = 50)

tions [1]. In 2d, the situation is similar. Additional holes go into more small
polarons, and the pseudogap remains, independent of the number of holes,
until the FM region is reached (Fig. 31.5 right). In fact, the transition from
polaronic to FM behavior occurs when there is no more space for individual
polarons.

The situation is different for JAF = 0 (unphysical for the manganites),
when there is less resistance to phase separated FM domains of corespins.
We still see individual polarons, but at larger filling phase separation can
occur now. As a consequence, the pseudogap fills up when the number of
holes increases (Fig. 31.6). In addition, other exotic configurations occur at
low temperature, like the stripe depicted in Fig. 31.6.

We have determined the phase diagram of the FM Kondo model in 2d
(Fig. 31.7) at β = 50 and β = 80. For large JAF , a so-called flux phase
appears around x = 1 − n = 0.5 [17–19]. In the interesting doping range
below about 20%, but with small JAF , there is coexistence of polarons and
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Fig. 31.7. Phase diagram in 2d, as a function of doping x (right scale) and AF
coupling J ′ ≡ JAF . Left : β = 50. Right : β = 50 (dashed) and β = 80 (solid) in a
smaller range of parameters

phase separation, with strenghened phase separation for low temperature.
For the likely physically relevant range JAF = 0.02 . . . 0.05, however, polarons
become even stronger when the temperature is reduced. At the same time,
the ferromagnetism of corespins in the FM/PM phase becomes weaker as
JAF rises.

In summary, we have shown strong evidence, from MC simulations of the
FM Kondo model with classical corespins, that holes doped into the model
do not phase separate, but instead form small individual FM polarons. This
effect becomes even stronger at lower temperatures in the relevant range of
couplings.
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